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INTRODUCTION 


This  special  issue  of  Electromagnetics  is  dedicated  to  the  subject  of  the 
Singularity  Expansion  Method  (SEM)  -  in  particular  the  mathematical  aspects  of 
SEM.  In  fact,  the  issue  forms  the  proceedings  of  a  meeting  "Mathematical 
Foundations  of  the  Singularity  Expansion  Method"  held  at  the  Carnahan  House 
of  the  University  of  Kentucky  in  November  1980  under  the  sponsorship  of  the 
Air  Force  Office  of  Scientific  Research  (AFOSR),  The  purpose  of  the'  meeting 
was  to  bring  together  a  group  of  mathematicians  and  engineers  who  have  worked 
on  different  aspects  of  the  SEM  to  foster  interdisciplinary  communication 
between  the  groups.  The  hope,  of  course,  was  that  this  communication  might 
lead  to  the  resolution  of  some  questions  regarding  the  mathematical  rigor 
that  have  persisted  throughout  the  development  of  the  SEM.  This  communication 
we  believe  certainly  led  to  a  better  understanding  between  the  two  groups  of 
what  the  important  questions  are  and  the  available  means  of  attacking  these 
questions. 

Ten  years  have  passed  since  Carl  Baum  first  formalized  the  SEM  as  a 
means  of  treating  transient  and  broad  band  electromagnetic  scattering 
problems^ 3-1] •*  This  development  was  sparked  by  the  results  from  many  experi¬ 
ments  where  different  scatterers  were  exposed  to  transient  electromagnetic 
fields.  It  was  observed  during  these  experiments  that  the  response  of  the 
scatterer  appeared  to  consist  of  a  superposition  of  damped  sinusoidal 
oscillations  whose  frequencies  are  related  to  the  size  of  the  scatterer. 

The  natural  question  that  arose  was:  "Is  it  possible  to  express  any  external 
scattering  response  as  a  sum  of  damped  oscillations  whose  resonances  and 
damping  constants  only  depend  on  the  scatterer  itself,  much  in  the  same  way 
as  one  can  construct  the  response  of  a  cavity?"  The  SEM  was  developed  when 
trying  to  answer  this  question. 

Much  work  during  the  last  ten  years  has  gone  into  trying  to  put  the  SOI 
on  a  solid  mathematical  foundation  and  applying  it  to  various  scattering 
problems.  Workers  who  have  tried  to  solidify  the  mathematical  foundations 
for  the  method  have  found  a  great  deal  of  frustration  in  dealing  with  such 
Issues  as  space-time  problems,  nonself-adjoint  operators,  and  analytic  function 
theory.  There  are  few  general  mathematical  results  which  define  the  SEM 
representation  within  the  confines  of  well  defined  mathematical  and  physical 
constraints.  In  many  cases,  workers  have  had  to  make  whatever  observations 
they  can  from  the  solution  of  a  specific  problem  and  then  extend  these  results 


* 

A  bibliography  on  SEM  is  Included  at  the  end  of  this  issue  and  is  shared  in 
common  by  the  papers  herein. 


Electromagnetic*  1 : 34 9- 380, 1981 
0272-6343/81/0403494)282.26 


349 


350 


INTRODUCTION 


using  their  physical/mathematical  intuition.  The  wealth  of  semiempirical  data 
acquired  this  way  nevertheless  have  resulted  in  heuristically  derived  rules 
for  the  applicability  and  validity  of  the  SEM.  Thus,  even  in  the  face  of  the 
persistent  difficulties  in  developing  general  theory,  SEM  stands  as  a  powerful 
tool  in  electromagnetic  and  acoustic  scattering  theory. 

The  strength  of  the  SEM  primarily  rests  with  the  fact  that  both  transient 
and  time  harmonic  scattering  quantities  can  be  represented  as  a  sum  of  conven¬ 
iently  factored  products.  One  factor  in  this  product  depends  only  on  the 
scatterer  itself  whereas  the  other  depends  on  the  exciting  (or  incident  field.) 
The  quantities  that  enter  into  the  object-dependent  factor  are  the  object's 
complex  resonant  frequencies  and  the  associated  natural  mode  currents.  The 
constellation  of  natural  frequencies  can  be  used  to  characterize  the  scattering 
object,  thus  opening  the  possibility  of  using  SEM  for  target  classification 
purposes.  The  expansion  of  the  object's  response  in  terms  of  natural  modes 
allows  for  a  circuit  description  of  certain  EM  properties  of  the  object. 

The  discussions  during  the  meeting  in  the  Carnahan  House  reflected  the 
differences  in  the  mathematicians ' s  and  engineer's  outlooks.  A  mathematician 
participant  was  careful  to  categorize  his  comments  into  "results"  (conclusions 
which  can  be  mathematically  proven)  and  "observations"  (conclusions  drawn 
from  special  cases  but  not  proven  mathematically).  Engineers  were  quick  to 
state  that  a  significant  part  of  their  SEM  related  activity  is  predicated 
upon  "observations"  only  (as  is  so  much  of  their  overall  work).  As  a 
consequence  the  papers  contained  in  this  issue  can  perhaps  be  described  as 
a  collection  of  "results"  and  "observations."  We  leave  it  to  the  reader  to 
distinguish  between  "results"  and  "observations"  and  the  relative  merit  of 
the  two. 

We  wish  to  thank  C.  L.  Dolph  for  his  help  in  planning  the  SEM  meeting 
and  R.  N.  Buchal  of  AFOSR  for  his  support  of  and  interest  in  the  meeting.  The 
assistance  and  support  of  the  College  of  Engineering  of  the  University  of 
Kentucky  and  its  Office  of  Continuing  Education  are  also  gratefully  acknowledged. 
The  bibliography  at  the  end  of  this  issue  was  prepared  by  Krzysztof  A.  Michalski. 


L.  Wilson  Pearson  and  Lennart  Marin 
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THE  SINGULARITY  EXPANSION  METHOD: 

BACKGROUND  AND  DEVELOPMENTS 

Carl  E.  Baum,  Air  Force  Weapons  Laboratory,  Kirtland  AFB,  NM  87117 


ABSTRACT 


The  singularity  expansion  method  (SEM)  arose  from  the  observation  that  the 
transient  response  of  complex  electromagnetic  scatterers  appeared  to  be  domin¬ 
ated  by  a  small  number  of  damped  sinusoids.  In  the  complex  frequency  plane, 
these  damped  sinusoids  are  poles  of  the  Laplace-transformed  response.  The 
question  is  then  one  of  characterizing  the  object  response  (time  and  frequency 
domains)  in  terms  of  all  the  singularities  (poles,  branch  cuts,  entire  func¬ 
tions)  in  the  complex  frequency  plane  (hence  singularity  expansion  method). 
Building  on  the  older  concept  of  natural  frequencies,  formulae  were  developed 
for  the  pole  terms  from  an  integral -equation  formulation  of  the  scattering  pro¬ 
cess.  The  resulting  factoring  of  the  pole  terms  has  important  application  con¬ 
sequences.  Later  developments  include  the  eigenmode  expansion  method  (EEM) 
which  diagonalizes  the  integral-equation  kernels  and  which  can  be  used  as  an 
intermediate  step  in  ordering  the  SEM  terms.  Additional  concepts  which  have 
appeared  include  eigenimpedance  synthesis  and  equivalent  electrical  networks. 

Of  current  interest  is  the  use  of  the  theoretical  formulae  to  efficiently  ana¬ 
lyze  and  order  experimental  data.  Related  to  this  is  the  application  of  SEM 
results  to  target  identification.  This  paper  does  not  delve  into  the  mathe¬ 
matical  details;  it  presents  an  overview  of  the  history  and  major  concepts  and 
results  in  SEM  and  EEM  and  related  matters. 


1.  BACKGROUND 


1.1  Natural  Frequencies 

An  important  antecedent  physical  concept  is  that  of  natural  frequencies. 
These  are  thought  of  as  frequencies  for  which  there  is  a  response  with  no  forc¬ 
ing  function.  Also  called  natural  oscillations  or  resonances,  these  in  general 
exhibit  a  damping  phenomenon  (in  the  case  of  passive  objects)  which  can  be 
interpreted  as  one  part  of  a  complex  frequency.  In  electromagnetic  responses 
of  various  scatterers/antennas,  there  are  various  examples  of  early  work  on 
natural  frequencies.  The  perfectly  conducting  thin  wire  and  circular  loop  were 
treated  by  numerous  Investigators  including  Pockllngton  in  1897  [1.14]*, 
Abraham  [1. 1,1.2],  Oseen  [1.6-1. 9],  Halldn  [1.5],  and  Rayleigh  [1.15,1.16]. 

This  was  extended  to  perfectly  conducting  prolate  spheroids  by  Page  and  Adams 
[1.10-1.13]  and  perfectly  conducting  spheres  by  Stratton  [1.21].  An  important 
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contribution  was  made  by  Schwinger  [6.89]  who  treated  the  special  case  of  elec¬ 
tromagnetic  fields  internal  to  perfectly  conducting  cavities.  In  this  case  the 
natural  frequencies  are  all  on  the  jw  axis  (pure  imaginary)  in  the  complex- 
frequency  (s)  or  Laplace-transform  plane,  and  the  natural  modes  have  a  conve¬ 
nient  orthogonality  property. 


1.2  Laplace  Transform 


Various  mathematical  tools  had  been  in  use  in  electrical  engineering  and 
provided  some  starting  point  for  constructing  basic  SEM  formulae  when  the  time 
was  ripe.  One  such  tool  was  certainly  the  Laplace  (or  Fourier)  transform  which 
we  take  in  the  two-sided  sense  as 


t  =  time  ,  ~  (above)  =  Laplace  transform 


s  =  Jl  +  jui  =  Laplace  transform  variable  =  complex  frequency 


(1.1) 


F(t)  e  any  Laplace  transformable  time  function  or  operator  (scalar, 
vector,  tensor,  etc.) 


where  the  Bromwich  contour,  Re[s]  =  fl0,  inversion  is  chosen  in  the  strip  of 
convergence,  say  £2a  <  Re[s]  <  «b. 


1.3  Complex  Variable  Theory 

Considering  the  response  of  some  antenna  or  scatterer  as  a  function  of  s 
in  the  complex  s  plane  one  can  describe  the  s-plane  behavior  in  terms  of  the 
singularities  (or  boundaries  of  analyticity)  in  the  complex  plane,  including 
the  behavior  at  infinity  (entire  function).  Appropriate  contour  integrals  can 
be  used  to  describe  the  response;  the  contours  can  be  deformed  to  give  separate 
terms  for  each  singularity  in  both  comp! ex- frequency  and  time  domains  [2.3]. 


1.4  Circuit  and  Fystem  Theory 

In  electrical  engineering  there  has  been  a  considerable  body  of  knowledge 
developed  concerning  electrical  networks.  This  is  sufrmarized  in  circuit  analy¬ 
sis  and  circuit  synthesis  theory  which  (especially  in  the  linear  case)  is  docu¬ 
mented  in  numerous  texts.  This  is  further  extended  to  linear  system  theory  and 
control  theory  which  are  now  major  subject  areas  with  an  extensive  literature. 
The  use  of  the  Laplace  transform  is  quite  extensive  in  these  areas,  and  expan¬ 
sions  in  terms  of  poles  are  often  used.  Our  problem  of  electromagnetic  inter¬ 
action  (scattering)  is  related  in  that  a  scatterer  can  be  thought  of  as  a  dis¬ 
tributed  network  or  system  of  a  special  kind  (with  response  described  by  the 
Maxwell  equations).  Furthermore,  it  is  possible  to  describe  the  scattering 
process  by  an  equivalent  circuit  by  using  circuit  synthesis  concepts  to  synthe¬ 
size  (perhaps  approximately)  the  appropriate  complex  transfer  functions  and 
Impedances  of  the  scatterer. 
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1.5  Integral  Equations  for  Electromagnetic  Scatterers  and  Antennas 

For  perfectly  conducting  objects  (as  well  as  for  certain  types  of  impedance 
loading)  an  integral  equation  reduces  the  problem  from  three  space  dimensions  (the 
Maxwell  differential  equations)  to  two  dimensions  (the  scatterer  surface). 
Perhaps  more  important,  the  radiation  condition  at  infinity  for  the  scattered 
fields  is  explicitly  incorporated  into  the  integral  equation  so  that  one  need 
not  be  concerned  with  the  analytic  continuation  of  the  radiation  condition  into 
the  left  half  of  the  s  plane.  Well-known  integral  equations  include  the 
electric- field  integral  equation  and  the  magnetic-field  integral  equation  (in 
various  forms).  In  one-dimensional  approximate  forms  (for  wires)  there  are  the 
Hallen  and  Pocklington  equations.  The  details  of  these  equations  do  not  concern 
us  here.  The  important  point  is  that  they  all  have  the  form 

<ftr,r';s)  ',  3(r',s)>  -  T(r,s) 

T(r,s)  5  incident  or  source  field  of  some  kind  (specified)  ^  2) 

Tt?,r'; s)  s  kernel  (related  to  Green's  function)  which  may  be  a  distribution 
3(r',s)  e  typically  current  density  or  surface  current  density 


Here 

<,>  =  symmetric  product  (1.3) 

is  our  convenient  way  to  indicate  multiplication  (of  the  two  terms  separated  by 
the  comma)  followed  by  integration  with  respect  to  the  common  spatial  coordin¬ 
ates  over  the  domain  of  the  scatterer;  the  type  of  multiplication  (e.g.,  dot 
(•)  or  cross  (*)  product)  is  indicated  by  appropriate  symbols  above  the  comma. 
With  additional  commas  this  symmetric  product  is  extended  to  as  many  terms  and 
integrations  as  desired. 

One  can  in  principle  solve  the  integral  equation  by  inverting  the  integral 
operator.  One  formally  determines  an  inverse  kernel  (which  may  be  a  distribu¬ 
tion)  which  gives  a  solution 


3(r.s)  =  <r1(;,?';s)  *,  T(r',s)> 

<CHr,r")  ",  f””*  (r"  ,r'  ;s)^  =T  (r  -  r ' )  e  identity  on  scatterer 


(1.4) 


where  the  identity  is  taken  in  the  sense  of  the  relevant  vector  components  and 
domain  of  integration  (e.g.,  two  or  three  dimensions  for  surfaces  or  volumes, 
respectively). 

For  SEM  these  integral  equations  have  proven  to  be  very  useful  in  con¬ 
structing  formulae  for  the  various  terms.  Singularity  expansions  can  be  con¬ 
structed  for  both  the  response  j  and  the  inverse  kernel  T_1  (related  to  the 
class  1  and  class  2  forms  of  the  coupling  coefficient,  respectively).  Further¬ 
more,  the  integral-equation  kernels  can  be  used  to  construct  eigenmode  expan¬ 
sions  which  give  additional  insight  into  the  SEM  terms. 


1.6  Matrix  and  Operator  Theory 

Integral  equations  have  been  cast  in  approximate  numerical  form  by  the 
moment  method  (MoM).  In  this  numerical  solution  procedure  (typically  for  use 
with  large  digital  computers)  the  current  density  (response)  is  expanded  in  a 
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set  of  functions  (of  finite  number  in  practice)  called  expansion  functions;  the 
incident  or  source  field  is  similarly  expanded  in  a  set  of  testing  functions.* 
The  vectors  of  coefficients  of  these  two  sets  (taken  with  equal  numbers  of 
components)  are  related  by  a  matrix  (square)  which  replaces  the  integral- 
equation  operator  in  the  form 

•  «„<=»  '  <V*»  <‘'5> 

Inverting  the  matrix,  one  has  an  approximate  solution  to  the  original  equation 
(1.2)  in  a  form  analogous  to  (1.4).  In  matrix  form  our  equation  is  more  famil¬ 
iar  to  electrical  engineers  because  such  types  of  equations  appear  in  circuit 
problems.  The  arsenal  of  matrix  theory  is  now  at  our  disposal.  Eigenvectors 
and  eigenvalues  can  be  constructed  for  representing  the  solution  and  understand¬ 
ing  its  properties.  Combining  matrix  (or  operator)  theory  with  complex  variable 
theory  is  essential  to  SEM.  This  paper  will  not  delve  into  the  mathematical 
theory  of  such  operators,  this  subject  being  left  to  others. 


2.  EARLY  DEVELOPMENT  OF  SEM 


2.1  The  Beginning 

In  early  1971  the  question  was  posed  (by  this  author).  Experimental 
observations  of  damped  sinusoids  in  EMP  experiments^"  suggested  poles  in  the 
corresponding  Laplace  transforms.  Then  in  Laplace-transform  or  complex- 
frequency  domain  this  led  to  the  idea  of  expanding  the  response  in  terms  of  all 
the  singularities  in  the  complex  frequency  plane.  Besides  poles,  such  singu¬ 
larities  might  include  branch  points  and  associated  integrals,  essential  singu¬ 
larities,  and  (for  completeness)  entire  function(s)  corresponding  to  any 
singularities  at  infinity. 


Concentrating  on  the  poles  it  was  observed  that,  except  for  poles  in  the 
exciting  waveform  (transformed),  these  were  the  natural  frequencies  of  the 
scatterer  or  antenna  because  integral  equations  describing  the  object  response 
would  admit  non-trivial  responses  at  such  frequencies  with  no  excitation.  Said 
another  way,  the  response  at  an  object  pole  is  infinite  if  the  excitation  is 
non-zero  at  such  a  complex  frequency.  Interpreting  (1.2)  in  this  sense  gives 


<Hr,r';s  )  *,  Jn(r'£>  =  (5  ,  s„  =  natural  frequency 

^  “  a  a  (2.1) 
Ja(r)  =  natural  mode  corresponding  to  s^ 

or  from  (1.5)  in  MoM  form 

<?n<s«»  *  <Va"  <°n>  *  *t«fn<sa))  *  0  (2.2) 

which  gives  a  way  of  computing  natural  frequencies.  Noting  that  the  matrix  is 
singular  (and  hence  so  is  its  transpose)  we  can  write 

(un)a  *  (?n(s0))  =  >f(r,r'isa)>  =  <5  (2.3) 


*Harr1ngton,  R  F..  Fiel  imputation  by  Moment  Methods.  Macmillan,  1968. 

+ Joint  Special  Issue  on  the  Nuclear  Electromagnetic  Pulse,  IEEE  Trans.  Antennas 
and  Propagation,  AP-26,  Jan  1978,  and  IEEE  Trans.  EMC,  EMC-20,  Feb  1978. 
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p  (r)  =  coupling  mode  corresponding  to  sa 

where  the  use  of  the  coupling  mode  will  become  clear  later.  For  the  common 
case  of  a  symmetric  kernel  (as  in  the  E-field  or  impedance  integral  equation) 
the  coupling  mode  can  be  set  equal  to  the  natural  mode.  The  choice  of  a  nor¬ 
malization  for  these  modes  is  somewhat  arbitrary. 

Having  equations  for  the  natural  frequencies  and  modes  then  construct  a 
solution  in  the  form 

U(r,s)  =  l  fi  j  (r)(s  -  s  )~*  +  other  singularity  terms 
a  a  a 

=  normalized  (delta-function)  response  to  incident  or  source  field 
E”1f'1(s)f(r,s) 

3(r,s)  =  Eo?(s)U(r,s)  ,  na  =  coupling  coefficient  (2-4) 

f(s)  =  incident  or  source  waveform  (Laplace  transformed) 

Eq  =  scaling  amplitude  for  incident  waveform 

where  the  postulated  coupling  coefficient  contains  the  spatial  characteristics 
of  the  incident  field.  Here  first  order  poles  have  been  assumed,  although 
higher  order  poles  can  be  included.  One  can  also  include  the  incident  waveform 
in  the  pole  residues  as 

3(r,s)  =  Eq  l  ?(sa)Va(r)(s  -  s^-1  +  other  singularity  terms  (2.5) 

This  was  the  general  state  of  knowledge  on  this  subject  when  in  September 
1971  a  special  meeting  was  held  at  Northrop  Corporate  Laboratories  office  in 
Pasadena,  California.  Many  prominent  electromagnetic  specialists  participated 
in  this  discussion  of  SEM.  The  basic  concepts  were  presented  as  outlined  above 
to  stimulate  basic  ideas  and  potential  application  to  areas  such  as  EMP  data 
analysis,  target  identification,  equivalent  circuits,  etc. 


2.2  Evaluation  of  the  Coupling  Coefficient 

In  late  1971  a  key  discovery  was  made  in  that  formulae  for  the  coupling 
coefficient  were  developed  in  terms  of  the  integral -equation  terms  in  (1.2). 
This  was  done  independently  with  different  approaches  by  Baum  [3.1]  and  by 
Marin  and  Latham  [3.7].  The  details  of  these  derivations  need  not  concern  us 
here  as  they  were  rather  involved.  Subsequent  papers  have  simpl  ified  this  somewhat. 

Noting  that  the  kernel  T" and  normalized  incident  or  source  field 

f(n)(r,s)  =  E"1fpl(s)f(r.s)  (2.6) 

are  analytic  functions  of  s  near  sa,  expand  them  In  a  power  series  in  s  -  s™. 
Collecting  terms  and  applying  the  coupling  vector  leads  to  the  class  1  coupling 
coefficient 
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a 


<P„(r)  *,  f^(r,s  )> 


<\Cr);£TCr,P;  s) 


s=s 


;  Ja(r-j> 


(2.7) 


where  the  turn-on  time  t0  can  be  a  function  of  the  observer  position  r.  An 
alternate  form  is  the  class  2  coupling  coefficient  which  results  from  first 
finding  £he  SEM  representation  (strict)  of  "f”~l  and  then  as  in  (1.4)  operating 
on  T(nI(r‘,s)  with  the  poles  of  r'l  giving 


:  (  2  ) 


<e"(S'S«)t%  (?)  ;fn)(?,s)> 


<vi0(r)  ;  ^-Hr.r’js) 


s=s 


where  the  turn-on  time  t0  can  here  be  a  function  of  both  r  and  r1 . 
for  a  more  complete  derivation. 


(2.8) 


See  [2.1] 


The  two  classes  of  coupling  coefficients  have  some  significant  differ¬ 
ences.  Except  for  a  delay  factor  the  class  1  form  is  particularly  simple,  being 
independent  of  s,  so  that  in  time  domain  the  normalized  response  in  (2.4)  takes 
the  form 

s  t 

U(r,t)  =  l  Ja(r)  e  a  u(t  -  t  )  +  other  singularity  terms  (2.9) 

a 

Here  the  coupling  coefficient  at  s  =  sa  is 


f)(0)  =  g(D 

a  a 


=  n 


(2) 


s=s 


<ujr)  ;  f(n)(?,s)> 


s=Sa  <*«<*>  s=$  ;!,(?■)> 


(2.10) 

so  that  both  classes  reduce  to  the  same  thing  at  the  pole  (s  =  sa).  While  the 
class  1  form  gives  simple  damped  sinusoids  the  class  2  form  gives  a  convolution 
as 

0(r,t)  =  l  j  (r)n^o[e  a  u ( t ) ]  +  other  singularity  terms 


a  a 

a 

o  s  convolution  with  respect  to  time 

{2)_  <y)[eSa\(t-t0)]!f<n)(?t)> 

'a  =  <ujr)  £ftr,?';s)|  ;!(?•)> 

s=s 


(2.11) 


At  late  times  the  time-domain  pole  terms  in  (2.9)  and  (2.11)  give  the  same 
simple  damped  sinusoids.  For  t0  =  0  in  class  2,  and  t0  (typically  used)  in 
class  1  chosen  on  or  before  the  wave  reaches  the  scatterer,  class  1  and  class  2 
give  identical  pole  terms  after  the  wave  passes  the  body.  There  are  numerous 
details  concerning  the  properties  of  the  two  classes  omitted  here.  A  recent 
paper  goes  into  this  topic  in  greater  depth  [3.5]. 
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2.3  Example  Problems 

Now  that  the  floodgates  were  open  numerous  investigators  considered  speci¬ 
fic  finite-size  scatterers  in  free  space.  The  early  examples  were  the  sphere 
(analytically)  [3.1],  the  thin  wire  (approximate)  [4.26],  and  the  thin  wire  by 
numerical  (MoM)  computation  [4.48].  The  reader  can  consult  the  bibliography  in 
this  special  issue  for  many  more  examples.  A  review  book  chapter  by  this  author 
[2.1]  summarizes  most  of  the  early  examples  of  this  type. 


3.  LATER  DEVELOPMENTS 


3.1  Natural  Modes  for  Radiated  or  Scattered  Fields 

An  early  extension  of  the  SEM  concepts  was  to  go  from  the  currents  and 
charges  on  an  object  to  the  radiated  or  scattered  fields  in  the  space  surround¬ 
ing  the  object.  In  1973  there  were  papers  by  Tesche  [4.49]  concerning  the 
numerical  calculation  of  the  far  fields  from  linear  antennas  in  terms  of  natural 
modes,  and  by  Baum  [3.3]  concerning  the  formalism  of  such  natural  modes  fornear 
and  far  fields.  These  results  established  a  concept  of  transient  antenna  (or 
scatterer)  patterns  in  terms  of  natural  frequencies,  modes,  and  coupling 
coefficients. 


3.2  Analysis  of  Experimental  Data 

Since  the  original  impetus  toward  SEM  came  from  observations  of  the  gen¬ 
eral  properties  of  the  transient  electromagnetic  response  of  systems,  it  is 
understandable  that  the  general  SEM  theory  should  be  applied  to  such  experimen¬ 
tal  data.  Certain  SEM  parameters  are  in  principle  experimentally  observable. 

In  1974  a  paper  (USNC/URSI  meeting,  Boulder,  Colorado,  October  1974,  later  in 
[5.16])  by  VanBlaricum  and  Mittra  applied  the  Prony  technique  to  transient  EM 
scattering  waveforms  to  find  the  natural  frequencies  and  residues  by  fitting 
the  waveform  with  a  sum  of  damped  sinusoids.  Since  then  many  investigators 
have  tried  various  other  techniques  in  attempts  to  increase  speed  of  computation, 
minimize  the  effect  of  noise  in  the  waveform,  and  maximize  the  accuracy  in 
determining  the  true  poles  in  the  scattering  data. 


3.3  Eigenmode  Expansion  Method  (EEM) 


In  1975  this  author  introduced  the  eigenmode  expansion  method  to  find  more 
properties  of  the  SEM  [3.4].  One  defines  eigenvalues  and  eigenmodes  for  the 
integral  operator  (kernel)  in  (1.2)  via 


Otr.r'; s)  ;  Jg(r',s)>  =  Ag(s)jg(r,s) 

<Ug(r,s)  ;ftr,r';s)>  =  Ag(s)ug( r '  ,s) 

Ag(s)  =  eigenvalue 

3g(r,s)  =  right  eigenmode  ,  tlg("r,s)  =  left  eigenmode 


(3.1) 


Unlike  the  natural  modes  the  eigenmodes  can  be  generally  biorthonormal ized  as 

|  1  for  Bj  =  S2 


<uR  (r,s)  *,  }R  (r,s)>  =  1 


8 1  »&2 


I 


0  otherwise 


(3.2) 
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giving  the  representations  for  the  kernel  (and  its  inverse) 
f*11  (r,r‘  ;s)  =  J  Xg(s)jg( r,s)ue( r '  ,s) 
and  the  response 

0(r,s)  =  l  A'^s)  <pB(r-,s)  *,  f(n)(?',s)>  fyf.s) 

6 


(3.3) 

(3.4) 


While  there  are  various  mathematical  problems  to  be  considered  concerning 
completeness,  root  vectors,  sense  of  convergence,  etc.,  there  are  some  approxi¬ 
mate  ways  to  view  this  matter.  Casting  the  integral  equation  (1.2)  into  matrix 
(MoM)  numerical  form  as  in  (1.5),  the  EEM  is  considered  as  a  problem  of  finding 
the  eigenvalues  and  left  and  right  eigenvectors  of  (?n  m(s)). 

Summarizing  some  of  the  SEM  related  results  we  have 


VSB,B'  ^ 


*6,6' 


(3.5) 


so  that  the  natural  frequencies  are  zeros  of  particular  eigenvalues  (hence 
a  ■*  (0,8')),  so  that  the  eigenvalues  order  or  partition  the  set  of  natural  fre¬ 
quencies.  Similarly  for  the  modes  (with  appropriate  normalizations) 


V;’SB,8' 


=  W(7) 


u6(r,S6,0'’ 


For  the  denominator  in  the  coupling  coefficients  we  have 

<vjr)  ;4ftr,?';s) 


s=s 


-  £  y  s) 


(3.6) 


(3.7) 


s=s 


6,0 1 


which  allows  us  to  represent  class  1  (in  (2.7))  and  class  2  (in  2.8))  in  terms 
of  EEM  quantities. 


Another  application  of  EEM  is  to  the  synthesis  of  transient  responses  via 
changing  the  eigenvalues.  Eigenimpedance  synthesis  considers  the  eigenvalues 
ZB(s)  of  the  impedance  (or  E-field)  integral  equation  and  notes  that,  if  the 
scatterer  or  antenna  is  impedance  loaded  in  certain  ways  (2 As)),  the  eigen- 
impedances  are  modified  as 

Z6(s)  -  z6(s)  +  Zz(s)  (3.8) 

which  allows  one  to  synthesize  a  Zji(s)  to  move  the  natural  frequencies  sg  gi  to 
other  more  desirable  positions  in  the  complex  s  plane.  These  EEM  matters ’are 
necessarily  quite  abbreviated  here.  More  complete  reviews  are  included  in 
[2. 2, 2. 3].  Of  special  note  is  the  recent  extension  of  Sancer  et  al .  [3.11]  in 
which  the  eigenmodes  of  the  "pseudosymmetric"  H-field  integral  equation  are 
paired  with  corresponding  eigenvalues  (normalized)  adding  to  1.0. 


3.4  Target  Identification 

In  the  original  development  of  the  SEM  concept  (section  2.1)  it  was  noted 
that  the  natural  frequencies  of  a  scatterer  were  independent  of  the  exciting 
fields.  This  was  considered  a  potentially  useful  property  for  target  identifi¬ 
cation  purposes.  In  1975  two  groups  published  papers  proposing  techniques  for 
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this  general  kind  of  target  identification,*  based  on  work  dating  from  about 
1974.  Another  group'1'  gave  a  spoken  paper  on  this  subject  in  1975  also.  This 
was  also  about  the  time  (1975)  of  the  introduction  of  the  concept  of  eigenimpe- 
dance  synthesis  for  modifying  the  pole  pattern  in  the  s  plane  to  make  the 
identification  more  difficult  [3.4], 


3.5  Equivalent  Circuits  for  Antennas  and  Scatterers 

In  1976  this  author  showed  how  to  construct  formal  equivalent  circuits  at 
an  antenna/scatterer  port  from  the  SEM  representation  [4.3).  A  review  of  this 
development  is  included  in  [2.3).  The  key  to  this  development  is  to  note  that 
the  admittance  and  short-circuit  current  (or  the  impedance  and  open-circuit 
voltage)  have  the  same  pole  locations  in  the  s  plane  because  they  have  the  same 
integral-equation  operator;  only  the  source  fields  are  different.  For  the 
short-circuit  boundary  value  problem  this  leads  to  a  parallel  combination  of 
series  "resonant"  circuits  with  series  voltage  sources.  For  the  open-circuit 
boundary  value  problem  one  has  the  dual  situation  of  a  series  combination  of 
parallel  "resonant"  circuits  with  parallel  current  sources.  More  recent  inves¬ 
tigations  have  centered  on  canonical  problems  for  exploring  the  realizability 
of  such  networks.  Results  have  been  obtained  by  Pearson  et  al .  [4.33  ,  4.34, 
4.39],  Singaraju  and  Baum  [4.2],  and  Sharpe  and  Roussi  [4.44a]. 


3.6  Calculation  of  Natural  Frequencies 

Initial  computations  of  the  natural  frequencies  from  the  MoM  matrix  deter¬ 
minant  in  (2.2)  were  by  classical  Newton  and  Muller  zero-searching  techniques 
[5.3].  Following  an  early  paper  in  1974  [5.1],  Baum,  Giri,  and  Singaraju  devel¬ 
oped  contour  integral  techniques  including  computer  programs  to  efficiently  and 
accurately  compute  all  the  natural  frequencies  in  a  given  portion  of  the  s  plane 
[5.15,5.7].  This  is  also  reviewed  in  [2.3].  Also  of  interest  is  the  variational 
technique  based  on  EEM  concepts  proposed  by  Mittra  and  Pearson  [5.10]. 


3.7  Fora  and  Reviews 

An  important  milestone  in  SEM  development  was  the  first  special  session  at 
a  USNC/URSI  meeting  in  Boulder,  Colorado,  August  1973.  Since  that  time  there 
have  been  many  SEM  sessions  at  the  various  USNC/URSI  meetings  and  IEEE  Antennas 
and  Propagation  symposia.  Reviews  on  the  subject  have  been  given  at  the  tri¬ 
ennial  URSI  General  Assemblies  beginning  with  the  one  in  Lima,  Peru,  in  1975. 
This  author  has  written  three  major  review  papers  and  book  chapters  on  this 
subject  [2. 1-2.3];  these  can  be  consulted  for  more  complete  developments  and 
numerous  references.  A  review  [2.4]  by  Dolph  and  Scott  treats  some  of  the 
applicable  mathematical  theory.  Now  SEM  has  reached  another  milestone  with  the 


Pearson,  L.W.,  M.L.  VanBlaricum,  and  R.  Mittra,  A  New  Method  for  Radar  Target 
Recognition  Based  on  the  Singularity  Expansion  Method,  Record  of  IEEE  Inter¬ 
national  Radar  Conference,  Arlington,  Virginia,  April  1975,  pp.  452-457. 

Moffatt,  D.L . ,  and  R.K.  Mains,  Detection  and  Discrimination  of  Radar  Targets, 
IEEE  Trans.  Antennas  and  Propagation,  May  1975,  pp.  358-367. 
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recent  symposium:  "Mathematical  Foundations  of  the  Singularity  Expansion 
Method,"  University  of  Kentucky,  November  1980.  This  special  SEM  issue  is  the 
proceedings  of  that  symposium. 


4.  CONTINUED  DEVELOPMENT 

Quo  vadimus?  Quo  vadit  SEM?  These  are  difficult  questions.  SEM  is  cur¬ 
rently  being  pursued  on  two  levels.  First  there  is  the  engineering  theory  and 
applications  oriented  to  meeting  the  practical  needs  of  transient  and  broadband 
EM  applications  such  as  EMP,  lightning,  and  target  identification.  This  is 
even  finding  application  in  acoustic  target  identification  (see  Uberall  and 
Gaunard  references,  this  issue).  It  is  these  applications  oriented  developments 
that  I  have  concentrated  on  in  this  paper.  On  another  level  the  mathematicians 
are  pursuing  a  rigorous  exploration  of  the  SEM  theory  with  a  view  to  defining 
the  precise  limits  of  applicabil ity.  Other  papers  in  this  issue  address  such 
points . 

From  an  applications  point  of  view  I  see  some  important  areas,  both  theo¬ 
retical  and  experimental,  for  future  development.  For  experimental  description 
of  complex  electronic  equipment  we  need  to  apply  all  our  powerful  insights  con¬ 
cerning  the  SEM  description  to  obtaining  a]J[  the  SEM  pole  (and  other)  param¬ 
eters  from  the  experimental  scattering  (or  interaction)  data.  Using  (2.5)  (in 
frequency  and/or  time  domains)  one  can  use  the  factoring  of  the  pole  terms  to 
exhibit  the  dependence  of  the  response  on  the  various  separate  parameters  of 
the  scattering  problem.  This  gives  a  much  more  compact  representation  of  the 
data  (in  the  resonant  region)  allowing  one  to  much  more  readily  see  the  impor¬ 
tant  features,  including  worst  cases,  etc.  of  the  response.  This  factorization 
can  also  likely  be  used  to  more  accurately  evaluate  the  SEM  parameters  by  hav¬ 
ing  (2.5)  simultaneously  fit  many  data  records  corresponding  to  different  loca¬ 
tions  and  excitation  conditions. 

The  construction  of  equivalent  circuits  needs  much  more  development. 
Alternate  canonical  forms  (such  as  ladder  networks,  etc.)  need  to  be  developed. 
Perhaps  other  expansions  such  as  a  low-frequency  expansion  [2.2]  could  be  use¬ 
ful  in  conjunction  with  SEM  and  EEM.  Both  a  deeper  understanding  of  SEM/EEM 
decomposition  of  scatterer  response,  and  more  accurate  and  efficient  obtaining 
of  these  parameters  from  experimental  data,  are  needed  for  the  target  identifi¬ 
cation  problem.  This  area  has  a  very  great  practical  potential. 


MAJOR  RESULTS  AND  UNRESOLVED  ISSUES  IN  SINGULARITY 
EXPANSION  METHOD 


Lennart  Marin,  The  Dikewood  Corporation,  Santa  Monica,  CA  90405 


ABSTRACT 

The  Singularity  Expansion  Method  (SEM)  was  derived  as  a  means  of 
interpreting/estimating  responses  measured  during  electromagnetic  testing 
of  aerospace  systems.  These  responses  appeared  to  consist  of  a  super¬ 
position  of  exponentially  damped  sinusoidal  oscillations.  It  was  shown 
that  the  electromagnetic  response  of  a  finite-sized,  perfectly  conducting 
object  to  a  delta-function  incident  plane  wave  is  a  meromorphic  function  of 
the  complex  frequency.  The  physical  interpretation,  computational 
advantages  and  fundamental  problems  associated  with  using  the  poles  (natural 
frequencies)  of  the  meromorphic  function  to  construct  the  transient  responses 
of  objects  are  reviewed.  Areas  of  future  investigations,  both  for  the 
purpose  of  improving  the  mathematical  foundations  and  the  computational 
tools  are  discussed. 


1 .  INTRODUCTION 

Small-sized  electronic  circuits,  whether  they  use  discrete  components 
or  integrated  circuits,  are  susceptible  to  malfunction  or  damage  caused  by 
transient  interference.  The  problems  are  particularly  common  in  data 
processing  circuits  because  these  circuits  often  cannot  distinguish  between 
a  spurious  transient  and  a  legitimate  signal  and  because  these  circuits  are 
designed  for  small  switching  levels  to  conserve  power  and  reduce  heat 
dissipation  problems.  Logic  levels  are  often  a  few  volts  or  a  few  tens  of 
milliamperes  in  these  circuits. 

On  the  other  hand,  transients  associated  with  EMP,  lightning  and 
switching  on  buried  communication  cables  can  have  peak  values  of  tens  of 
kiloamperes.  In  order  to  protect  electronic  equipment  onboard  these  systems 
it  is  necessary  to  understand  how  electromagnetic  waves  couple  into  the 
systems.  When  treating  these  problems  it  is  advantageous  to  divide  them 
into  three  different  parts,  namely 

•  external  interaction  problems 

•  penetration  problems 

•  internal  interaction  problems 

The  external  Interaction  problems  consist  of  finding  the  surface  current 
and  charge  densities  induced  by  an  incident  electromagnetic  wave  on  the 
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exterior  surface  of  the  considered  system  (aircraft,  satellite,  missile, 
etc.).  The  penetration  problems  consist  of  determining  how  electromagnetic 
energy  penetrates  through  the  exterior  surface  of  the  system.  Mechanisms 
that  play  a  role  in  the  penetration  are  (1)  diffusion  through  metal  skins, 

(2)  field  leakage  through  nonconducting  portions  of  the  system  surface, 

(3)  signals  on  lines  passing  through  the  surface.  Finally,  the  internal 
interaction  problems  consist  of  estimating  electromagnetic  quantities  inside 
the  surface  such  as  currents  and  voltages  on  wires  and  cables  and  fields  in 
various  cavities.  The  solution  of  the  external  coupling  problem  serves  as 
an  input  to  the  penetration  problem.  The  quantities  obtained  from  the 
penetration  problem  then  form  the  sources  for  the  internal  coupling  problem. 
The  singularity  expansion  method  was  developed  primarily  as  a  mathematical 
tool  for  attacking  the  external  interaction  problem. 


2.  THE  EXTERNAL  INTERACTION  PROBLEM 


2.1  Experimental  Results 

Figure  1  shows  some  typical  responses  obtained  during  tests  of  aero¬ 
space  systems.  The  curve  in  Figure  la  refers  to  the  current  induced  on  a 
wire  inside  an  aircraft  when  the  aircraft  is  exposed  to  a  pulsed  electro¬ 
magnetic  field.  The  late-time  behavior  of  the  curve  consists  of  a  damped 
sinusoidal  oscillation.  The  curve  in  Figure  lb  shows  the  current  density 


Figure  la.  Typical  result  from  test  of  aerospace  system. 


frequency  (MHz) 


Figure  lb.  Results  of  measurements  on  scale  model  of  Boeing  707 
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on  the  skin  of  a  scale-model  aircraft  when  it  is  exposed  to  a  swept  CW  plane 
wave.  The  fundamental  resonance  in  Figure  lb  corresponds  to  the  frequency 
of  the  damped  sinusoidal  oscillation  in  Figure  la.  The  many  results  similar 
to  those  shown  in  Figure  1  obtained  during  EM  testing  of  aerospace  systems 
indicate  that  the  system  response  can  be  constructed  from  its  natural  (or 
eigen)  frequencies  in  much  the  same  way  as  in  network  theory.  In  mathematical 
terms  this  translates  into  showing  that  the  response  function  can  be 
constructed  from  a  meromorphic  (in  the  complex  frequency  plane)  operator 
operating  on  the  incident  field. 

2.2  Mathematical  Proof  Regarding  Meromorphicity  of  External  Response 

The  original  proof  showing  that  the  response  of  a  finite-sized  perfectly 
conducting  object  indeed  can  be  constructed  using  a  meromorphic  operator 
is  shown  in  [3.9].  In  this  proof  the  analytical  properties  in  the  complex 
frequency  (s)  plane  of  the  surface  current  density  induced  on  a  finite¬ 
sized  perfectly  conducting  object  is  investigated  using  the  magnetic-field 
integral  equation.  This  equation  can  be  cast  in  the  following  form: 

I-L(s)]  -i  =  n*Hinc,  5  j  n  *  (VG  x  j_)  dS '  (1) 


G(r_,r_';s)  •  (Air  | jr  —  |  )  exp(-s |jr  -  r,'  | /c) ,  and  the  surface  S  is  finite. 

From  the  Fredholm  theory  for  the  solution  of  integral  equations  of  the 
second  kind  it  is  shown  that  the  inverse  operator  (*s  J.-I*)-l  is  a  mero¬ 
morphic  operator-valued  function  of  s.  The  locations  of  the  poles  of  the 
inverse  operator  (the  natural  frequencies)  are  given  by  those  values  of 
s(sn)  for  which  the  homogeneous  integral  equation  has  a  nontrival  solution 

[l  i- 1<8„>  ]  ^  -  0.  [l  i-  k+Csn>  ]  %  “  0  (2) 

and  is  the  adjoint  operator  of  L, 


L+-h  «  -  ' 


VG  x  (nxh)dS' 


Since  poles  are  the  only  singularities  in  the  s-plane  of  the  inverse  operator 
the  Mittag-Leffler  theorem  can  be  Invoked  to  find  an  explicit  representation 
of  this  inverse  operator  in  terms  of  the  natural  frequencies,  the  nontrivial 
solutions  of  the  homogeneous  integral  equation  and  the  nontrivial  solutions 
of  the  homogeneous  adjoint  integral  equation, 

[il-koo]"1  -  l  j  Cs  -  sn)"1  [<8^,  tv]’1  * 

*  Int£  +  E^Cs)  |  +  E(s)  (3) 

where  B  »  (dl^/dsMs  ),  P^s)  are  polynomial  operator-valued  functions  of 
s,  and  &(s)  is  an  entire  operator  valued  function  of  s.* 

*E.Goursat,  Functions  of  a  Complex  Variable. Dover  Publications, Inc.,  N.Y. 1959 
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In  deriving  (3)  it  has  been  assumed  that  all  poles  are  simple  poles  and 
that  there  are  only  a  finite  number  of  poles  in  every  finite  portion  of  the 
complex  frequency  plane.  This  assumption  has  been  substantiated  numerically 
for  all  perfectly  conducting  finite  bodies  investigated  so  far.  In  the  case 
of  objects  satisfying  impedance  boundary  conditions  poles  of  higher  order 
have  been  found.* 

The  proof  in  [3.9 ]is  obtained  by  seeking  solutions  in  the  Hibert  space 
of  elements  j_(r) ,  r  eS  which  are  tangent  to  S,  and  then  applying  the  method 
of  Carelman  to  an  equation  derived  from  (1)  whose  kernel  is  shown  to  be 
of  the  Fredholm  type.  A  simpler  and  more  general  proof  can  be  obtained  by 
using  the  analytic  Fredholm  theory  derived  in  [6.95]  and  [6.22]. 


2.3  Strength  and  Incompleteness  of  Derived  Expression 

From  the  representation  (3)  of  the  inverse  operator  it  is  observed  that 

•  poles  correspond  to  natural  (free)  oscillations  of  the 
scattering  object, 

•  locations  of  poles  depend  solely  on  shape  and  size  of  scattering 
object , 

•  each  natural  oscillation  has  its  associated  current  distribution 
(that  is  the  nontrivial  solution  of  the  homogeneous  integral 
equation) . 

These  observations  show  that  many  transient  scattering  and  antenna  problems 
involving  finite-sized  objects  can  be  treated  by  employing  the  same  methods 
as  those  used  in  transient  network  and  transmission-line  theory. 

The  expression  (3)  also  points  to  some  of  the  unresolved  questions  in 
SEM.  Mathematically,  the  question  can  be  formulated:  "How  are  the  poly¬ 
nomial  operators  P  (s)  (that  are  introduced  so  that  the  Mittag-Lef f ler  series 
converges)  and  the  entire  operator  J5(s)  determined?"  In  some  cases,  such  as 
scattering  from  a  sphere  and  from  thin  wires,  a  series  can  be  constructed 
where  these  operators  are  explicitly  determined.  To  make  full  use  of  the 
SEM  it  is  necessary  that  this  issue  be  completely  resolved.  However,  even 
without  a  complete  knowledge  of  the  £^(8)  and  £(s)  the  series  expansion  (3) 
can  be  used  to  construct  a  time  domain  representation  of  the  transient 
response  valid. in  a  certain  time  regime. 


2.4  An  Expression  for  Transient  Response 

The  transient  response  can  be  obtained  from  the  frequency  domain 
expression  (3)  by  way  of  an  Inverse  Laplace  transform.  This  integral  can 
be  evaluated  as  a  sum  of  residues  of  the  poles  at  s  plus  any  contributions 
from  singularities  in  the  incident  field  provided  tfiat  one  can  close  the 
integration  path  at  infinity.  This  leads  one  to  Investigate  the  inverse 
operator  (^-L)-!  for  large  values  of|s|. 

One  can  show  using  standard  techniques  that 


(y  -*-2^  as  Refs}-*-  + » 


(4) 


*C.T.Tai, Complex  Singularity  of  the  Impedance  Functions  of  Antennas, this  issua 
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To  obtain  the  behavior  of  the  inverse  operator  as  | s |  -*■  •  ,  in  general, 
requires  more  elaborate  analysis.  Such  an  analysis  is  carried  out  by  Jones* 
using  the  theory  of  entire  functions  in  complex  variable  theory.  From  this 
theory  it  follows  that 

jj  <  exp[  (d  +  n)  |s  |/c]  as  |s|  -*■  »  (5) 

for  any  n  >  0.  The  quantity  d  is  the  maximum  separation  between  any  pair  of 
points  on  S  (sometimes  referred  to  as  the  diameter  of  the  object).  The 
result  (5)  can  be  interpreted  to  mean  that  the  resolvent  kernel  K(r_,r>  ,s)  to 
the  kernel  in  the  magnetic  field  integral  equation  is  a  meromorphic  function 
of  order  one. 

inC 

Let  the  incident  field  be  a  6-function  plane  wave  such  that  II  (jr, t)  = 
I  6(t-se/r/c)  where  e_  is  the  direction  of  propagation  of  the  wave.  One  can 
tUen  derive  the  following  expression  for  the  time  history  of  the  induced 
surface  current  J_(i:,t) 


J(£,t)  =  2n*Hinc  +  [  exp(st)ds  j  &(r,r'  ,s)»  ^(n'xj^)  x 

Br  S 

x  exp(-s£-r//c)  J  dS'  (6) 

The  coordinate  systems  are  chosen  such  that  the  object  is  directly  illuminated 
between  t^  and 

Some  results  can  be  deduced  from  (4)  and  (6).  They  are 

*  i(t»t)  =  0,  t  <  tj  which  is  in  accordance  with  the  causality 

condition 

•  The  domain  of  integration  S  in  (6)  can  be  reduced  to 
S'  =  {r/ :r/  eS  and  |  £  -  r_'  |  +  e/r'  <  ct} 

The  limitation  in  the  growth  of  R.  deduced  in  (5)  can  be  used  to  close 
the  Bromwich  contour  in  (6)  in  the  left  half  plane  resulting  in  the  following 
expression 

J(r,t)  «  l  exp(snt)  [<®n"ln>  V]  lJn(S> 

f  (n*  x I  )«h  (r')exp(-s  e*r'/c)dS'  (7) 

s 

which  is  valid  for  t  >  +  d/c.  The  result  (7)  shows  that  the  SEM  expansion 

converges  within  a  given  late  time  regime.  It  still  remains  to  derive  an 
SEM  representation  that  is  valid  for  all  times. 

3.  CALCULATION  OF  THE  RESPONSE  OF  DIFFERENT  OBJECTS 

The  results  exhibited  in  equation  (3)  can  be  used  to  determine  the 
response  of  various  objects.  The  quantities  sn  and  Jn  can  be  interpreted 
as  the  resonance  frequency  and  current  distribution  of  a  natural  mode. 


*D.S.  Jones,  Methods  in  Electromagnetic  Wave  Propagation.  Oxford,  1979. 


366 


L.  MARIN 


Having  established  the  existence  of  this  mode  one  can  use  different  methods 
of  calculating  pertinent  quantities  of  the  mode.  A  few  cases  will  be 
treated  in  this  paper,  namely, 

•  bodies  of  revolution , 

•  simple  sticks  , 

•  stick-model  aircraft. 


3.1  Numerical  Determination  of  Natural  Modes  and  Transient  Response  of 

Rotationally  Symmetric  Objects 

For  a  rotationally  symmetric  object  as  shown  in  Figure  2  the  surface 
current  density  j_  can  be  expanded  in  a  Fourier  series  in  the  azimuthal 
angle  <ji .  One  dimensional  integral  equations  with  the  arc-length  coordinate 
£  as  the  independent  variable  can  then  be  formulated  for  each  Fourier 
component  of  the  current . 

This  method  was  used  to  numerically  determine  the  resonance  frequencies 
and  current  distributions  of  the  lowest  natural  modes  of  a  prolate  spher 

In  Figure  3  we  graph  the  locus  of  some  of  the  natural  frequend*  a 
the  length  of  the  minor  axis  (2a)  varies,  but  the  length  of  the  majo  .  <is 
(2b)  is  fixed.  The  quantity  d  in  Figure  3  is  one  quarter  of  the  clmm- 
ference  of  an  ellipse  with  semimajor  axis  b  and  seniminor  axis  a.  For 
poles  close  to  the  imaginary  axis  we  note  that  the  absolute  value  of  the 
real  part  of  sd/c  stays  almost  constant.  This  means  that  the  Q  value  of 
each  mode  is  a  decreasing  function  of  a  when  b  is  fixed.  For  the  other 
poles  we  note  that  the  absolute  value  of  the  real  part  of  sd/c  Is  a 
decreasing  function  of  a. 

The  current  distribution  of  some  natural  modes  is  depicted  in  Figure  4. 
The  current  density,  j.  ,  is  so  normalized  that  its  absolute  value  is  less 
*-n 


Figure  2.  Plane  wave  impinging  on  prolate  spheroid. 
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Figure  3.  Loci  of  natural  frequencies  when  0.1  <_  a/b  <_  1.  The  locations 
of  the  natural  frequencies  for  a/b  =  0.1,  0.2,  0.5,  and  1  are 
indicated  on  the  curves.  Arrow  indicates  direction  in  which 
natural  frequencies  vary  for  increasing  values  of  a/b. 


- 8,-1,  n  «  2  — •• — •  • —  1  =  2,  n  »  0 

Figure  4.  Current  distribution  of  natural  modes  of  prolate  spheroid  where 
a/b  -  0.1. 


than  or  equal  to  one.  The  current  distribution  is  an  odd  (even)  function 
with  respect  to  the  xy  plane  for  modes  where  the  index  n  is  an  even  (odd) 
integer.  Moreover,  the  current  distribution  is  a  real  function  for  modes 
whose  natural  frequency  is  on  the  negative  real  axis  in  the  complex  s 
plane.  In  the  case  of  a  sphere,  we  note  that  (1)  the  current  distribution 
can  be  represented  by  real  functions  (spherical  harmonics),  and  (2)  that 


the  current  distribution  of  inodes  with  indices  £  =  1,  n  =  2  and  £  =  2,  n  =  0 
are  identical.  For  spheroids  with  an  arbitrary  eccentricity  the  current 
distribution  is  almost  real. 

From  the  numerical  point  of  view  it  is  important  to  know  how  many 
natural  modes  are  needed  in  the  sum  (4)  to  maintain  a  given  accuracy. 
Figure  5  shows  the  variation  with  the  number  of  modes  of  the  response  at 
one  point  on  the  prolate  spheroid.  The  quantity  plotted  in  this  figure  is 
the  total  axial  current  I(z,t)  defined  by  I(z,t)  =  2npJ(£, t) /bH  .  The 
time  scale  is  chosen  so  that  the  wavefront  hits  the  scattering  object  at 
t = 0,  the  angle  of  incidence  0  is  30°,  and  a/b  =  0.1.  The  accumulated 
contribution  from  the  first  5  poles  in  the  i  = 1  layer  is  considered 
together  with  a  solution  labeled  "all  poles".  From  Figure  5  and  other 
similar  results  one  can  make  the  following  observations 

•  the  fundamental  response  alone  accurately  describes  the  induced 
current  for  t  >  10  b/c, 

•  the  first  five  modes  in  the  first  layer  accurately  describe  the 
induced  current  for  t  >  4  b/c  , 

•  modes  in  the  l  >_  2  layers  only  contribute  appreciably  for  t  <  b/c  . 


3.2  Asymptotic  Evaluation  of  Thin-Wire  Response 

The  response  of  a  thin  wire  to  an  incident  electromagnetic  field  can 
be  calculated  using  the  electric-field  integral  (or  integro-dif ferential) 
equation.  The  solution  of  this  equation  lends  itself  to  an  asymptotic 
expansion  in  the  "antenna  parameter"  fi *  2  in  (wire  length/wire  radius). 
From  this  solution  it  can  be  seen  that  the  natural  frequencies  of  a  thin 
wire  are  found  to  be 


0  2  4  6  8  10  12 

ct/b 


Figure  5.  Time  response  of  total  current  at  z/b  -  -0.5  for  1,2,5  and  all 
mode  pairs. 
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=  (c/d){inn  -  ft  ^ [4n(2 | n | nr)  -  Ci(2nu) 

+  iSi(2nu)  ]  +  0(ft-2),  n  =  ±l,  ±2,  .  .  .  (8) 

where  T(=  1.781  .  .  .  )  is  the  exponential  of  Euler's  constant,  and  Ci(x)  and 
Si(x)  are  the  cosine  and  sine  integrals,  respectively.  Also,  to  the  first 
approximation,  the  current  distributions  of  the  natural  modes  are  given  by 

ln(z)  =  2irajn(z)  =  sin(nrz/£)  +  0(ft  , 


0  <  z  <  t 


(9) 


♦ 

l- 


To  get  some  quantitative  information  about  the  accuracy  of  tne 
asymptotic  expansion  (8)  we  have  in  Figure  6  graphed  three  different 
representations  of  the  fundamental  natural  frequency  of  a  straight  thin 
wire,  namely 

•  the  asymptotic  form  (8)  correct  up  to  order  ft  ^  (labeled  1st 
order  approximation) , 

-2 

•  an  asymptotic  form  correct  up  to  order  ft  (labeled  2nd  order 
approximation) , 

•  numerical  results . 

We  note  that  for  a /l  =  0.1  (ft  =  9.2),  the  natural  frequencies  calculated  from 

these  different  methods  differ  about  20%  from  each  other.  We  also  note  that 

the  second-order  approximation  gives  too  large  a  value  of  the  damping 

constant  |Re{sn)|  whereas  the  first-order  approximation  yields  a  somewhat  too 

large  value  of  Im{s  }. 

n 


Im{si/c} 


Figure  6. 


The  fundamental  natural 
natural  frequencies  for 
0.02,  0.03,  0.04,  0.05, 
->n  the  figure. 


frequency  s.  for  a  thin  wire.  The 
a H  -  10-10;  10-5,  i0-4 ,  10-3,  0.01, 

0.06,  0.07,  0.08,  0.09,  0.1  are  indicated 
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When  the  wire  is  excited  by  a  step-function  plane  wave  whose  direction 
of  propagation  makes  an  angle  0  with  the  positive  z  axis  and  is  so  polarized 
that  the  electric  field  vector  (strength  E  )  makes  the  angle  tt/2  -  0,6  <  tt/2, 
with  the  positive  z  axis,  one  gets  the  folSowing  asymptotic  expression  for 
the  induced  current 


l(z,t)  =  (8EoS,/irf2Zosin0)U(ct  -  z  cos0)  £  j 

n=l  (  n 

sin  n,/Z  [sin(oo  t)  -  (l)nsin(u>  t  -  nu  cos0)l 
x.  n  n  ‘ 


exp(-ant) 


s  =  -a  +  im 
n  n  n 


We  note  that  the  time  origin  is  so  chosen  that  the  wavefront  hits  the  wire 
end  point  z  =  0  at  t  =  0. 

The  asymptotic  expression  (10)  was  used  to  numerically  calculate  on  a 
desk  calculator  the  time  history  of  the  induced  current  at  different  positions 
on  the  wire  and  at  different  angles  of  incidence  of  the  plane  wave.  A 
comparison  between  these  results  and  those  obtained  from  a  numerical  solu¬ 
tion  of  a  space-time  domain  integral  equation  is  shown  in  Figure  7  for  two 
angles  of  incidence,  0=30°  and  90°.  It  is  observed  in  Figure  7  that  the 
asymptotic  theory  results  exhibit  faster  oscillations  than  those  of  the 
numerical  solution.  The  oscillations  are  due  mainly  to  the  fundamental 
resonance  mode.  An  inspection  of  Figure  7  reveals  that  indeed,  the  funda- 
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Figure  7.  Step  function  response  of  the  midpoint  current  for  a  wire  illumi¬ 
nated  by  a  plane  wave  with  electric  field  strength  E0.  The  case 
6  “  30°  and  90®  are  shown.  Also  included  for  comparison  are  the 
corresponding  results  obtained  by  numerically  solving  a  space- 
time  domain  integral  equation. 
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mental  natural  frequency  of  the  asymptotic  theory  has  a  larger  imaginary 
part,  implying  faster  oscillations  than  those  obtained  by  numerically  solving 
the  integral  equation. 

3.3  Aircraft  Stick-Model  Responses 

The  relative  success  of  the  asymptotic  expressions  for  estimating  the 
response  of  a  simple  stick  indicates  that  the  same  method  can  be  used 
for  more  complicated  arrangements  of  intersecting  sticks.  One  example 
of  such  an  arrangement  is  the  stick  model  aircraft  shown  in  Figure  8. 

Stick  models  are  very  useful  for  estimating  the  natural  frequencies 
and  natural  axial  current  modes  of  an  aircraft.  In  a  stick  model,  currents 
of  the  form 


► 


l(x)  =  I  ,(x)  +  A  sinh  yx  +  B  cosh  yx  (11) 

ind 

are  assumed  on  each  of  the  elements  or  sticks  (Fig.  8),  where  x  denotes  a 
distance  coordinate  along  a  given  element  and  A  and  B  are  undetermined 
coefficients.  The  quantity  1^  ^  denotes  the  current  induced  on  a  wire  by 
an  incident  plane  wave  whose  magnetic  vector  is  perpendicular  to  the  wire 
and  is  given  by 


Xind(x) 


-4ttE 

_ o  yz  cos 

yZ  ft  sln9  6 
o  a 


(12) 


in  which  ft  =  2  in  [(stick  length) / (stick  radius)],  x  is  the  propagation 
vector  of  the  incident  field,  Z  is  the  intrinsic  impedance  of  free  space, 
Eq  is  the  incident  electric  fie?d  strength,  and  9  is  the  angle  between  the 
propagation  vector  of  the  incident  wave  and  the  negative  unit  vector  along 
the  stick. 


}  ! 
A 

i 


Enforcing  appropriate  end  and  junction  conditions  on  the  various  stick 
currents  leads  to  a  system  of  linear  equations  for  the  unknown  current 
coefficients  A,B,  etc.  The  resulting  equations  may  be  readily  solved  to 
yield  the  resonance  frequencies  and  natural  modes  of  the  simple  stick  model. 
The  damping  constants  of  the  natural  modes  are  found  by  calculating  the 
radiated  power  and  the  time-averaged  stored  energy  of  each  of  the  natural 
modes.  For  a  simple  stick,  this  method  results  in  the  same  value  of  the 
damping  constant  as  the  asymptotic  method  of  the  previous  section  does. 
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Figure  il.  Comparison  of  the  total  current  on  the  747  forward  fuselage. 

To  get  some  indication  about  the  accuracy  that  can  be  obtained  from 
stick  model  calculations  we  consider  the  results  shown  in  Figure  11.  In 
this  figure  the  results  from  measurements  made  on  two  different  scale  models 
of  the  747  are  compared  with  stick  model  predictions  for  the  same  aircraft. 

It  is  observed  that 

•  the  resonance  frequencies  of  the  two  fundamental  natural  modes  are 
predicted  within  an  accuracy  of  10%  , 

•  the  resonance  peak  values  are  predicted  with  an  accuracy  of  around 
20%  . 
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The  relationship  between  the  integral  equations  usually  used  in  SEM  and 
the  scattering  matrix  is  examined.  Alternate  integral  equations  which  exhi¬ 
bit  only  the  poles  of  the  S  matrix  are  given.  Examples  are  used  for 
illustration  for  a  solvable  case. 

The  analytic  Fredholm  theorem  in  Banach  spaces  is  discussed  and  its 
advantages  for  numerical  calculations  emphasized. 


The  relationship  between  EEM,  SEM  and  the  theory  of  nonselfadjoint 
operators  is  briefly  discussed. 


INTRODUCTION 


The  ideas  lying  behind  the  Eigenmode  Expansion  Method  (EEM)  appear  to 
have  been  introduced  for  the  first  time  by  Kacenelenbaum  in  1969  (6.4). 

The  Singularity  Expansion  Met.od  (SEM)  was  first  introduced  by  Baum  in 
1971  [3.1]  and  shortly  thereafter  independently  he  introduced  EEM  [3.4].  The 
best  review  paper  of  these  USSR  contributions  is  that  due  to  Voitovic, 
Kacenelenbaum  and  Sivov  [6.11]  and  that  of  the  USA's  contributions  (iri  this 
author's  opinion)  is  that  of  Baum  [2.2] .  The  most  complete  review  of  the 
Russian  work  through  1976  is  the  Russian  book  [6.11]  by  the  above  three 
Russian  authors.  This  book  also  contains  a  mathematics  appendix  by 
M.S.  Agranovic. 

A  glance  at  the  official  bibliography  makes  it  clear  that  extensive 
work  has  been  undertaken  and  completed  since  these  beginnings,  and  more  will 
be  discussed  in  these  preceeding. 

In  view  of  the  extensive  publications  the  author  thought  it  might  be 
most  useful  to  provide  a  brief  guide  to  some  of  the  recent  mathematical 
developments  without  excessive  detail  and  without  proofs. 
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SEM 


For  the  scalar  wave  equation  an  exterior  Dirichlet  problem  would  be 
formally  given  by  the  first  four  of  the  following  equations.  The  fifth 
equation  is  the  solution  given  in  terms  of  generalized  eigenfunctions  which 
are  distorted  plane  waves  playing  the  role  of  the  plane  waves  used  in  the 
Fourier  integrals  which  occur  when  no  obstacle  is  present.  The  functions 
a (k)  and  6 (k)  are  related  to  the  initial  conditions.  This  last  formula 
has  been  rigorously  established  by  Shenk  [6.92]  in  a  manner  similar  to  that 
used  by  Ikebe  [6.38]  for  the  quantum  mechanical  case.  Explicitly  the  genera¬ 
lized  eigenfunctions  are  defined  by  (6) ,  (7)  and  (8) .  As  will  be  discussed 
below  several  different  methods  are  available  for  the  construction  of  V+ 


(1)  AU  = 

at 

(2)  U(x,0)  =  ix 

<3>  <£.0>  =  f2 

(4)  U  =  0  on  T 

(5)  U(x,t)  =  - I  4>+<x,k)  [a<k)  elkt  +  B(k)  e“lkt]  d3k 

<2tr)  7  >  ~ 

(6)  (A  +  k2H±  =  0 

(7)  $+  =  0  on  r 

(8)  =  elk-'  -*■  +  V+  (x,k) 


In  contrast  to  the  operator  theory  approach  employing  the  continuous 
spectrum  SEM  employs  the  Laplace  transform  which,  after  a  suitable  rotation 
in  the  s-plane,  can  be  defined  by  (9),  (10),  (11),  and  (12).  Condition  (10) 
is  one  form  of  the  radiation  condition  which  is  need  to  guarantee  uniqueness 
of  all  k  ,  Ii  k  >  n  . 


(9) 

(10) 


V(x,k)  = 


U(x,t)  e*kt  dt 


AV  +  k  V  =  -f 


(11)  V  =  0  on  r 

(12)  -  ikV  =  0 ( | x| _1) 
a]x| 

The  function  V(x,k)  is  sought  in  terms  of  the  Green's  function  as 
given  in  equation  (13).  The  Green's  function  in  this  equation  is  not  the 
well-known  Green's  function  of  free  space  but  is  determined  by  (14),  (15), 
(16) ,  and  its  domains  of  analytic  and  meromorphicity  are  given  by  the  next 
two  statments  (17)  and  (18).  See  Dolph,  McLeod  and  Thoe  (6.25). 
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(13)  V(x,k)  =  G(x,y,k)f  (y)dy 

where  G  satisfies 

(14)  (A  +  k2)G  =  -6  (x-y)  in  Q 

(15)  G  =  0  on  r 

(16)  -  ikG  =  Odxl'1) 

3|x| 

(17)  G(x,y,k)  analytic  Im  k  >_  0 

(18)  G(x,y,k)  meromorphic  Im  k  <  0 

Once  V(y,k)  has  been  found  the  solution  of  the  original  problem  can 
be  given  in  terms  of  the  inverse  Laplace  transform. 


If  a  >  0.5,  Im  k  >  -b,  b  >  0  and 

(19)  |  V |  £  - - -  ,  |  Re  k |  00  . 

1+  |k|3 

Then  for  0  <  y  <  b 


U(x,t) 


_1_ 

2n 


,-iv+“> 

i  k  t 

V  (x,  k)e  K  dk 

-iy-“ 


Pushing  the  contour  down  yields  l 6.69] 

n  *ik  t  - | I  k  | t 

(20)  U  (x,  t)  =  l  e  1  V  (x,k . )  +  0(e  m  n  ) 

j-1  ] 

The  function  V  and  k's  which  occur  in  this  asymptotic  formula 
are  the  complex  eigenfunctions  and  eigenvalues: 


(21) 

(22) 


2 

AV.  +  k.V.  =  0  in  >1 
3  3  3 

V .  =  0  on  F 
3 


V. 

3 


grows  exponentially  in  x  . 


Several  comments  are  now  in  order: 


(i)  The  estimate  (19)  is  valid  for  the  Dirichlet  problem  if  the 
body  is  (a)  star-shaped  and  (b)  non-trapping  in  the  sense  of  Lax  and 
Phillips  (6.52). 

(ii)  The  method  is  not  very  useful  since  it  involves  the  construction 
of  the  Green's  function  and  then  the  determination  of  its  poles. 

(iii)  It  is  an  open  problem  to  find  conditions  when  the  asymptotic  series 
(20)  will  actually  converge. 


Instead  in  SEM  it  is  usual  to  employ  the  methods  of  potential  theory. 
For  the  exterior  time- independent  Dirichlet  problem  corresponding  to  the 
time  dependent  problem  we  have  been  considering  up  until  now,  this  involves 
consideration  of  the  following  set  of  equations  which  employ  the  known  Free 
space  Green's  function. 
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(A  +  k2)V  =  0 


V  =  -V.  on  r 
inc 


ik|x-}J 


>o(x'y)  =  ilFlf 


(23)  V(x,k)  =  [  —■  1>0(x,Z)d(Z)do 

V  y  y 

(24)  X  +  B (k)  ^  d(^)  +  X  f  ~  <t>0(x,x)d(Z)d 

•T  y 

X  =  X  (k)  =  -1 


0 


Using  the  Fredholm  alternative  the  poles  are  sought  as  non-trivial 
solutions  of  the  homogeneous  integral  equation  (24).  Those  which  may  occur 
for  real  k  correspond  to  eigenvalues  of  the  associated  interior  Neumann 
problem.  As  such,  as  we  shall  see,  they  occur  because  of  the  double-layer 
assumption  and  cam  be  eliminated  by  other  assumptions.  As  shown  by  Dolph 
and  Wilcox,  see  Dolph  [6.96]  they  do  not  contribute  to  the  scattered  field 
nor  do  they  appear  in  it  for  any  separable  case. 

The  homogeneous  integral  equation  which  occurs  here  can  be  treated 
mathematically  several  different  ways.  Marin  [3.9]  employed  Carleman’s 
Hilbert  space  theory  but  the  analytic  Fredholm  theorem  attributed  to 
Steinberg  [6.94]  is  perhaps  the  most  convenient  since  it  is  applicable  in 
more  general  Banach  spaces.  Since  matrix  approximations  are  used  in  the 
numerical  calculation  of  the  poles  the  choice  of  the  Banach  space  of  con¬ 
tinuous  functions  is  perhaps  the  most  convenient.  See  Dolph  and  Cho  [6.22] 
for  a  fuller  discussion.  For  a  Hilbert  space  the  proof  of  the  analytic 
Fredholm  theorem  can  be  found  in  Reed  and  Simon  [6.84]. 

Analytic  Fredholm  Theorem  -  Steinberg  [6.94] 

Let  0(B)  =  set  of  bounded  operators  on  the  Banach  space  and  let  K  be 
an  open  connected  subset  of  the  complex  plane.  T(K)  is  analytic  in  K  if  for 
each  kg  e  K 

CO 

T (k)  =  y  T  { k— k_ ) "  T  6  0(B) 

0  "  0  " 

Theorem.  If  T(k)  is  an  analytic  family  of  compact  operators  for  k  6  K  , 
then  either  I  -  T(k)  is  nowhere  invertible  in  0  ,  or  else  [I-T(k)]"^  is 
meromorphic  in  K  . 

If  B  is  a  separable  Hilbert  space,  the  residues  are  finite  rank 
operators . 

One  way  of  eliminating  the  poles  which  are  not  intrinsic  to  the  exterior 
scattering  problem  is  to  replace  the  Ansat.z  (23)  of  the  double  layer  by  the 
complex  combination  of  a  double  and  single  layer  as  used  by  Brakhage  and 
Werner  for  the  Dirichlet  problem  [6.11]  and  by  Kussmaul  [6.50]  for  the 
Neumann  problem.  In  the  latter  case  additional  difficulties  need  to  be 
overcome  because  of  the  high  order  of  the  singularity. 

For  the  Dirichlet  Problem  the  Ansatz 


ujispnsfljfcs 
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V+(x,k)  =  - it  <t>0(x»il)U  (£)d  a 

Jr  y 

leads  to  the  homogeneous  integral  equation: 

(25)  U(x)  +  |  (  - it)  4>0  (x,}Ou  (y.)dy°  =  0 

x  (x)  =  1  for  Re  k  >_  0 
=  0  for  Re  k  <  0  • 

This  equation  has  only  trivial  solution  for  In  k  >  0  and  hence  the  only  non¬ 
trivial  solutions  can  occur  for  Im  k  <  0  and  as  Ramm  [6.72]  has  shown  these 

occur  at  the  poles  of  a  Green's  function  and  are  in  fact  the  intrinsic  poles 
of  SEM. 

The  non-trivial  solutions  of  this  last  equation  for  Im  k  <  0  also  agree 
with  the  poles  of  the  S  matrix.  The  S  matrix  is  generally  thought  to  con¬ 
tain  all  intrinsic  properties  and  in  fact  Lax  and  Phillips  have  given  two 

proofs  of  the  fact  that  the  S  matrix  uniquely  determines  the  obstacle  for 
the  Dirichlet  problem  —  see  Theorem  (5.6)  cr.  [6.52],  Chapter  V. 

For  the  problem  here  it  can  be  shown  that  the  V_(x,h)  of  (8)  and  the 
S  matrix  are  related  by  the  formulas:  [In  the  last  equation  the  integral 
operator  is  compact]. 


X  =  r£,  =  kw 

-ikr 

V_(r0,kw)  =  — 

S  (k)m(  )  =  m(0)  + 


[s  (0  ,  k,w)  +  0(1)} 


~  f 

2"  Wi 


ra(w)s  (6,k,w)*dSw 


The  complex  eigenvalues  are  poles  of  S (k )  . 

Derivations  of  these  formulas  can  be  found  in  Lax  and  Phillips  [6.52], 
in  Schmidt  [6.87]  for  the  quantum  case  of  the  Schrodinger  equation  and  for  a 
very  general  case  in  Shenk  and  Thoe  [6.9].  A  physical  derivation  of  the  last 
formula  is  due  to  Saxon  [6.86]  is  also  contained  in  Dolph  and  Cho  [6.22]. 

This  last  paper  also  contains  an  appendix  in  which  a  heuristic  derivation  of 
the  mathematical  theory  of  scattering  initiated  by  Jauch  is  given. 


For  the  cylinder  (24)  becomes 

y(a'V  +  [  sribo  Ho1)(ka  sin  (a'Wde0  =  0 

and  has  solutions  given  by 


»  2 (-l)n-1J  (ka)e  ° 

U  ( a ,  )  -  y  TTj 

-»  J  (ka)H'1'  (ka) 
n  n 

The  complex  roots  of  the  Hankel  function  are  intrinsic,  those  of  the  deriva¬ 
tive  of  the  Bessel  function  well-known  to  be  those  of  the  associated  interior 
Neumann  problem. 
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The  Brakhage- Werner  equation  corresponding  to  (25)  is 


ka 


o(a,60+i}>0)  =  0 


with  a  solution  exhibiting  only  intrinsic  poles;  namely 

in<t> 


°(a'V  =  ~kl  ^ 


(-l)n_1J  (ka) e  T° 

_ _ n _ 

-»  H(1)  (ka)  [j1(ka)  -  iJ  (ka)  ] 
n  n  n 


For  this  problem  the  complex  eigenfunctions  are 
im0  ( 1 ) 


V (r ,0 ) 


Hm  <V> 


where 


(A  +  kQ)V  =  0,  V  -  0,  r  =  a 

and  the  scattering  matrix  is  given,  as  shown  by  Shenk  and  Thoe  [6.91]  to  be 


S(k)  (I  ame 


imQ 


u(2)  ...  im0 
H  (ka)  a  e 
m  m 


-<*>  H(1)  (ka) 
m 


In  most  cases  it  is  necessary  to  resort  to  matrix  approximation  or  to 
have  methods  for  the  calculations  of  the  poles.  In  the  case  of  the  former, 
Ramm  [6.72]  has  established  the  following: 


Poles  coincide  with  k..  for  which  I  +  B(k)  of  (24) 
is  not  invertible.  Let  (fJ  be  an  orthonormal  basis 
in  H  =  L2(D  .  Then  if 
A  r 

V  —  >  c  .  f  . 

l 


b.  .  =  <  [ I+B (k) J  f . , f  . 
i]  i  3 


It  follows  that 


l  b.  .(k)c.  =  0 
j=l  3 


(n) 


Let  k  ,  m  =  1,2,3...,  be  the  roots  of 
m 


det  b^  (k)  =  0 

Then  the  limits  Lim  k^  =  k  exist  and  are  the  poles  of 
„  mm 
nr*” 

the  poles  of  the  Greens  function  G  .  Every  pole  of  G  can 
be  obtain  in  this  way. 


EEM 

For  this  same  time~independent  Dirichlet  problem  the  Eigenmode  Expansion 
method  would  involve  the  following: 
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+  k 


A(k)4> 


T 


g  on  T 

ik|  x-y| 


4iT)x-y| 


i  (y) dy 


Ansatz 


A(k)$  =  g  on  r 

A(k)if>  =  A  (k)  ij>  on  r 
n  n  n 


Picard  method  gives 
"  <  a.<t> 


=  1 


n 


1  n 
when  is  this  valid? 


The  Picard  process  is  certainly  valid  for  the  cylinder  and  the  sphere.  In 
fact  as  first  noted  by  Kacenelenbaum,  Sivov  and  Voitovic  [6.11]  for  the  cylin¬ 
der  they  are  explicitly  given  in  the  case  of  even  0  by 

<P  (0)  =  cos  n0 
n 

A  (k)  =  ^  H  (ka)  J  (ka) 
n  2  n  n 

4>  (r,  )  =  H^(ka)J  (kr)cos  n0  ,  r  <  a 
n  n  n  — 

H*1'  (kr)  J  (ka)  cos  n0  ,  r  >  a 
n  n  — 


While  Dolph  [6.20]  appears  to  have  been  the  first  to  suggest  the  use  of 
non-self-adjoint  operators  in  scattering  problem  Agranovic  in  [6.1],  [6.2], 
[6.3]  and  Ramm  [6.72],  [6.73]  appear  to  be  the  first  to  systematically  apply 
this  idea.  Ramm  in  particular  considered  the  Hilbert  space  case.  That  is 
Let 


h  =  L2<n 


<  f ,g > 


f  (x)g(x) 

r 


Then  <  Af , g  >  =  <  f,Ag  >  . 

is  non-self  adjoint. 


d 

This  is  real  symmetry  and 


A  ^  A*  i .e . , 


A 


Question.  When  is  the  Ansatz  correct?  Sufficient  condition:  AA*  -  A*A  =0...(1) 
i.e.,  A  is  normal  .  Then  an  orthogonal  basis  can  be  found  in  H  =  L2(r>. 

Here  (1)  requires 

r  sink]  |x-t| -|  t-^.|  } 


This  last  condition  can  be  shown  to  be  satisfied  by  the  cylinder  and  sphere 
but  not  for  the  ellipse  or  ellipsoid.  In  particular  then  any  EEM  theory  results 
which  use  the  Picard  process  and  are  used  to  construct  equivalent  circuits  are 
suspect  in  general. 
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Before  entering  into  what  is  known  in  the  case  when  the  operator  A  is 
not  normal  the  relation  between  SEM  and  EEM  when  the  Picard  process  is  valid 
should  be  mentioned. 

In  [2.2]  Baum  discussed  the  matrix  case  and  showed  that  every  zero  of  X (k) 
was  a  pole.  More  generally: 


The  Relation  between  SEM  and  EEM 


Theorem  (Ramm) .  The  poles  of 
(26)  Xn(k)  =0  Gq  =  £ 


G (x,y , k) 
ik|x-y| 


are  zeros  of  the  eigenvalues 


(27) 

where 


If  the  operator  is  not  normal  the  situation  is  much  more  complicated  in 
general.  One  usually  has  to  contend  with  root  vectors  as  they  occur  in 
the  Jordan  normal  form.  The  simplest  example  of  their  occurrence  is  in  the 
matrix  solution  of  ordinary  differential  equations  with  repeated  roots.  The 
questions  of  when  are  the  root  vectors  complete,  when  do  they  form  a  basis 
are  difficult  in  general.  There  is  one  case  when  there  is  a  simple  theorem 
concerning  completeness,  namely  if  the  operator  is  dissipative.  An  operator 
A  is  said  to  be  dissipative  if 
Im  <  Ai() ,  <)>  >  >_  0  . 

Many  of  the  operators  in  mathematical  physics  are  dissipative.  For 
example  the  free  space  Green's  function  is: 
ih|x-y| 

A+  =  V|x-y'l  *(y)dy  • 

One  has  for  real  k 

Im  <  a<t> ,  <P  >  =  J  j  S4n  fx-y  |  ^  ^  *x*  *  d3*  d3y 

and  the  delta  like  behavior  of  the  kernel  implies  that 
Im  <  A4> ,  <j>  >  s  1 1  $  (x)  |  2d3x  >_  0  . 

A  rigourous  proof  of  this  can  be  found  in  Dolph  (6.20). 

Ramm  (6.72)  has  established  a  completeness  theorem  for  such  operators 
which  are  compact  and  nuclear. 


Before  stating  his  result  note  that  if  S  (A)  are  the  eigenvalues 

1/2  n  a 

of  (A*A)  a  compact  operator  is  called  nuclear  if  J.  S  (A)  <  “>  . 

1  N 

Theorem  1.  If  A  =  P  +  N  where  P  is  positive  and  compact,  and  N  is 

dissipative  and  nuclear.  Then  the  root  vectors  of  A  are  complete. 
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A  simple  pertinent  example  is  given  by 

i  f  eik!x-vl 

A<)>  =  —  — i - ; $(y)da 

4tt  x-y  y 


by  taking  P$  =  -i-  j  and  N$  =  (A-P)$. 

More  information  on  root  vectors  and  basic  can  be  found  in  the 
reference  (6.34). 

Finally,  space  limitations  do  not  permit  detailed  discussion  of  many 
topics  important  to  the  further  development  of  this  subject.  These  include 
the  weak  perturbation  of  compact  operators  see  (6.42,  (6.55),  (6.75)  as 
well  as  variational  principles  (6.74)  and  papers  in  press  by  Ramm. 


ON  THE  SINGULARITY  AND  EIGENMODE  EXPANSION 
METHODS  (SEM  AND  EEM) 


A.  G.  Ramm,  Mathematics  Department,  Kansas  State  University, 
Manhattan,  KS  66506 


INTRODUCTION 

This  is  a  brief  summary  of  the  invited  talk  given  by  the 
author  at  the  Lexington  (November  1980)  meeting.  The  purpose  of 
this  paper  is  to  formulate  the  mathematical  problems  important 
for  the  SEM  ar.1  EEM,  to  answer  several  basic  questions  and  to 
draw  attention  to  certain  unsolved  problems.  Some  new  results 
are  also  reported.  The  detailed  presentation  of  the  talk  was 
sent  to  the  Mathematical  Notes  (ed.  C.  E.  Baum)  and  submitted  foi 
publication  in  the  J.  Math.  Anal.  Appl .  The  bibliography  is  not 
complete:  only  the  papers  in  which  the  results  mentioned  in  this 

article  appeared  were  included  In  the  bibliography. 


1.  STATEMENT  OF  THE  EEM  AND  SEM 


Let  E  be  an  exterior  domain  with  a  smooth,  closed  boundary  F, 
D  be  the  corresponding  interior  domain, 

G0  =  r  =  |  x  |  ,  Ag  =  Jr  G Q  (  s  , e  '  , k )  g ( s  '  ) d s  '  and 

u  =  Jp  Gq (x , s ,k)g(s )dx .  The  function  u  solves  the  problem 


(V^+k^Ju  =  0  in  ft,  u|p  =  f,  r(3u/9r-iku)  -*•  0  as  r  -*■ 


(1) 


provided  that 


Ag  =  f  (2) 

If  one  uses  the  Laplace  transform  variable  p,  then  p  =  -ik,  and 
the  half  plane  Rep  >  0  corresponds  to  the  half-plane  Imk  >  0. 
Engineers  [6.41]  -  [2.2]  tried  to  solve  (2)  by  the  formula 

g  =  [”=1  Xj1Cjfj,  where,  Afj  =  Xjf.,  |X1|  _>  |X?|  >  ...  and 
f  =  This  can  be  done  if  A  -  A*  is  selfadjoirit  on 

p 

H  =  L  (T).  The  operator  A  in  (2)  is  nonse 1  fad j oint .  Therefore: 
1)  it  may  have  no  eigenvectors  (e.g.  Ag  =  Jggdx  on  H  =  L2[0,1]) 
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2)  it  may  have  not  only  eigenvectors  but  also  root  vectors  [6.69], 

fc.ea, 

3)  it  is  an  open  question  whether  one  can  expand  an  arbitrary 
function  feH  in  the  series  of  eigenvectors  and  root  vectors  of  A. 
Of  course  one  is  interested  in  the  rate  of  convergence  of  the 
series  in  eigen  and  root  vectors  and  in  algorithms  for  calcula¬ 
tion  of  the  root  vectors  and  eigenvalues  of  A.  The  outlined 
method  (EEM)  has  the  following  merits:  1)  instead  of  problem 

(1)  with  a  continuous  spectrum  in  the  unbounded  domain  we  con¬ 
sider  problem  (2)  with  a  discrete  spectrum  on  the  compact  mani¬ 
fold  T,  2)  the  resonance  properties  can  be  conveniently  studied 
by  the  EEM.  A  mathematical  study  of  the  EEM  was  originated  in 
[6.72],  [6.73],  [6.71]. 


in  order  to  describe  SEM  consider  the  problem 


tt 


V  u  in  ft,  u|r  =  0,  u|t=Q  =  0,  ut | 


=  f 


t  =  0 


(3) 


The  solution  of  this  problem  takes  the  form 

u  =  ( 2  tt  ) —  1  exp(-ikt) v(x,k)dk,  v  =  [fiG(x,y,k)f  dy  ( ** ) 


where  G  is  the  Green  function  for  problem  (1), 


o 

II 

o 

o 

1 

fr  Gq( x  ,s ,k)uds  , 

_  9G(s,y,k) 

3ns 

(5) 

3Gn 

9C5n 

[  I +T ( k )  ]  p 

=  2  T ( k ) u 

=  2iTl£  v  ds> 
s 

(6) 

We  assume  that  feCg(ft).  From  (5),  (6)  it  follows  that  G  is 

f inite-meromorphic  in  k.  This  means  that  G  is  meromorphic  on 
the  whole  complex  plane  k  and  its  Laurent  coefficients  are  de¬ 
generate  kernels  (finite  rank  operators  on  H) .  If  ft  C  R^  then 
G  is  analytic  in  In  k  >  0.  Thus  v  is  meromorphic  in  k  and  analy¬ 
tic  in  Im  k  >  0.  Let  us  assume  that 


|  v |  £  c(b),l+|k|)  a,  a  >  1/2,  |  Re  k  |  -*•<*>,  Im  k  =  b 
where  b  is  an  arbitrary  const; 

|  Im  kj  |  -*■  00  as  j  -*■<*>,  |  Im  k^J  _<  |  Im  k2|  _<  ... 


(7) 


(8) 


where  kj  are  the  poles  of  v. 

Note  that  (7)=^(8).  From  (7),  (8)  it  follows  (by  moving 
the  contour  of  integration  in  (4)  down)  that 

u(x,t)  =  [j=1  c  j  ( x  ,t )  exp  (-lkj  t )  +  o(exp(-|lm  k^ 1 1 ) ) ,  t  -*  +  °°  (9) 

Here  c,(x,t)  exp(-lk.t)  =  Res  v(x,k)  exp(-ik1t)  at  k  =  k 
J  m.-l  J  J 

Cj (x,t)  =  0(t  J  ),  where  is  the  order  of  the  pole  kj 


Thus 
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we  see  that  (7),  (8)  and  the  meromorphic  character’  of  v  are  suf¬ 
ficient  for  the  SEM  of  the  form  (9)  (asymptotic  SEN).  It  is  an 
open  question  if  the  series 

u(x,t)  =  1“  ,  c,(x,t)  exp(-ik.t)  '  (10) 

J  ■*-  J  J 

converges.  The  validity  of  the  EEM  was  discussed  in  [6.69],  [6.68]. 


2.  COMPLEX  POLES  OP  GREEK'S  FUNCTIONS 


We  saw  in  Section  1  that  complex  poles  k^  are  important.  It 

is  interesting  to  answer  the  following  questions:  1)  how  does 
one  calculate  the  poles?  2)  are  the  poles  simple?  3)  do  tire 
poles  depend  continuously  on  the  scatterer?  9)  Can  one  identify 
the  scatterer  from  the  knowledge  of  complex  poles?  5)  what  cm 
be  said  about  location  of  the  poles  and  asymptotic  behavior  of 
the  large  poles  nearest  to  the  real  axis?  6)  are  there  any  mono- 
tonicity  or  other  features  in  the  behavior  of  the  purely  imaginary 
poles?  7)  What  are  the  properties  of  the  resonant  states  (natural 
modes  corresponding  to  the  complex  poles)?  8)  What  is  the  rela¬ 
tionship  between  the  poles  and  the  eigenvalues  used  in  the  EEM? 


We  give  some  answers  to  the  above  questions.  Three  different 
methods  for  calculation  of  the  complex  poles  were  given  in  [6.71-2], 

[6.68]  and [6.74] .  The  first  method  is  most  general.  It  reduces  the 

problem  to  calculation  of  the  values  k.  at  which  a  certain  opera- 

J 

tor  of  the  type  I  +  T(k),  where  T(k)  is  a  compact  analytic  opera¬ 
tor  function,  is  not  invertible.  These  k,  can  be  found  by  a 

projection  method.  The  method  is  described  in  [6.71-2]  (see  also 

[6.68] ).  Its  convergence  is  proved  [6.71]  The  second  method  is  a 


2 

variational  principle  for  complex  poles:  k.  are  the  stationary 

o 

values  of  the  functional 


K(u) 


<Vu,  Vu>/<u,u',  where  <u,v> 


Jim  J  exp ( -e | x | In | x j )uv  ix 
e-+0  CIO') 


and  the  Integral  is  taken  over  Q.  In  [6.74]  a  certain  system  of 
test  functions  was  suggested  but  the  rigorous  justification  of 
the  numerical  procedure  given  in  [6.74]  is  an  open  problem.  In  [6.68] 
a  variational  principle  for  the  spectrum  of  compact  nonselfadjoint 
operators  was  given.  In  [6.71] It  was  proved  that  the  complex  poles 
of  the  Green's  functions  are  the  complex  zeros  of  the  eigenvalues 
of  certain  integral  operators.  This  gives  the  third  method  of 
calculation  of  the  poles:  first, one  calculates  the  eigenvalues, 
then  one  looks  for  their  zeros.  No  numerical  results  are  known 
for  the  third  method.  It  would  be  Interesting  to  make  numerical 
experiments  and  to  compare  all  the  three  methods. 

It  Is  an  open  question  whether  the  poles  are  simple.  In  [6.71] 
it  was  proved  that  the  poles  are  simple  if  the  surface  is  of  such 
shape  that  the  operator  A  In  (2)  is  normal,  i.e.  AA*  =  A*A .  In 
[6.73]  it  was  .  ’•’oved  that  this  is  so  if  T  is  a  sphere  or  a  straight 
line  (linear  antenna).  Recently  the  author  gave  a  simple  example 
of  a  multiple  pole  in  the  problem  with  third  boundary  condition: 
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if  (V2+k2)  u  =  0  in  r  =  |x|  _>  1,  3u/Sr  -  2u  =  '.os  9  on  |x|  =  1, 

r(-|^  -  iku)  -*■  0  as  r  -*■  «,  then  k  =  -21  is  a  pole  of  order  2  of 
o  r 

u  ( x  ,  k ) ,  Generically  multiple  poles  are  exceptions  because  small 
perturbations  of  the  shape  of  the  scatterer  can  destroy  multiple 
poles.  On  the  other  hand,  since  the  poles  depend  continuously  on 
F  (see  [6.68]  for  precise  definitions  and  proofs)  it  seems  possible 
that  by  continuous  variation  of  F  one  can  make  a  multiple  pole 
out  of  2  simple  poles  by  merging.  Nevertheless,  no  proof  is  known 
that'  the  Green's  function  of  the  exterior  Dirichlet  Laplacian  has 
multiple  poles  for  some  f. 


We  have  already  mentioned  that  the  poles  depend  continuously 
on  T.  It  is  not  known  whether  the  set  of  complex  poles  deter¬ 
mines  the  scatterer  uniquely.  A  discussion  of  this  question  is 
in  [6.76]  and  [  *].  Some  information  on  location  of  the  poles  is 
available:  in  [6.70]  it  was  proved  that  the  domain  {Im  k  <  0, 

|  Im  k|  alog|Re  k|  +  b,  a  >  0}  is  free  from  the  complex  poles 
of  the  Green's  function  of  the  Sehrodinger  operator  with  a  com¬ 
pactly  supported  potential;  in  [6.54]  a  similar  result  was  proved 
for  the  poles  of  the  Green's  function  of  the  exterior  Dirichlet 
Laplacian;  in  [6.5]  some  heuristic  arguments  are  given  to  show 

that  the  domain  (Im  k  <  0,  |  Iin  kj  <  a  j Re  k|  +  b,  a  >  0}  is 
free  from  the  poles  of  the  Green's  function  of  the  exterior 
Dirichlet  and  Neumann  Laplacians  provided  that  r  is  strictly  con¬ 
vex  and  smooth;  if  r  is  not  smooth  (say,  T  is  a  polygon)  then  there 
exists  a  series  of  poles  k.  such  that 

|  Im  k.|  =  0( log | Re  kj  |  )  as  j  -*•  <*>  [6.6]. 


In  [6.53]  it  was  proved  that  there  exist  infinitely  many  purely 
imaginary  poles  of  the  Green's  functions  of  the  exterior  Dirichlet 
or  Neumann  Laplacian  and 

cR]  _<  lim  inf  y-2  N(y)  _<  1  im  sup  y-2  N(y)  <  cRp 

y  -voo  y-*°o 


where  c  =  1.138370  . ,  N(.v)  is  the  number  of  purely  imaginary 

poles  with  | Im  k,|  <  y,  the  obstacle  is  star-shaped  (this  means 

that  all  points  of  T  can  be  seen  from  a  point  in  D)  and  R],  R-, 

are  the  radii  of  spheres  inscribed  in  and  circumscribing  D, 

respectively.  It  is  pointed  out  in  [  *]  that  if  D.,  =  qn  ,  q  >  1 

(1)  (2)  ('ll  (2)  d  1 

then  yj  =  qy :  ,  where  -iyj  (-iyj  )  are  the  poles  of  the 

Green's  function  of  the  exterior  Dirichlet  Laplacian  in 

(83)*  ftj  =  R^\Dj,  j  *  1,  2,  where  R^\D  denotes  the  complement 

to  D  in  R^.  Therefore  in  this  case  N3(y)  >  N,(y)  and 

( 1 )  ( 2 )  ( 1 )  d  1 

Y]  >  Y]  ,  where  Y]  are  the  moduli  of  the  purely  imaginary 

poles  with  minimal  moduli.  In  [6.53]  Theorem  3.5  on  p.  751  says 
that  N2(y)  <  N](y).  This  statement  contradicts:  1)  the  above 

argument,  and  2)  the  case  when  D]  and  D2  are  concentric  balls  and 

one  can  calculate  N^(y)  and  N2(y)  for  y  >>  1  and  verify  that 
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N2(y)  >  N1(y).  The  argument  in  [6.53]  can  be  used  if  the  assumption 

0  C  0  is  replaced  by  the  assumption  030.  We  mention  this 
s  s 

because  in  the  literature  one  can  find  references  and  citations 

of  Theorem  3-5  from  [6.53]  in  its  wrong  form.  Using  arguments  from 

[6.53]  and  assuming  that  D.,  j  =  l,  2  are  star-shaped  and  that 

J 

C  C  D^,  one  can  see  that  N-^y)  <_  N^ty)  £  N^(y).  Here  we 
used  the  corrected  version  of  Theorem  3-5  from  [6.53]:  if  D,  C  D„ 
and  D-^  is  star-shaped,  then  N-^(y)  <_  N^Cy).  This  theorem  is  actu¬ 
ally  proved  in  [6.53]  so  that  the  misstatement  of  Theorem  3-5  in 
[6.53]  is  j  ust  a  misprint. 

Concerning  the  behavior  of  the  resonant  states,  that  is  the 
solutions  of  the  homogeneous  problem  (1)  for  k  =  a  -  iy,  y  >  0, 
f(x)  =  0),  satisfying  the  asymptotic  condition 

u  =  |  x  |  _1  exp(ik|x|  )£J=q  |xj~J'fj,fj  =  f  j  (n  ,y ) ,  n  =  x  •  jx|-1,  (11) 

at  infinity,  one  can  prove  the  following  proposition:  if 
u  exp  (-y  |  x  |  )  |  x  |  +  0  as  |x|  ■*  °°  then  u  h  0.  From  this  it  follows 
that  the  resonant  states  (scattering  modes)  corresponding  to  a 
complex  pole  k  =  a  -  iy  grow  at  infinity  exactly  as 

0 (exp (y | x |  )  | x | ~x .  See  also  [6.43]  Theorem  3.  The  relationship 
between  SEM  and  EEM  is  given  in  the  following  proposition  ([6.71-2] , 
[6.68]):  the  set  of  the  complex  poles  of  the  Green's  function  of 
the  exterior  Dirichlet  Laplacian  coincide  with  the  set  of  complex 
zeros  of  the  eigenvalues  X  (k)  of  the  operator  A  defined  in  (2). 

It  is  not  known  at  this  time  whether  the  order  of  a  pole  can  be 
calculated  from  the  multiplicity  of  zeros.  One  can  construct 
other  operators  with  the  eigenvalues  vanishing  at  the  complex 
poles  [6.68] . 


3.  "ORTHOGONALITY"  OF  THE  EIGENMODES  AND  RESONANT  STATES 

By  eigenmodes  (EM)  we  mean  the  eigenfunctions  of  the  opera¬ 
tor  A  defined  in  (2).  This  is  a  nonselfadjoint  operator  on 

H  =  L2(r )  with  the  property  [Af,g]  =  Lf,Ag],  where  [f,g]  =  (f,g)  = 

Jpfg  ds,  (•,•)  is  the  inner  product  in  L  (D,  the  bar  denotes 

complex  conjugation.  Suppose  that  Afj  =  X  j  r j  ,  [f, ,fj]  W  0,  j  = 

1,  2,...  and  the  set  (fj)  forms  a  basis  of  H.  Then  any  feH  can 

be  represented  as  f  =  c  j  fj  and  Cj  =  Lf,fj].  This  can  be 

proved  exactly  as  in  the  case  of  orthogonal  Fourier  series  if  one 
takes  into  account  that  [  f  j  ,  f m  J  =  0  for  j  jt  m.  The  last  formula 

follows  from  the  identity  0  =  [Afj,fmJ  -  [fj,A fmJ  =  (Xj-Xm) 

[f,,f  J  if  X.  /  X  .  If  X,  *  X  one  can  choose  f,,  f  so  that 
JmJ  jm  jm  J’m 

[f,,f  J  =  0  for  j  ?  m.  Thus  the  coefficients  in  the  EEM  can  be 
j’m  u 

easily  calculated.  If  the  root  vectors  are  present  the  formulas 
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for  the  coefficients  in  root  vectors  can  ilso  be  calculated  ex¬ 
plicitly  [  *  ] . 

"Orthogonality"  of  the  resonant  states  corresponding  to  dif¬ 
ferent  complex  poles  k-^,  holds  in  the  following  sense: 

<u(x,k.),  u(x,k,)>  =  0,  where  <•,•>  is  defined  in  (10')  (See  [6.74] 

and  [  *  ]  for  detaile..  ). 


► 


f 


4.  NONSMOOTH  BOUNDARIES 

The  usual  proof  of  the  meromorphic  nature  of  the  Green's 
function  of  the  exterior  Laplacian  requires  smoothness  of  T. 

Indeed, it  is  based  on  the  integral  equation  (6)  and  on  the  theorem 

about  the  meromorphic  nature  of  the  operator  (I+T(k))-1  [6.80-3].  If 
this  theorem  it  is  assumed  that  T(k)  is  a  compact  operator  func¬ 
tion  analytic  in  k.  If  the  surface  T  has  edges  or  conical  points, 
the  operator  T(k)  in  (6)  is  no  longer  compact.  Nevertheless  the 
theory  is  still  valid  provided  that  there  are  no  cusps  on  r. 

This  follows  from  the  proposition  (see  [  *  ]  for  details):  if 
T(k)  =  T  +  Q(k)  is  an  operator  function  on  a  Hilbert  space  H, 
where  Q ( k )  is  analytic  in  k  for  kcA,  where  A  is  a  connected  open 
set  in  the  complex  plane,  |T|ess  <  1  and  I  +  T(k)  is  invertible 

at  some  point,  then  (I+T(k))~-  is  finite  meromorphic  in  A,  (finite 
meromorphic  means  that  the  Laurent  coefficients  are  operators  of 
finite  rank).  By  l?less  we  mean  inf  | |T— K 1 1 ,  where  K  runs  through 

the  set  of  all  compact  operators  on  H. 

It  is  known  [6.12]  that  |T(0)|  <  1  provided  that  there  are 

no  cusps  on  f.  One  can  now  apply  the  above  proposition  and  con¬ 
clude  that  v  in  (6)  (and  therefore  G;  see  (5))  is  meromorphic  and 
its  Laurent  coefficients  are  degenerate  kernels. 


5.  EXAMPLES,  COMMENTS 

1.  A  symmetric  (with  respect  to  the  form  [f,g]  defined  in  section 
3)  nonselfadj oint  operator  can  have  root  vectors.  Example: 

A  =  [  x ,  y  ]  =  x^y,  +  *2^2"  has  a  pole  of  order  2 

at  X  =  0 .  The  corresponding  eigenvector  is  (})  and  the  root 

1-i  ”  1 

vector  is  (  ^  ). 

2.  The  fact  that  the  algebraic  problem  to  which  an  original  inte¬ 
gral  equation  was  reduced  (o.g.  by  a  projection  method)  has  eigen¬ 
values  does  not  guarantee  that  the  original  equation  has.  (See 
[6.68],  [6.69]  and  [  *  ]  for  details  and  sufficient  conditions  under 
which  the  eigenvalues  of  the  algebraic  problem  converge  to  the 
eigenvalues  of  the  original  problem.) 

3.  The  operator  (I+T(k))  1  can  have  multiple  poles  and  be  dia- 
gonalizable  (i.e.  T(k)  has  no  root  vectors). 


Rfcs****  *> 
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Example:  T(k)  = 


■{'V"2  i*)-  <I*T<k,)'1-( 


o  d+k2: 


k  =  0  is  a  pole  of  order  2. 


A .  There  exists  an  operator  with  the  root  system  which  forms  a 
basis  of  H  but  under  a  different  choice  of  the  root  vectors  the 
root  system  of  this  operator  does  not  form  a  basis  jf  H  (see  [  * 
for  an  example ) . 

5.  The  set  of  complex  poles  of  the  Green's  function  of  the 
Schrodlnger  operator  does  not  define  uniquely  the  potential  if 
ther°  are  bound  states  [ *  ]. 

6.  If  z  is  a  complex  pole  of  order  m  of  (1+T(k))  \  T(k,el  is 
compact  and  analytic  in  k  and  e  for  { | k-z |  £  a,  |e|  <  b}  and 

T(k,0)  =  T(k)  then  the  poles  z(e)  of  (I+T(k,c))  1  can  have  a 
branch  point  at  c  =  0  and  ord  z(c )  <  m.  Moreover  z(e)  can  be 

represented  by  Pulseux  series,  i.e.  by  a  series  in  powers  of  e ^ 
where  r  is  some  integer  (see  [  *  ]  for  details). 

7.  The  multiplicity  of  the  complex  poles  is  not  equal  to  the 
order  of  zeros  of  eigenvalues,  generally  speaking. 


It  was  proved  in  [6.72](see  also[6  *8] )  that  the  set  of 
poles  coincide  with  the  set  of  complex  zeros  of  the  eigenva 
of  certain  integral  equations.  In  the  case  we  are  concern 
In  this  paper  one  can  have  in  mind  the  eigenvalues  of  the 
tion  [I+T(k)]  u,  =  X.(k)u,,  j  =  1,  2,....  It  was  an  open 


tion  [I+T(k)]  Uj  =  Xj(k)uj,  j  =  1,  2,....  It  was  an  ■: 

whether  the  orders  of  the  zeros  of  Xj(k)  are  equal  to 

plicities  of  the  corresponding  poles.  We  show  by  pre: 
example  that  this  is  not  so  in  general.  Let  us  take  s 
a  finite  dimensional  operator  with  the  following  mat r 1 


sent! 
as  I 
ix 


[  complex 
alues 
ied  with 
equa- 
quest  ior. 

mult  i - 

Lng  an 

+  T(k) 


A(k)  =  ^ 


X(k)  1  ' 
0  X  ( k ) , 


We  have  X^(k)  =  X(k) 


,  A-hk)  -  lx'L(k>  -‘IM. 

\  0  x_1(k)/ 


If  X(z)  =  0  and  m  is  the  order  of  the  zero,  then  z  is  the  pole 

of  A_1(k)  of  multiplicity  2m.  It  is  clear  from  this  example  that 
the  order  of  zeros  of  the  eigenvalues  will  coincide  with  tee 
multiplicity  of  the  corresponding  poles  iff  A(k)  is  diagona 1 i zab le , 
that  is  A(k)  has  no  root  vectors.  This  example  is  sufficiently 
general  because  for  a  compact  T  the  eigenvalues  X^  f  -1  have 

finite  algebraic  multiplicites  and  the  corresponding  root  spaces 
reduce  I  +  T(k),  so  that  in  the  root  spaces  I  +  T(k)  is  a  matrix 
operator . 

8.  Using  the  ideas  given  in  [6.68]  the  author  proved  convergence 
of  the  T-matrix  approach  in  scattering  theory,  widely  used  in 
pract ice . 
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9.  A  variational  principle  for  complex  poles 

In  section  3  it  was  mentioned  that  the  complex  poles  of  the 
Green  function  occur  at  the  complex  points  k  at  which  the  homo¬ 
geneous  equation  (2)  has  a  nontrivial  solution.  Let  denote 

the  Sobolev  space  W^(T),  and  |f|  denote  the  norm  in  H  .  Consider 

the  variational  principle  F(f)  =  |Af[^  =  min,  |f|Q  =  1.  If  (fjJ 

is  a  basis  of  H  =  Hn ,  and  f^n^  =  [  c.f.,  then  the  problem 

j  =  l  3  J 

F(f(n))  =  min,  |f(n)|0  =  1  yields:  [  a.(k)cm  =  °>  1l3ln’ 

n  ?  m=l  J  /  \ 

T  Ic.l  >  0.  Thus  (*)  det  a.  (k)  =  0.  Let  k^  '  be  the  complex 
j  ^ 2  J  s  F 

roots  of  (*).  Then  it  can  be  proved  that  the  set  of  the  complex 

limit  points  {kg}  of  the  set  {k^n^}  coincides  with  the  set  of  the 

complex  poles  of  the  Green  function.  This  a  new  result.  The 
functional  F(f)  is  real  valued  in  contrast  with  the  functional 
K(u)  in  (10’). 


Problems 

1)  Is  It  true  that  the  root  systems  of  A(k),  T(k)  form  a  Riesz 
basis  of  H?  It  is  proved  that  these  systems  form  a  Riesz 
basis  with  brackets  (see  (6.68)  for  a  proof  and  definitions). 

The  author  thinks  that  the  answer  is  no. 

2)  Is  there  a  relation  between  the  order  of  a  complex  pole  and 
the  multiplicity  of  the  zeros  of  X  (k)? 

3)  Can  the  scatterer  be  uniquely  identified  by  the  set  of  com¬ 
plex  poles  of  the  corresponding  Green's  function? 

4)  Prove  that  there  are  infinitely  many  complex  poles  k.  with 
Re  kj  /  0  (in  diffraction  problems  and  noncentral  potential 
scattering) . 

5)  Are  the  complex  poles  of  the  Green's  function  of  the  exterior 
Dirichlet  or  Neumann  Laplacian  simple? 

6)  Make  numerical  experiments  in  the  calculation  of  the  complex 
poles . 

7)  Prove  convergence  of  the  numerical  procedure  for  calculation 
of  the  complex  poles  suggested  in  [6.74]. 

8)  Find  a  theoretical  approach  optimal  In  some  sense  to  approxi¬ 
mate  a  function  f(t)  by  the  functions  of  the  form 

N  mj 

fM  =  [  I  exp(-ik,t)t  ...  Here  the  numbers  c  . ,  m,,  k, 

J-l  m=l  3  J  3 

are  to  be  found  so  that  fN  will  approximate  f(t)  in  some 
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optimal  way.  Currently  some  methods  (e.g.  Pror.y  method)  are 
used  in  practice,  but  they  are  not  optimal.  This  problem 
seems  to  be  of  general  interest  (optimal  harmonic  analysis 
in  complex  domain). 

9)  When  can  SEM  in  the  form  of  (10)  be  justified? 


Cone lusion 

We  hope  that  it  was  shown  in  this  paper  that: 

1)  EEM  is  justified  (in  the  generalized  form  of  expansion  in 
root  vectors). 

2)  SEM  is  justified  in  the  asymptotic  form  (9). 

3)  Numerical  projection  method  for  calculation  of  the  complex 
poles  is  justified. 

4)  There  are  many  interesting  and  difficult  open  problems  in 
the  field. 

5)  Numerical  results  and  experiments  are  desirable. 

Reference 

(  *)  Ramm,  A.G.,  Mathematical  foundations  of  the  singularity 

and  eigenmode  expansion  methods ,  J .  Math.  Anal.  Appl.  (1981). 
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ABSTRACT 


The  issues  which  have  persisted  in  connection  with  the  so-called  "entire 
function  contribution"  and  in  connection  with  alternative  coupling  coefficient 
form  interrelate  closely  with  the  large  s  asymptotic  behavior  in  the  left  half 
plane  in  SEM  representations.  To  date,  no  generally  applicable  rigorous  in¬ 
formation  has  been  gleaned  about  this  asymptotic  behavior.  On  the  other  hand, 
the  specific  scattering  geometries  of  the  sphere  and  the  wire  loop  yield 
analytic  solutions  which  can  be  analyzed  asymptotically.  Further  information 
can  be  discerned  on  a  numerical  basis  or  through  a  procedure  based  on  the 
discretization  of  an  integral  equation.  All  of  this  evidence  form  a  mutually- 
consistent  picture  of  the  asymptotic  behavior  in  question.  The  principal  con¬ 
clusion  which  results  is  that  the  observed  behavior  taken  with  the  Mittag- 
Leffler-type  expansion  theory  for  complex  functions  leads  to  SEM  representations 
which  are  free  from  entire  function  constituents. 


1 .  INTRODUCTION 

An  issue  which  has  persisted  throughout  the  development  of  the  Singularity 
Expansion  Method  (SEM)  representation  over  the  last  ten  years  is  a  question  of 
existence  of  an  entire  function  constituent  in  the  SEM  representation  for  current 
on  a  scattering  object.  Baum  discusses  this  issue  in  each  of  the  early  papers 
on  SEM  (c.f.  [2.1]*)  as  do  Marin  and  Latham  in  their  rigorous  presentation  [3.8]. 
The  including  of  the  "possible  entire  function"  in  the  SEM  representation  ap¬ 
pears  to  have  emerged  through  an  appeal  to  what  we  shall  term  an  "imerpolative" 
Mittag-Lef f ler  theorem  (c.f.  Markushevich^) .  The  summand  in  the  representation 
In  the  theorem  includes  polynomials  which  are  introduced  by  necessity  to  render 
the  series  convergent,  Baum  chooses  to  lump  formally  the  sum  of  all  of  these 
polynomials  into  a  single  entire  function  term  which  he  appends  to  the  SEM 
pole  series.  To  separate  these  polynomials  from  the  poles  to  which  they 
correspond  jeopardizes,  in  practice,  the  convergence  of  the  series. 


"''Bracketed  references  are  given  in  the  SEM  bibliography  appearing  elsewhere  in 
this  journal. 
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A.  I.  Markushevich,  Theory  of  Functions  of  a  Complex  Variable,  Vol.  2 
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In  his  development,  Baum  also  introduces  an  arbitrariness  in  the  SEM 
representation  through  the  introduction  of  a  "turn-on  time"  at  which  the  pole 
series  is  allowed  to  begin  contributing  to  the  representation  of  the  surface 
current  induced  on  a  scattering  object.  If  this  turn-on  time  is  chosen  later 
than  the  time  at  which  the  actual  response  begins  then  the  entire  function 
contribution  to  the  current  representation  in  the  time  domain  must  "fill  the 
gap"  between  the  time  the  response  begins  and  the  time  that  the  pole  series 
contributions  in  the  time  domain  are  allowed  to  contribute  to  the  representa¬ 
tion. 


An  alternative  to  choosing  a  turn-on  time  in  the  construction  of  the 
SEM  representation  is  to  recognize  that  the  surface  current  response  in  a 
scattering  problem  is  unique  in  the  Laplace  transform  domain  for  any  value  of 
the  complex  frequency  vaiable  s  which  lies  on  the  Bromwich  contour.  By  virtue 
of  its  analytic  continuability ,  this  representation  is  unique  throughout  the 
complex  s  plane.  The  Laplace  transform  inversion  procedure  enforces  the  correct 
turn-on  time  of  the  time  domain  contributions  arising  from  pole  constituents 
in  the  transform  domain  through  the  large  s  asymptotic  behavior  of  the  current 
function.  This  asymptotic  behavior  is,  in  general,  not  the  same  in  the  right 
and  left  halves  of  the  complex  s  plane.  Through  an  appeal  to  Jordan's  lemma 
one  either  closes  a  Bromwich  contour  with  a  semicircle  to  the  right  or  to 
the  left  obtaining,  in  the  former  case,  a  zero  contribution  to  the  current 
solution  or,  in  the  latter  case,  residue  contributions  at  the  poles  of  the 
transformed  current  response.  This  feature  of  the  Laplace  transform  inversion 
procedure  is  discussed  in  the  SEM  context  by  the  author  and  others^.  The  free¬ 
dom  of  choice  which  one  is  allowed  in  the  construction  of  the  SEM  coupling 
coefficient  as  related  by  Baum  in  [2.1]  appears  to  be  a  result  of  a  time  during 
which  one  is  free  either  to  close  to  the  right  or  close  to  the  left  in  accord 
with  the  asymptotic  behavior  of  the  transform  current.  The  particular  choice 
of  time  at  which  one  switches  from  a  right  half  plane  closure  of  the  Bromwich 
contour  to  a  left  half  plane  closure  dictates  a  particular  form  of  coupling 
coefficient. 

Mittag-Lef fler 's  work  in  the  expansion  of  functions  in  terms  of  a  pole 
series  provides  alternative  representations  depending  on  the  knowledge  avail¬ 
able  about  the  function  to  the  represented  2,3.  We  examine  a  particular 
theorem  due  to  Mittag-Lef fler  which  takes  ad\ antage  of  a  knowledge  of  the  large 
s  asymptotic  behavior  of  the  function  to  be  expanded  in  the  construction  of 
the  residue  series  representation  of  that  function.  Under  conditions  that 
the  function  grow  asymptotically  at  an  algebraic  rate  in  s,  at  most,  the 
representation  can  be  cast  with  only  the  polynomial  constituents  in  the  series 
as  entire  function  elements.  Subsequently,  we  explore  the  presently-available 
evidence  about  the  large  s  asymptotic  behavior  or  surface  current  on  a 
scatterer  in  light  of  the  hypothesis  of  this  "constructive"  Mittag-Lef fler 
theorem.  In  particular,  we  examine  the  large  s  asymptotic  behavior  of  the 
reciprocal  eigenvalues  in  the  expansion  of  the  solutions  of  electromagnetic 
scattering  from  a  perfectly  conducting  sphere  and  from  a  thin  conducting 


L.  W.  Pearson,  D.  R.  Wilton  and  R.  Mittra,  "Some  Implications  of  the  Laplace 
Transform  Inversion  on  SEM  Coupling  Coefficients  in  the  Time  Domain,"  to  be 
submitted  to  Electromagnetics. 
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G.  Mittag-Lef fler,  "Sur  La  Representation  Analytique  des  Fonctions  Monogenes 
Uniformes  "une  Variable  Independante,"  Acta  Math,  t.  4,  1884,  pp.  1-79. 
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circular  loop.  We  also  cite  a  result  due  to  Wilton^  which,  though  not  rigorous 
in  its  development,  provides  a  basis  of  conjecture  that  the  transform  of  the 
surface  current  density  function  for  a  convex  perfectly-conducting  scatterer 
is,  in  general,  asymptotically  algebraic  in  the  right  half  of  the  Laplace 
transform  plane  and  decays  exponentially  in  the  left  half  plane. 


2.  MITTAG-LEFFLER  THEOREM  BASED  ON  ASYMPTOTIC  KNOWLEDGE  OF  THE  FUNCTION 


The  following  theorem  is  an  expanded  statement  of  a  theorem  due  to  Mittag- 
Leffler.  Its  proof  may  be  found,  among  other  places,  in  Whittaker  and  Watson^. 
It  is  stated  here  in  an  expanded  form  in  two  senses:  first,  we  expand  it  to 
vector  valued  functions;  and  second,  we  include  the  possibility  of  algebraic 
growth  with  large  s  on  the  part  of  the  function.  The  first  extension  is,  of 
course,  a  trivial  one  and  the  second  one  is  outlined  by  Whittaker  and  Watson. 

We  also  observe  two  corollaries  which  relate  to  this  theorem. 


"Constructive"  Mittag-Lef f ler  Theorem 


Let  J(r,s)  be  a  vector-valued  function  analytic  in  s  with  simple  poles 
(si),  |S1|  <  |s2|  ••••  <  |sn|,  and  with  corresponding  residues  (Jj(r)}.  Let 
{Cj,}  be  a  sequence  of  circles  centered  at  s  =  0  with  radii  f R^,}  constructed  so 
the  Cm  embraces  the  first  m  elements  of  {s^}  and  such  that  C^  pases  through  no 
poles.  If  there  exists  an  integer  p^O  and  a  (uniform)  bound  M  such  that 
|s“Pj|  <  M  on  C,,,  as  m-*-00,  then  J(r,s)  has  the  representation 


J(r,s) 


♦  f 


n 


s 

n: 


dnJ(r,0) 

j  n 

d  s 


(1) 


and  this  representation  is  uniformly  convergent  in  s. 

Corollary  If  J(r,s)  decays  such  that  |s  J(r,s)|  <  M  on  Cm  as  m -*•<*>  then  J(r,s) 
has  the  representation 


J(r,s)  -  l  Ji/(s-s1)  , 
i 

which  converges  uniformly  in  s. 


Corollary 


If  |sP  J(r,s)|  +  0  on  C^  as  B  +  1”,  for  p>-l,  then 


I 


J±(r) 

If 


dPJ(r,0) 

dsP 


p  >  0 


0  ,  p  =  -1  . 


(2) 


(3) 


‘d.  R.  Wilton,  this  issue. 

^E.  T.  Whittaker  and  G.  N.  Watson,  A  Course  in  Modern  Analysis,  Cambridge,  1927, 
pp.  134-135. 
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The  effect  of  the  above-stated  theorem  Is,  for  the  class  of  functions 
defined  by  the  hypothesis,  to  obviate  the  need  for  an  explicit  entire  function 
in  the  SEM  representation  apart  from  the  convergence  polynomial  terms  in  the 
pole  series.  Beyond  this,  the  conditions  for  uniform  convergence  of  the  pole 
series  are  stated  in  terms  of  the  polynomials  included  with  each  pole  term. 

To  construct  the  series  in  such  a  way  that  it  is  uniformly  convergent  renders 
its  termwise  inversion  to  the  time  domain  valid,  so  that  the  result  is  of  some 
practical  consequence.  The  first  corollary  admits  the  case  of  a  function  which 
falls  off  at  least  as  fast  as  1/s  asymptotically — a  case  which  cannot  be 
handily  incorporated  into  the  theorem  itself  or  the  associated  proof.  The 
second  corollary  imposes  a  condition  on  the  summed  pole  and  residue  values 
for  terms  of  order  higher  than  the  asymptotic  order  of  the  function — a  con¬ 
straint  which  has  proven  useful  in  the  case  of  computations  involving  the  wire 
loop  [4.54]. 


3.  AVAILABLE  INDICATIONS  OF  ASYMPTOTIC  BEHAVIOR  SCATTERING  PROBLEMS 


3.1  Introduction 

To  the  author's  knowledge,  there  is  no  rigorous  information  available  re¬ 
garding  the  large  s  asymptotic  behavior  of  the  surface  current  for  a  general 
scattering  problem.  Since,  the  high  frequency  asymptotic  limit,  localization 
effects  arise,  one  might  be  encouraged  toward  gleaning  the  needed  asymptotic 
information  from  physical  optics  principles.  Marin  and  Latham  comment  on  this 
in  [3.8]  and  conclude  that  the  physical  optics  current  representation  does  not 
apply  in  the  left  half  of  the  complex  plane.  It  does  lead  to  the  conclusion 
that  the  current  is  asymptotically  constant  in  the  right  half  place. 

With  asymptotic  representations  failing,  we  are  forced  to  turn  to  specific 
geometries  and  to  discrete  approximate  representations  of  solutions  to  gain  any 
insight  about  the  applicability  of  the  foregoing  theorem.  The  SEM  representation 
for  an  electromagnetic  scattering  problem  has  been  obtained  exactly  in  only  two 
cases  to  the  best  of  the  author's  knowledge:  the  perfectly  conducting  sphere; 
and  the  perfectly  conducting  wire  loop.  The  former  solution  is  completely 
rigorous  since  the  sphere  geometry  is  a  separable  one.  The  wire  loop  is  analyt¬ 
ically  tractable  with  the  one  approximation  that  the  wire  is  sufficiently  thin 
that  the  current  may  be  assumed  to  be  uniformly  distributed  around  the  exterior 
of  the  wire  cross-section. 

In  each  of  these  cases  the  solution  may  be  written  in  terms  of  a  complete 
uniformly-convergent  eigenfunction  expansion,  provided  the  source  of  excitation 
is  located  away  from  the  structure  in  question.  Since  the  solution  is  written 
in  terms  of  a  uniformly  convergent  series  the  series  may  be  integrated  termwise 
when  performing  the  Laplace  inversion  to  the  time  domain.  As  a  result  we  pay 
attention  to  the  large  s  asymptotic  behavior  of  the  reciprocal  eigenvalue  factors 
which  appear  in  these  terms. 

3.2  Scattering  from  a  Sphere 

The  surface  current  on  a  perfectly  conducting  spherical  scatterer  of  radius 
a  centered  at  the  origin  of  a  coordinate  system  satisfies  an  integral  equation 
of  the  form 

'^'Uniform  convergence  may  be  demonstrated  via  the  large  index  behavior  of  the 
summand . 
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TT  IT 

G(e,<j>|e',4>',s)  •  3(e\<j>\s)a2sine'de'd<t>’  =  T(e,cf>)  -  Elnc (e ,4>, s> ,  (4) 

-7 T  0 


where  G(0 ,<)> ] 0 '  ,<j> ' )  is  the  dyadic  kernel,  J(6,$,s)  is  the  Laplace  transform  sur¬ 
face  current  on  the  sphere  T  is  a  dyadic  which  selects  the  tangential  component 
of  the  Laplace  transformed  incident  electric  field  Einc  (0 ,<)>, s) .  Tai  provides  an 
expansion  of  G  in  terms  of  spherical  wave  functions.  His  expansion,  when  par¬ 
ticularized  to  r=r'  =  a,  as  above,  constitutes  an  eigenfunction  expansion  for 
G  in  the  eigenfunctions  of  the  integral  operator  in  (4)1.  From  this  expansion, 
we  may  proceed  to  resolve  (4)  as  follows. 


3(9, 4>,  s)  =  l 

n,m 


TT  71 


—  N  (0 ,40  f  f  N  (0 '  ,4> ' ) 

'n  (s)  -TT  0 


Einc  (9  1  ,4> ' ,  s)a2sin0  '  d0  ' dcj> ' 


TT  TT 


ATE,  .  mn 

An  (s) 


Mm„ (0,$) 


Mmn(0',4>')  *  EinC  (0  s)a  2  sin0d9  'd<|) ' 


-it  0 


(5) 


where  M  and  N  are  normalized  eigenfunctions  of  the  integral  operator  in  (4)  and 
where  the  eigenvalues  are  given  explicitly  as 


r  “  2  \h  [rjn('jSa/c)]l?[rhn2)(-jsa/c)] 


r=a 


and 


XnE  =  ‘  Mr-  jn(-jvsa/c)h^2)(-jsa/c)  , 


(6a) 


(6b) 


with  c  =  (y£ )  ,  r|  =  /y/c,  and  y  and  £  the  constituitive  parameters  of  the  medium. 


We  may  use  the  large  argument  asymptotic  form  for  the  spherical  Bessel 
function  to  deduce,  with  a  bit  of  algebra,  the  following  asymptotic  behaviors 
for  the  reciprocal  eigenvalues  appearing  in  (5). 


while 


[n2/4+  1] 


1 

2sa/c 

e 


in  r.h.p. 
in  l.h.p. 


n+1 


(-1) 
2sa/c 


in  r.h.p. 
in  l.h.p. 


(7a) 


(7b) 


*C.  T.  Tai,  Dyadic  Green's  Functions  in  Electromagnetic  Theory.  Intext, 
Scranton,  PA,  1971,  pp.  168-181. 


400 


L.  W.  PEARSON 


It  is  seen  that  the  reciprocal  eigenvalues  for  both  the  TE  and  TM  constit¬ 
uents  of  the  surface  current  solution  for  the  perfectly  conducting  sphere  are 
asymptotically  constant  for  large  s  in  the  right  half  of  the  complex  plane,  and 
they  decay  exponentially  in  the  left  half  plane.  Therefore  they  obey  the  hypo¬ 
thesis  of  (1)  with  p=0.  The  eigenvalues  possess  a  collection  of  zeros  associ¬ 
ated  with  the  spherical  Hankel  function  in  their  respective  forms  as  well  as  a 
collection  of  zeros  associated  with  spherical  Bessel  function  factors.  It  is 
well  known  that  these  zeros  of  the  Hankel  function  factors  correspond  to  the 
exterior  (radiating)  resonances  of  the  structure  and  that  the  (ncn-radiating) 
interior  resonances  manifest  the  pure  imaginary  zeros  of  the  Bessel  function 
factors  [3.1].  It  follows  from  the  reciprocity  theorem  that  only  the  exterior 
resonances  are  excited  by  a  source  lying  exterior  to  the  sphere. 


Application  of  the  "constructive"  Mittag-Lef f ler  Theorem  of  (1)  therefore 
yields  a  scattering  response  of  the  form 


j(9,l,s)  =  l 

n,m,  i 


-,TM 


_J_  +  _L_ 

TM  s  . 

, s-s  .  ni 
^  m  - 


-  TF 

n  (0,<fr)n  \ 

mn  mm 


+  R 


TE 


1  .+-1 


TE  s  . 
s-s  .  ni 
m 


-  TM 

m  (0,4>)n  . 

mn  Y  mni 


(8) 


TE  ■>  TM  TE 

where  {R^}  and  {R^}  are  the  residues  associated,  respectively,  with  {sn^)  and 

{s™} — the  complex-valued  zeros  of  XjE(s)  and  A^M(s).  The  n  factors  are  the 

so-called  coupling  coefficients 


El  tt  tt  ( 

"}-n J 


-TT  0 


M  (0,<J.) 
mn 


N  (0,4') 


EinC(0,(J>,sni)a2sin0d0d(J)  . 


(9) 


The  derivative  of  the  reciprocal  eigenvalue  vanishes  at  s  =  0. 


3.3  Scattering  from  a  Thin  Wire  Loop 


The  current  on  a  circular  loop  of  radius  b  formed  from  a  wire  of  radius 
a«b  may  be  expressed  in  an  eigenfunction  expansion  in  terms  of  the  eigen¬ 
functions  of  the  thin  wire  electric  field  integral  equation  for  the  loop1 

n 


K<M) 


-IT 


(4> '  .3)84)' , 


(10) 


where 


X  (s)  -  n  a  (s)/j2b  .  (11) 

n  n 

The  an(s)  functions  art  relatively  tedious  combinations  of  modified  Bessel 
functions  and  Lommel  Weber  functions  (c.f.  [4.54].  The  series  (10)  is  observed 
to  be  uniformly  convergent  based  on  the  large  n  asymptotic  Behavior  of  the  series 
terms  as  analyzed  in  King's  exposition.  Consequently  the  expansion  of  the  series 


*R.  W.  P.  King,  "The  Loop  Antenna  for  Transmission  and  Reception,"  ch.  11  in 
Antenna  Theory,  R.  E.  Collin  and  F.  J.  Zucker,  eds.,  McGraw  Hill,  New  York,  1969. 
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in  poles  of  the  An  may  be  viewed  on  a  termwise  basis  as  in  the  case  of  the  sphere. 
Umashankar  and  Wilton  have  done  a  careful  analysis  of  the  large  s  asymptotic 
behavior  of  the  an  which  we  require  in  order  to  analyze  the  An.  They  observe 
the  large  s  behavior  of  an(s)  to  be 


2  £n(2b/a)  -  2y  -  2  )ln(-jsb/c) 
-j7r+(-Dn+1  (Hi)15  e(2sb/c  + jir/4) 

so  that,  in  particular. 


,  .  .  -.1  sb 
a  (s)  — 

n  2ttc 


(14) 


Thus,  in  (10) 


a  (s)  n, 
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j  —  ln(-jsb/c) 


,  in  r .  h .  p . 
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,  ,.n+l  b  t  s  -2sb/c  ,  , 

(-1)  2  e  »  ln  I'h-P- 


(15) 


1/a  (s)  ^ 
n 


iii£_ 


sb  2n(-jsb/c) 


,  in  r .  h .  p . 


,  .  .n+1  2  fire-}  2sb/c  .  . 

(_1)  b  (~1  e  ’  ln  1>h-P- 


(16) 


We  observe,  again,  that  the  reciprocal  eigenvalue  factors  in  the  current 
expansion  and  decay  exponentially  in  the  l.h.p.  In  particular,  the  hypotheses 
of  the  corollaries  in  Section  2  are  honored  so  that 

77 


n,i  ni 


(17) 


and 


where 


u  «5 

i  ni 


rnl  =  (j  2b/n)  Res{l/an(s)} 


(18) 


s  . 
ni 


and  (sn;j_}  are  the  zeros  of  an(s).  The  latter  observation  has  been  reported  by 
Umashankar  and  Wilton  [4.54],  as  well. 


Before  concluding  the  discussion  of  the  loop,  we  should  comment  on  a 
potential  weakness  in  the  foregoing  argument  which  is  intrinsic  to  the  thin 
wire  *•  oroximation  leading  to  (10).  Namely,  the  wire  cross-sectional  dimension 
a  must  j:  electrically-small — a«c/|s|.  Clearly,  as  s-*00,  this  approximation 
fails,  so  that  our  asymptotic  argument  is  non-rigorous. 


3.4  Speculation  Relative  to  a  Convex  Scattering  Object 

Wilton  has  used  an  approximate  approach  to  the  solution  of  the  electric 
field  integral  equation  in  an  effort  to  observe  the  large  s  behavior  of  the 
solution.  He  uses  a  method  of  moments  procedure  to  cast  the  integral  equation 
as  an  approximating  matrix  equation  of  the  form 


i 
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i 

I 
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ir j[j  ]  =  [e j 

mn  n  m 


(19) 


and  observes  the  asymptotic  behavior  of  the  formal  solution 


[T  ]  Vj 

ran  m 


(20) 


by  expanding  the  inverse  in  (20)  through  the  use  of  Kramer's  rulel.  By  so  doing 
he  is  able  to  isolate  explicitly  the  asymptotic  behavior  of  the  inverse  matrix 
for  s  in  the  right  half  and  the  left  half  plane.  In  the  course  of  the  develop¬ 
ment  he  is  forced  to  impose  the  condition  that  the  body  be  convex  in  order  to 
carry  out  this  asymptotic  analysis.  Because  of  the  approximate  character  of 
this  approach  it  is  not  clear  whether  this  convexity  condition  is  a  hypothesis 
essential  to  the  discerned  asymptotic  behavior  or  whether  it  is  an  artifact  of 
the  approach.  Under  the  convexity  assumption,  he  concludes  that 


tJ  ]  ^  [Cl 

m  m 


P(s) 

sL/c 

e 


in  r.h.p. 

in  1. h. p. , 


(21) 


where  P(s)  is  a  finite  polynomial  in  s  and  where  L  is  the  maximum  dimension  of 
the  object. 


We  may  conclude  from  (21)  that  the  expansion  (1)  applies  to  [Jm]  with  some 
pj>0.  In  other  words,  no  explicit  entire  function  except  for  the  convergence 
polynomials  is  required  in  the  representation.  Certainly,  the  discretization 
of  the  integral  equation  to  the  matrix  form  (19)  discards  rigor  at  the  point 
of  departure.  On  the  other  hand,  the  accuracy  of  matrix  formulations  for  engi¬ 
neering  purposes  is  well  understood  by  numerical  methods  practit ioners, and  a 
residue  expansion  of  the  solution  (20)  is  quite  satisfying  over  the  frequency 
range  where  the  original  formulation  (19)  is  "satisfactorily"  accurate.  It  goes 
without  saying  that  "satisfactory"  often  involves  subjective  judgement.  (A 
similar  argument  could  be  used  in  connection  with  the  thin  wire  approximation 
for  the  loop  in  the  preceding  example.) 


.4.  CONCLUSIONS 

The  application  of  the  Mittag-Lef f ler  Theorem  stated  in  Section  2  is  a 
fruitful  basis  upon  which  to  base  frequency  domain  forms  of  the  singularity 
expansion.  It  is  not  clear,  however,  how  one  might  draw  generally  applicable 
conclusions  for  classes  of  scattering  objects.  The  approach  due  to  Wilton 
based  on  the  moment  method  is  likely  to  satisfy  some  engineering-users  of  SEM. 

His  approach  has  not  led,  to  date,  to  a  means  of  fixing  the  polynomial  order  p. 
That  a  transcendental  entire  function,  at  least,  is  precluded  seems  somewhat 
helpful,  however.  The  observations  of  Marin  and  Latham  [3.8]  based  on  physical 
optics  indicate  that  p =  0.  On  the  other  hand,  a  high  frequency  asymptotic 
approach  which  yields  the  necessary  information  would,  indeed,  be  gratifying. 

The  specific  cases  of  the  sphere  and  wire  loop  scatterers  work  in  harmony 
with  the  moment  method  approach  to  admit  the  conjecture  that,  at  most,  polynomial 
entire  function  constituents  enter  into  the  singularity  expansion  in  the  frequency 
domain  for  finite  extent  perfectly-conducting  objects  in  lossless  media.  The 
verity  of  this  conjecture  will  bear  favorably  on  emerging  frequency-domain 
applications  of  SEM  as  well  as  obviate  the  concerns  with  the  approximation  of 
entire  function  constituents  in  SEM-based  ejuivalent  circuits. 
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ABSTRACT 

A  conjecture  on  the  large  complex  frequency  asymptotic  behavior  of  the 
resolvent  kernel  of  the  electric  field  integral  equation  operator  is  presented. 
The  conjecture  is  based  on  a  detailed  examination  of  the  corresponding  large 
frequency  behavior  of  a  matrix  approximant  to  the  operator.  From  this  analysis 
it  is  concluded  that  the  resolvent  decays  exponentially  on  a  sequence  of  con¬ 
centric  circular  contours  of  increasing  radius  threading  between  poles  in  the 
left  half  plane.  The  decay  rate  is  proportional  to  the  distance  between  ob¬ 
servation  and  source  points. 


1 .  INTRODUCTION 

In  this  paper  we  present  a  conjecture  concerning  the  asymptotic  behavior 
of  the  resolvent  kernel  of  the  electric  field  integral  equation  for  large  com¬ 
plex  frequency  s.  This  asymptotic  estimate  is  needed  for  deriving  correct 
singularity  expansion  representations  as  well  as  for  determining  the  proper 
right  or  left  half  plane  closure  times  of  the  Bromwich  contour  in  the  Laplace 
inversion  integral.  However,  attempts  to  rigorously  determine  this  estimate 
have  not  met  with  success  to  date.  Our  conjecture  is  suggested  from  an 
examination  of  the  asymptotic  behavior  of  elements  of  a  matrix  approximation 
to  the  resolvent  and  by  the  fact  that  both  the  matrix  approximant  and  the  resol¬ 
vent  kernel  play  similar  roles  in  the  solution  of  a  scattering  problem  formu¬ 
lated  as  an  integral  equation.  It  is  presented  in  the  hope  that  it  may  stimu¬ 
late  a  more  rigorous  determination  of  the  correct  asymptotic  behavior. 


2.  DERIVATION  OF  LARGE  FREQUENCY  ASYMPTOTIC  BEHAVIOR  OF  MATRIX  APPROXIMANT 

Let  S  denote  the  surface  of  a  closed,  perfectly  conducting,  convex 
scatterer.  The  problem  of  scattering  by  S  can  be  formulated  in  the  Laplace 
transform  domain  in  terms  of  the  integral  equation 


jV(r,r',s)  •  J(r',s)dS'  -  E*gn(r,s)  ,  (1) 
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where  E*  is  the  incident  field,  J  is  the  induced  surface  current  density,  the 

kernel  F  is  the  free-space  Green's  dyadic,  r  and  r'  are  observation  and  source 
points,  respectively,  on  S,  and  s  is  the  transform  variable.  The  solution  of 
(1)  may  be  formally  expressed  as 

J(r,s)  =  |  T  _1  (r.r’.s)  •  Ejan(r',s)dS'  (2) 

S 

where  T  ^  is  the  resolvent  kernel.  For  a  numerical  solution,  (1)  may  be 
approximated  by  a  matrix  equation  of  the  form 


[Z  (s) ] [ I  (s) ]  =  [ V  ( s ) ]  (3) 

mn  n  m 

2 

obtained  by  the  method  of  moments.  The  column  vector  [I  ]  contains  the 

coefficients  of  theexpansion  through  which  J  is  approximated  via  a  finite  set 

of  basis  functions  f  as 
n 

N  _ 

3(r,s)  =  l  I  (s)f  (r)  =  [I  (s)]c[f  1  .  (4) 

n  n  n  n 

n=l 


The  solution  of  (3)  can  be  expressed  in  terms  of  the  inverse  matrix 

[Y  ]  =  [Z  I"1  as 
nm  mn 

Un(s)]  -  [Y  (s)  ]  [V  (s)  ]  , 
n  nm  m 

which  in  turn  yields  J  through  (4). 


(5) 


For  an  arbitrarily-shaped  surface  S,  the  approach  of  Rao  et  al.  provides 
a  suitable  numerical  procedure. 3  in  their  approach^  S  is  approximated  by 
planar  triangular  patches,  and  the  basis  functions  fn  are  defined  on  pairs  of 
patches  having  in  common  edge  n,  whose  length  is  ln.  The  dipole  moment  of  each 
basis  function  fn  is  pnpn.  To  establish  the  connection  between  the  matrix 

elements  Ynm(s)  and  Y  (r,r',s),  we  suppose  that  the  number  of  edges  N  in 
the  triangulation  of  S  is  allowed  to  approach  infinity  in  such  a  way  that  the 
longest  edge  length  approaches  zero  while  each  patch  normal  approaches  the 
local  normal  of  S.  We  further  specify  that  the  centers  of  edges  m  and  n 
approach  specified  points  rffl  and  rn  while  the  orientation  of  the  dipole  moments 
of  associated  basis  functions  ?m  and  fn  approach  the  direction  of  specified 
unit  vectors  pm  and  pn,  respectively,  as  N Then  it  is  easily  shown  that 


T(r  ,r  ,s) 
m  n 


z  (s) 

„  , ,  mn 

p  =  lim  3 - 

n  ,,  i  l  p  p 


N-+00  m  n  m  n 


(6) 


If  the  numerical  procedure  converges,  i.e.,  if  the  right  hand  side  of  (4) 
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Harrington,  R.  F.,  Field  Computation  by  Moment  Methods,  New  York:  Macmillan, 
1968. 
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Rao,  S.  S.  M. ,  D.  R.  Wilton,  and  A.  W.  Glisson,  "Electromagnetic  Scattering 
by  Surfaces  of  Arbitrary  Shape,"  IEEE  Trans.  Antennas  Propagat.,  March  1982. 
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approaches  the  true  surface  current  J  as  N -+ oc,  then  a  similar  relationship 

exists  between  F  ^  and  [Ynm] .  Our  procedure  will  be  to  estimate  the  asymptotic 
behavior  of  Ynm  for  large  s  as  N-*-®  and  to  assume  that  the  corresponding  result 

holds  for  T  *  . 

Before  proceeding,  we  summarize  some  particular  features  of  the  approxima¬ 
tion  scheme  necessary  to  the  development.  The  matrix  elements  Zmn  may  be 
written  as 


where  n0  and  c  are  the  intrinsic  impedance  and  the  velocity  of  light  in  free 
space,  respectively;  Rtnn  is  the  distance  between  nodes  m  and  n,  the  center 
points  rra  and  rn  of  edges  m  and  n,  respectively;  Tf|  are  the  two  triangles 
common  to  edge  n;  Rjjj  is  the  distance  between  the  centroid  of  and  a  source 
point  r'  in  T+  or  T~;  and  pj^  is  the  vector  from  (to)  the  vertex  to  (from)  the 
centroid  of  Tjt.  Of  fn,  it  is  sufficient  to  know  only  that  it  is  independent 
of  s  and  hence  that  Pmn(s)  is  a  rational  polynomial  in  s.  Eq.  (7)  differs 
slightly  from  the  corresponding  form  of  Rao  et  al.^  in  that  the  term 
exp(-sRj/c)  has  been  replaced  by  the  first  term  of  the  approximation 
exp(-sR?/c)  *  exp(-sRmn/c)[l  -  s(R^  -  Rmn)/c]  in  the  first  integral,  while  both 
terms  of  the  approximation  are  used  in  the  second  integral.  Use  of  the 
approximation  is  tantamount  to  neglecting  the  variation  in  the  propagation 
factor  exp(-sRjt/c)  observed  at  the  centroid  of  for  sources  in  by  replacing 
it  with  the  propagation  factor  exp^sR^/c)  corresponding  to  propagation  be¬ 
tween  nodes  m  and  n.  In  the  following  we  will  also  rely  on  the  observation 
from  numerical  experiments  that  the  convergence  of  the  solution  of  (5)  is 
independent  of  the  subdivision  scheme  used  to  model  S,  assuming  one  adheres 
to  the  previously  mentioned  modeling  restrictions. 


The  asymptotic  behavior  of  Yn  is  estimated  from  its  definition. 


Y  (s) 
nm 


(-l)nH’nA  (s) 
_ _ nm 

A(s) 


(8) 


where  A  is  the  determinant  of  [Zmn]  and  Anm  is  the  determinant  of  the  matrix 
obtained  by  deleting  the  nth  row  an(j  rath  coiumn  cf  [Zmn].  Formally,  A  may  be 
written  as 
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cT 

r 


(10) 


and  where  each  summand  with  index  r  corresponds  to  one  of  the  N!  distinct  sets 
(ki,k2« . . .  ,k(j}  obtained  as  permutations  of  the  integers  {1,2,. ..,n}  and  or  is 
the  number  of  inversions  in  which  a  larger  integer  precedes  a  smaller  one  in 
the  permutation.  Similarly,  Anm  is  defined  as 


A  (s) 
nm 


(N-l)l-l  a. 
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+  R  ijt  +  R  .  i  ,  t  + 
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(12) 


in  which  each  summand  with  index  r'  corresponds  to  one  of  the  (N-1)!  distinct 
sets  {k-fjk^, .  .  .  *'cn-l,kn+l*  •  •  •  *^'n  °r'  inversions,  as  permutations  of 

the  integer  set  {2,2 . m-1  ,nrt-l , ! .  .  ,N}.  From  (8),  (9),  and  (11),  the  a  symptoti 

form  of  Ynm(s)  is  found  to  be 
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where  Q  and  Q  are  rational  polynomials  in  s  and 
K  L 
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From  the  definition  of  Tr,  Eq.  (10),  it  is  seen  that  determination  of  TmaxiTmin) 
is  equivalent  to  determining  the  largest  (smallest)  value  of  the  N!  different 
sums  obtainable  by  adding  together  N  elements  chosen  from  the  array  [R^j]  such 
that  one  and  only  one  element  is  selected  from  each  row  and  column.  TJJg}x  and 
Tm¥n  are  similarly  defined  except  that  the  array  [Rjj]  has  row  n  and  column  m 
deleted  and  hence  there  are  only  (N-1)!  different  sums  over  N-1  elements. 


2.1  Determination  of  Traax 


To  facilitate  the  determination  of  Tmax  and  Tmax,  a  special  scheme  for 
subdividing  S  into  triangles  is  used.  The  scheme  requires  a  different  triangu¬ 
lation  of  S  for  each  element  Ynm  considered,  which,  while  impractical,  is  at 
least  possible  in  principle.  It  further  requires  that  nodes  be  placed  such 
that  each  node  i(i*m,n)  can  be  paired  with  exactly  one  other  node  j(ihn,n) 
reached  by  a  disrated  line  segment  RU  from  i  to  j  passing  through  the  center  0 
of  line  segment  The  assumption  on  the  convexity  of  S  ensures  that  such 
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a  subdivision  scheme  is  possible.  A  two-dimensional  representation  of  this 
scheme  is  illustrated  in  Fig.  1. 


Figure  1.  Special  subdomain 
division  scheme  which  pairs 
nodes  by  a  straight  line  paths 
through  the  center  of  R 

nm 


For  each  r,  the  elements  from  the  array 
[Rfj]  which  appear  in  cTr  may  be  illustrated 
pictorially  by  means  of  a  line  segment  diagram. 
In  the  diagram  Rjj  is  shown  as  a  directed  line 
segment  from  node  i  to  node  j.  Thus  "from" 
nodes  correspond  to  rows  and  "to"  nodes 
correspond  to  columns  of  [ Ri j ] .  In  forming 
Tr  for  a  given  r,  only  one  element  may  be 
chosen  from  each  row  and  column  of  [Rjj];  hence, 
in  the  line  segment  diagram  each  node  appears 
as  a  "from"  node  once  and  a  "to"  node  once,  as 
shown  in  Fig,  2. 


One  possible  allowable  configuration  of 
line  segments  is  to  choose  elements  and 
Rjnn  plus  those  elements  Rjj  and  Rji  which  pass 
through  the  center  of  Rnm  according  to  the 
special  subdivision  scheme  introduced  earlier. 
Indeed,  this  configuration,  which  we  call  the 
base  configuration,  is  found  to  have  a  larger 
sum  of  segment  lengths  than  any  other  allowable 
configuration,  and  hence  the  sum  is  cTmax.  To 
see  this,  we  compare  the  sum  of  the  lengths  of 
the  line  segments  of  the  base  configuration 
with  those  of  some  other  allowable  configuration 
designated  as  a  modified  configuration,  by 
plotting  them  both  on  the  same  line  segment 
diagram.  Only  those  line  segments  which  differ 
between  the  two  configurations  need  be  shown 
since  the  common  segments  contribute  equally  to  the  sum  of  lengths.  Fig.  3 
shows  the  resultant  line  segment  diagram  when  the  modified  configuration  is  taken 
to  be  that  of  Fig.  2.  Note  that  for  every  line  segment  of  the  modified  configura 
tion  which  leaves,  say,  node  i  there  must  be  a  base  configuration  line  segment 
also  leaving  that  node.  A  similar  statement  holds  for  nodes  entered  by  line 
segments.  For  example,  corresponding  to  the  line  segment  Rjj  in  Fig.  3  are  the 
segments  R^s  and  Rrj  leaving  and  entering  nodes  i  and  j,  respectively.  Note 
also  that  R^j,  R^fl,  and  Rqj  form  a  triangle  in  which,  by  the  triangle  inequality. 


Figure  2.  A  possible  configu¬ 
ration  for  elements  selected 
from  the  array  [Rij].  Note 
that  Rmm^O  has  been  selected. 


Figure  3.  Diagram  of  line 
segments  which  differ  between 
the  base  configuration 
(dashed  lines)  and  the  modi¬ 
fied  configuration  (solid 
lines)  of  Figure  2, 


Ri0  +  R0j  -  Ri  j 


(15) 


Similarly,  such  triangles  are  formed  by  each 
line  segment  of  the  modified  configuration 
and  the  lines  from  their  terminating  nodes  to 
0.  When  all  the  corresponding  triangle 
inequalities  are  summed,  one  finds  that  the  sum 
of  the  segment  lengths  in  the  base  configuration 
exceeds  or  equals  that  of  the  modified  configura 
tion.  Hence  cT^  is  *"he  sum  of  the  lengths 
of  the  segments  in  the  base  configuration. 
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2.2  Determination  of  cTnm  and  asymptotic  form  of  Y  in  the  left  half  plane 

max  _  J  _  nm _ _ _ 


The  procedure  for  determining  cT^  is  the  same  as  that  for  determining 
cTmax  except  that  no  line  segment  in  either  the  base  or  the  modified  configura¬ 
tion  is  allowed  to  leave  node  n  or  enter  node  m  since  the  corresponding  row 
and  column,  respectively,  are  missing  from  [R£j],  Hence,  by  the  arguments  of 
the  previous  section,  the  base  configuration  results  in  the  largest  sum  of 
segment  lengths,  cT{J§x.  This  sum,  of  course,  differs  from  cTMX  by  the  length 
of  the  deleted  segment,  R^,,, and  hence 


cT 


cT 


-R 


(16) 


Also,  for  each  segment  R^j  in  the  base  configuration  with  ii*n,  jjhn,  the  term 
P^j(s)  appears  in  the  corresponding  summand  of  both  (9)  and  (11)  and  hence  it 
cancels  asymptotically  in  (8) .  Thus  we  have 

c  nm 

Ynm<s)  *  *  fl^)  *  R6S+-“'  (17) 

nm 

mfn+or i+o_ 

where  the  plus  or  minus  sign  is  determined  by  the  sign  of  (-1)  with 

r  and  r'  corresponding  to  the  base  configurations.  An  important  observation  is 
that  the  exponent  in  (17)  is  independent  of  the  number  of  segments,  N. 


2.3  Determination  of  cT  . 

min 


Since  the  diagonal  elements  of  the  array  [Rjjl  are  all  zero  (Rji  =  0),  then 
if  diagonal  elements  only  are  selected  from  the  array,  the  sum  of  the  lengths 
must  be  zero.  Hence  we  conclude 


cT 


min 


(18) 


In  terms  of  the  line  segment  diagram,  every  line  segment  which  leaves  a  node 
also  enters  that  node  and  hence  is  of  zero  length. 


2.4 


Determination  of  cTmin  and  asymptotic  form  of  Ynm  in  the  right  half  plane 


The  quantity  cTjJ“n  is  the  smallest  sum  of  the  line  segment  lengths  that 
can  be  formed  by  selecting  one  element  from  each  row  and  column  of  the  array 
[Rij]  with  row  n  and  column  m  deleted.  Since  deletion  of  a  row  and  a  column 
generally  removes  two  diagonal  elements — leaving  N-2  elements  on  the  diagonal, 
whereas  N-l  elements  must  be  selected — then  at  least  one  non-diagonal  element 
must  be  selected.  Restricting  ourselves  initially  to  the  case  mi^n,  the  base 
configuration  is  taken  to  be  the  one  in  which  all  the  remaining  diagonal 
elements  plus  are  selected.  In  Fig.  4  we  compare  the  base  configuration 
with  a  modified  configuration  in  which  a  number  of  non-diagonal  elements  are 
chosen,  but  not  R^j,  nor  any  element  which  leaves  node  n  or  enters  node  m.  From 
these  restrictions  we  see  that  there  must  be  line  segment  leaving  node  m  and 
entering  some  node,  say  ijhn,  from  which  there  must  issue  still  another  line 
segment  and  so  on.  This  sequence  of  segments  forms  a  continuous  path  which  may 
terminate  only  at  node  n.  The  total  length  of  this  path  is,  of  course,  longer 
than  the  direct  path  R^.  Any  other  non-zero  length  line  segments  of  the 
modified  configuration  must  form  a  closed  path  not  involving  nodes  m  and  n  and  hav¬ 
ing  a  total  length  which  could  be  reduced  to  zero  by  choosing  instead  the 
diagonal  elements  of  [Rij]  associated  with  the  nodes  on  the  path.  Thus  the 
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Figure  4.  Diagram  of  line 
segments  which  differ  from  the 
base  configuration  (dashed  line) 
for  determining  cTm^n  and  a 
modified  configuration  (solid 
line) . 


base  configuration  has  the  smallest  sum  of 
segment  lengths. 


cT 


min 


(19) 


Returning  to  the  case  in  which  n=m,  we  note 
that  in  this  case  all  the  elements  of  [Rjj] 
may  be  chosen  to  be  diagonal  elements  and 
hence  cTgJn  is  zero.  Eq.  (19)  includes  this 
special  case  since  Rnn = 0.  Hence,  from  (13), 
(18),  and  (19),  we  conclude  that 


Y  ( s  ) 

nm 


P  (s)e 
mn 


c*mn 


P  (s)P  (s) 
mm  nn 


Re  s  •+■  +  «>,  (20) 


corresponding  to  the  base  configurations. 


2. 5  Asymptotic  form  of  F  *  (r,r',s) 

Since  rm  corresponds  to  an  observation  point  r,  and  rn  corresponds  to  an 
excitation  point  r',  from  (17)  and  (20)  we  conjecture  that  the  asymptotic 

behavior  of  T  (r.r’s)  is 

=  _i  _  _  S  +— |  r-r '  | 

r  (r.r’s) - ►  P±(s)  e  C  ,  Re  s  -*•  i  ~  ,  (21) 

where  the  dyad  P+(s)  is  rational  in  s.  As  discussed  in  the  following  section, 

the  asymptotic  behavior  of  T  in  the  left  half  plane  must  be  interpreted  as 
applying  on  contours  which  thread  between  the  poles  there. 

If  one  inverts  F  ^  (r,r's)  so  as  to  obtain  its  time  domain  counterpart, 

T  (r,r,t),  one  concludes  from  (21)  that  the  Bromwich  contour  in  the  Laplace 
inversion  integral  may  be  closed_in  the  left  half  plane  for  t>-|r-r'|/c  and 
in  the_right  half  plane  for  t<  |r-r'|/c.  Note  this  implies  that  in  the  inter¬ 
val  -|r-r ’ | /c <  t <  |r-r'|/c  the  contour  may  be  closed  in  either  half  plane  and 

hence  T  *  (r,r't)  must  be  zero  in  this  interval. 


3.  DISCUSSION  AND  INTERPRETATION 

Regardless  of  whether  the  asymptotic  form  of  Ynm  can  be  used  to  infer  that 

of  T  as  we  have  assumed  here,  the  derivation  of  the  asymptotic  form  of  the 

numerical  approximation  to  F  of  the  previous  section  is  rigorous  and  the 
result  may  have  some  application  in  the  analysis  of  numerical  approximations  to 
the  SEM  representation.  However,  the  derivation  required  the  assumption  of 
convexity  of  S  and  a  special  scheme  for  subdividing  S  which  is  different  for 
each  combination  of  m  and  n.  It  may  be  useful  for  further  understanding  to 
attempt  to  remove  either  or  both  of  these  restrictions.  (Interestingly,  the 
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derivations  of  Tm^n  and  Tm^n  do  not  require  either  restriction.) 

The  derivation  also  relies  on  the  finiteness  of  the  discretization.  Since 
the  determinant  A(s)  consists  of  a  finite  sura  of  exponential  terms.  Res  can 
always  be  chosen  sufficiently  negative  that  the  exponential  term  with  the 
largest  exponent  so  strongly  dominates  A(s)  that  the  remaining  terms  cannot 
cancel  this  term  to  produce  a  zero.  Hence  the  poles  of  Ynni(s)  are  clustered 

about  the  Im  s  axis,  whereas  in  F  ^  the  poles  are  generally  distributed 
throughout  the  left  half  of  the  s-plane.  Increasing  N  in  Ynm(s)  increases  the 
number  of  terms  in  A(s)  while  decreasing  the  differences  between  the  exponents 
of  these  terms,  thereby  extending  deeper  into  the  left  half  plane  the  region 
where  A(s)  has  zeros.  For  s  lying  within  this  region,  however,  one  might 
expect  that  cancellation  at  zeros  changes  to  constructive  addition  of  terms 
in  A(s)  when  s  lies  between  the  zeros.  This  would  imply  that  expo¬ 
nential  growth  of  A(s)  would  still  occur  for  points  s  between  the  zeros.  This 
is  indeed  the  case  for  analogous  quantities  appearing  in  a  number  of  SEM 
problems  that  are  analytically  tractable,  and  would  imply  that  the  asymptotic 
estimate  remains  valid  on  contours  threading  between  these  zeros  (i.e.,  between 
the  poles  of  Ynm(s)).  In  using  the  Mittag-Lef f ler  theorem  to  expand 

T  *  or  J,  or  in  determining  which  half  plane  to  close  the  Bromwich  contour  in 
SEM,  these  contours  are  precisely  where  an  asymptotic  estimate  is  required.** 

The  different  exponential  behavior  conjectured  for  F  ^  in  the  right 
and  left  halves  of  the  s-plane  implies  a  certain  arbitrariness  in  the  right  and 
left  half  plane  closure  times  for  the  Laplace  inverse  of  expressions  involving 

T  1  .  To  give  a  physical  interpretation  to  this  phenomenan,  we  note  that  the 

result  of  inverting  T  1  (r,r',s)  is  a  time-domain  Green's  function  F  1  (r,r',t) 
which  represents  the  surface  current  at  a  point  r  on  S  due  to  a  spatial  and 
temporal  unit  delta-function  source  applied  at  point  r'  and  at  t=0.  Physically, 
this  excitation  can  be  approximated  by  exciting  the  structure  at  t  =  0  with  a 
short  pulse  produced_by  a  voltage  source  connected  across  a  small  slit  in  the 
metallic  shell  S  at  r'.  The  wavefront  produced  by  the  source  will  expand  out¬ 
ward  from  the  source  both  on  the  interior  and  the  exterior  of  the  structure. 

If  S  is  convex,  the  interior  path  is  the  shortest  path  to  the  observation  point 
r  and  hence  the  wavefront  will  arrive  there  at  t=  |r-r'|/c.  In  the  time  interval 
0 <  t <  |r-r'|/c,  the  response  at  r  is  zero,  as  result  which  could  be  obtained 

either  from  a  valid  representation  of  F  (r,r',t)  resulting  from  the  left  half 
plane  closure  of  the  Bromwich  contour  in  the  inversion  integral  or  from  a  right 
half  plane  closure  yielding  zero  directly.  In  a  more  general  problem  in  which 
the  excitation  is  distributed  over  S  and  the  response  at  a  point  must  be  calcu¬ 
lated  from  a  convolution  in  both  space  and  time  with  the  excitation,  this  result 
may  be  interpreted  as  allowing  one  a  choice  whether  or  not  to  integrate  over 
those  excitation  points  whihc  have  not  had  sufficient  time  to  interact  with  the 
observation  point.  This  arbitrariness  is  a  cause  of  the  non-uniqueness  of 
coupling  coefficients  in  the  SEM-derived  time-domain  representation. 

The  conjectured  left  half  plane  exponential  decay  rate  implies  that 
the  Bromwich  contour  can  also  be  closed  in  the  left  half  plane  in  the  time 
interval  (-(r-r1 | /c,0) ,  before  the  source  is  applied.  If  this  is  correct,  then 

the  representation  of  T"  (r,r',t)  must  be  zero  in  this  time  interval  since  the 
response  must  be  causal.  In  the  distributed  excitation  problem,  this  result 
would  imply  that  in  the  convolution  integrals  required  to  compute  the  response 
one  may  actually  integrate  ahead  of  the  exciting  wavefront.  Experience  with  the 
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sphere  problem  [3.1]  suggests  that  the  left  half  plane  closure  Interval  may  be 
extended  to  even  earlier  times  by  first  performing  the  spatial  convolution  with 
the  excitation. 

The  non-uniqueness  of  SEM  time-domain  representations  is  a  factor  that  is 
particularly  difficult  for  many  electrical  engineers  to  adjust  to  because  of 
their  extensive  training  in  dealing  with  lumped  circuits,  where  such  ambiguities 
do  not  arise.  The  phenomenom  is  one  that  is  common  to  distributed  parameter 
systems,  however. 
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SCALAR  SINGULARITY  EXPANSION  METHOD 
AND  LAX-PHILLIPS  THEORY 


Maurice  I.  Sancer,  Northrop  Corporation,  Hawthorne,  CA  90250 


ABSTRACT 

A  scalar  theory  of  SEM  based  on  the  eigenmode  expansion  method  (EEM)  is  re¬ 
lated  to  the  Lax-Phillips  theory  of  scattering.  The  Lax-Phillips  scattering 
theory  contains  results  which  can  be  immediately  applied  to  SEM.  A  byproduct 
of  developing  this  relationship  is  a  formal  proof  that  SEM  poles  are  simple. 

A  demonstration  of  scalar  EEM/SEM  is  presented  for  scattering  by  a  hard 
prolate  spheroid  which  includes  the  sphere  as  a  limiting  case,  tne  EEM 
spheroid  solution  is  shown  to  have  direct  bearing  on  issues  of  >ecent  concern 
regarding  the  validity  of  certain  EE M  expansions.  The  SEM  sphere  results  are 
shown  to  contain  all  of  the  features  of  the  electromagnetic  SEM  sphere  scat¬ 
tering  solution. 

1.  INTRODUCTION 

This  paper  treats  scalar  SEM  theory  as  being  based  on  the  eigenmode  expan¬ 
sions  method  (EEM)  corresponding  to  the  solution  of  surface  integral  equations. 
We  prove  that  the  set  of  complex  eigenvalues  that  play  a  central  role  in  the 
lax-Phillips  theory  [6.52,  6.53]  is  exactly  the  same  set  as  the  one  consisting 
of  the  (nonextraneous)  zeros  of  the  eigenvalues  of  the  surface  integral  equa¬ 
tion  with  the  latter  set  being  the  SEM  pole  locations.  We  also  demonstrate 
that  SEM  Neumann  natural  modes  are  Lax-Phillips  eigenmodes  evaluated  on  the 
surface  and  that  SEM  Dirichlet  natural  modes  are  normal  derivatives  of  Lax- 
Phillips  eigenmodes.  Only  the  Neumann  and  Dirichlet  problems  are  treated. 

In  a  previous  work  [3.123  we  focused  our  attention  on  scalar  SEM  corre¬ 
sponding  to  exterior  scattering  problems.  In  this  paper  we  explicitly  treat 
the  interior  problem  as  well  as  the  exterior  problem  and  compare  interior  SEM 
theory  to  standard  cavity  theory  as  opposed  to  Lax-Phillips  theory.  One  of  the 
important  aspects  of  Lax-Phillips  theory  is  that  it  exhibits  the  great  similar¬ 
ity  between  exterior  scattering  theory  and  cavity  theory.  Throughout  the  text 
we  refer  to  the  exterior  scattering  theory  and  cavity  theory  as  Lax-Phillips 
theory. 

The  connection  between  the  Lax-Phillips  theory  and  scalar  SEM  based  on  the 
EEM  approach  benefits  both  efforts.  The  Lax-Phillips  approach  has  a  more  ad¬ 
vanced  theoretical  foundation.  As  an  example  of  this,  some  conditions  have 
been  established  on  the  shape  of  scattering  surfaces  to  which  this  theory  can 
be  applied.  In  addition,  Lax-Phillips  theory  has  been  established  as  a  late¬ 
time  asymptotic  theory  which  includes  error  estimates.  This  information  had 
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not  yet  been  determined  by  the  SEM/EEM  approach.  In  addition,  quantitative 
and  qualitative  estimating  techniques  have  been  developed  for  the  complex  ei¬ 
genvalues.  The  SEM/EEM  approach  contributes  to  the  scattering  problem  by  pro¬ 
viding  explicit  expressions  for  the  expansion  coefficients  in  terms  of  surface 
quantities.  These  expansion  coefficients,  as  well  as  SEM  pole  locations,  have 
been  numerically  determined  by  workers  in  the  EMP  community.  More  generally, 
workers  in  the  EMP  community  have  developed  the  capability  to  numerically  obtain 
SEM  solutions  for  scattering  shapes  that  are  beyond  analytic  treatment. 

Finally,  we  obtained  a  result  made  possible  by  the  described  connection 
between  scalar  SEM  and  Lax-Phillips  theory.  We  were  able  to  obtain  a  formal 
proof  that  the  SEM  poles  are  simple,  and  this  has  long  been  identified  as  an 
open  question  by  workers  in  the  EMP  community. 

To  provide  a  demonstration  of  scalar  SEM  for  a  particular  problem,  we  con¬ 
sider  a  plane  wave  incident  on  a  prolate  spheroid  which  then  includes  the 
sphere  as  a  special  case.  We  consider  the  case  where  Neumann  boundary  condi¬ 
tions  are  satisfied  on  the  surface  of  the  spheroid.  We  then  specialize  this 
solution  for  the  case  where  the  spheroid  becomes  a  sphere.  We  rewrite  this 
scalar  sphere  solution  in  a  manner  which  exhibits  all  of  the  SEM  properties 
that  Baum  [3.1)  showed  for  the  electromagnetic  sphere  problem.  Having  done 
this,  we  were  immediately  in  a  position  to  increase  our  knowledge  as  a  result 
of  treating  the  scalar  problem.  The  only  analytic  solution  for  scattering 
from  a  finite  object  that  it  is  possible  to  examine  in  the  electromagnetic 
case  is  the  sphere  solution.  The  eigenmodes  for  both  the  electromagnetic  and 
scalar  sphere  scattering  problem  do  not  depend  on  frequency;  however,  the 
scalar  spheroid  eigenmodes  do  depend  on  frequency. 

The  spheroid  EEM  solution  provided  information  in  another  related  area. 

An  informative  review  paper  by  Ramm  [6.69  1  includes  a  set  of  sufficient  condi¬ 
tions  for  the  ordinary  EEM  solution  (no  root  vectors  required)  to  yield  a  mean¬ 
ingful  solution  to  our  scalar  integral  equation.  Ramm  presents  enough  detail 
in  that  article  for  us  to  conclude  that  we  would  not  meet  the  described  suf¬ 
ficient  conditions  unless  our  scalar  integral  operator  is  normal.  We  are  able 
to  show  that  this  is  the  case  when  the  scatterer  is  the  sphere,  and  were  able 
to  show  that  this  is  not  the  case  when  the  object  was  the  spheroid.  For  the 
spheroid,  the  set  of  eigenfunctions  of  the  integral  operator  and  its  adjoint 
are  clearly  not  the  same  sets  and  are  not  even  simply  related  through  complex 
conjugation.  Despite  this,  the  EEM  solution  for  the  spheroid  is  shown  to  be 
the  standard  separation  of  variables  solution,  thus  demonstrating  that  Ramm's 
conditions  are  only  sufficient  but  not  necessary.  This  is  an  important  con¬ 
clusion  since  much  of  SEM  theory  assumes  EEM  expansions  that  do  not  include 
root  vectors. 

2.  A  SCALAR  DEMONSTRATION  OF  EEM/SEM 

The  presentation  of  the  material  in  this  section  is  facilitated  by 
referring  to  Figure  1. 


Fig.  1.  Separation  of  space  into  an  interior  and  exterior  region. 
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In  this  figure  we  introduce  a  surface,  S,  that  separates  all  of  space  into 
an  interior  region,  Vj,  and  an  exterior  region,  Vc.  At  this  point  S  is  just  a 
mathematically  constructed  surface;  however,  as  this  presentation  proceeds,  S 
will  correspond  to  a  physical  surface  on  which  boundary  conditions  are  satisfied 
and  it  will  also  have  shape  requirements  placed  on  it.  Also,  in  Figure  1  are 
sources  denoted  f£  and  fj,  which  are  nonzero  on  finite  volumes  Vr  and  contained 
within  Vf  and  Vj.  We  are  interested  in  finding  solutions  to  the^scalar  wave 
equation  in  each  region. 

(V2  -Y2)$g(r,Y)  =  fa(  r  ,y) ,  *  =  E,  I ;  p  =  N,  D  (1) 

where  the~  notation  indicates  Laplace  transformation  and  Y  -  s/v  with  s  being 
the  transform  variable  and  v  being  the  free  space  speed  constant.  In  the  re¬ 
maining  portion  of  this  paper  we  omit  the  notation.  We  are  interested  in  the 
solution^of  (1)  subject  to  either  Neumann  (P  =  N)  (ad>®/8n  =  0)  or  Dirichlet 
(P=D)  (<&“  =  0)  conditions  on  S  as  well  as  appropriate  conditions  at  infinity. 

We  focus  our  attention  toward  obtaining  the  surface  fields  with  the  understanding 
that  the  volume  fields  are  readily  obtained  by  performing  standard  integrals 
that  utilize  the  surface  fields  within  the  integrands. 


Standard  means  yield  the  following  integral  equations  for  the  surface  fields 


Lp>p  -  h“  P-  N,D  ;  «  =  E,I  (2) 

-  *“(  r)  (3) 

tf'g(r)  =  -na(r)  -V<i“(r)  (4) 

L^=i<Hr)  -jf(n(r')-  V'G(r,r'  ,  Y  ))«i>  ( r  •  )dS '  (5a) 

L^=|d.(r)  -  (n(  r)  •  VG(r,r '  ,y))  ^  (r ' )  dS  *  (5b) 

G(r,r','r)  =  (4m|r-r'|  ^expf-Yl  r-r'J  )  .  (6) 

n(r)  =  nj ( r)  =  -nE(r)  (7) 

Lp  +  Lp  =  1,  P=  N,D  (8) 


The  quantities,  h“  ,  are  known  functions  corresponding  to  the  incident 
fields  exited  by  the  sources  f^  or  f  j  in  the  absence  of  the  scattering  surface  S. 


The  formal  eigenmode  solution  for  (2)  is 


1 

Tr 


ip 


Ua  i R) 

wmp*  mP' 


x  « 

A  m  0 


a 

m  P 


(9) 


where  this  solution  is  valid  for  those  surfaces  which  require  no  root  vectors 
as  discussed  in  the  Introduction.  The  condensed  summing  index,  m,  allows  for 
degeneracy  since  we  do  not  preclude  the  possibility  that  The 

quantities  li'^and  Amsare  the  eigenfunctions  and  eigenvalues  of  .  The 
inner  product  used  in  p(9)  is 
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*f* 

The  quantities'/^  are  the  eigenfunctions  of  the  adjoint  operator  Lg  . 
the  Neumann  and  Dirichlet  operators  it  can  be  shown  that 


(ID 


For 


where  the  prime  notation  on  ot  and  (3  indicates  that  a  f  a'  and  0  f  0‘  so  that 
the  primed  indices  must  take  the  complementary  assignments  to  the  a  and  (3  . 
For  example,  when  a=  E  and  0  =  N,  (11)  states  Ljjj  "  =  Lp*. 


The  significance  of  (9)  will  be  discussed  with  reference  to  hard  prolate 
spheroid  and  sphere  scattering.  For  the  prolate  spheroid  geometry  and  notation 
presented  in  [6.10]  ,  we  will  present  the  explicit  evaluation  of  the  quantities 
needed  to  explicitly  evaluate  the  general  EEM  solution  given  by  (9).  The 
prolate  spheroid  treated  in  that  reference  has  the  axis  of  the  ellipse  oriented 
along  the  z  axis,  and  because  of  the  rotational  symmetry,  an  incident  plane  wave 
having  an  arbitrary  incident  angle,  f ,  is  given  by 

<P  .  =  exp  (ik  (x  sin  ?+z  cos  ?) 

inc  'o  ' 

where  we  have  used  the  relationship  ikD 


Using  the  notation  4>  e, 

m  N  mn  o 


(12) 

-y  and  0.nc  is  a  special  case  of  h^. 
the  quantities  needed  for  the  EEM  solution  are 


Inng-  Wc’”>Krt)  • 

(13a) 

■  (< ! 1/2»*  e  • 
o  mn 

0 

(13b) 

<*m+ne**inc>  cosf) 

,  (13c) 

^mno’^inc^  ”  0  ’ 

(13d) 

X  -  -icU2-l)R  (1)(c  4  (C’4l) 

Xmn  1CU1  1,Kmn  U’V  d5j 

(13e) 

( 13f ) 

!  notation  employed  is  the  same  as  that  used  in 

[6.10]  ,  where  the 

meaning  can  be  understood  in  more  detail.  Briefly  £,  h  ,  and  <t>  are  spheroidal 
coordinates,  S„,n  is  an  angular  spheroidal  function,  r(1)  as  well  as  r(~)  are 
radial  spheroidal  functions,  d  is  the  distance  betweenthe  foci  of  the  ellipse, 
4,  is  the  constant  spheroidal  coordinate  corresponding  to  the  surface  of  the 
spheroid,  c  is  a  normalized  frequency,  Nffln  is  a  normal ization  factor,  and  6Qm 
is  a  Kronecker  delta  function.  Obtaining  the  relations  expressed  in  (13) 
involves  a  considerable  amount  of  detailed  manipulation  and  most  of  this  detail 
is  presented  in  [3.12].  It  should  be  noted  that  an  erratum  exists  for  some  of 
the  spheroid  material  presented  in  that  reference.  Substitution  of  Eqs.  (13) 
into  the  EEM  solution  given  by  (9),  readily  yields  the  same  solution  obtained 
by  separation  of  variables  which  is  presented  in  [6.10], 


Several  important  conclusions  can  be  drawn  from  the  spheroid  EEM  solution. 
The  first  is  that  the  EEM  solution  yields  the  correct  results  without  the 
addition  of  root  vectors.  This  is  the  case  despite  the  fact  that  for  the 
spheroid  is  not  normal.  This  follows  from  the  fact  the  eigenfunctions  of  the 
operator  and  the  eigenfunctions  of  the  adjoint  operator  are  clearly  different 
sets.  This  fact  is  exhibited  in  (13a)  and  (13b).  The  fact  that  the  spheroid 
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EEM  solution  requires  no  root  vectors  combined  with  the  lack  of  normalcy  of  the 
associated  operator  proves  that  Ramm's  conditions  [6.69  }  for  no  root  vectors 
are  not  necessary. 

Two  features  of  the  spheroid  solution  are  worth  noting.  One  feature  is 
that  the  eigenmodes  depend  on  the  frequency  as  exhibited  by  the  explicit 
appearance  of  the  "c"  factor  appearing  in  (13a).  The  other  feature  is  that  the 
twofold  degeneracy  of  the  eigenvalues  (even  and  odd)  is  considerably  reduced 
over  that  of  the  sphere  problem.  Finally,  a  last  feature  not  only  relates  to 
the  SEM  sphere  solution,  but  to  the  properties  of  the  magnetic  field  integral 
equation  (MFIE).  The  operator  defined  by  the  MFIE  was  shown  not  to  be  self- 
adjoint  and  yet  the  set  of  eigenfunctions  and  adjoint  eigenfunctions  were 
shown  to  be  simply  related  [3.111,  in  contrast  to  (13a)  and  (13b). 


The  convergence  of  the  EEM  solution  for  the  sphere  follows  from  the  fact 
that  the  spheroid  solution  converged  to  the  correct  answer.  The  eigenfunctions 
and  adjoint  eigenfunctions  for  the  sphere  are  the  same  functions  which  are  the 
products  of  Legendre  polynomials  and  trigonometric  functions 


<P 

mn 


e 

o 


=  p^(cosfl) 


cos 

sin  m$ 


(14) 


and  the  eigenvalues  given  in  standard  Bessel  function  notation  for  the  sphere 
having  radius  a,  are 


Xn  -(7a) 


jn(io)-(ifin(u) 


hJ,1)(iu)=-(-i)nkn(u) 


in(7a)  k’(7a 

E  ( is ; 

From  (14)  we  can  conclude  that  for  the  sphere  is  normal.  In  addition,  (14) 
exhibits  the  property  that  the  eigenfunctions  do  not  depend  on  frequency. 
Equations  (14)  and  (15)  together  exhibit  the  degeneracy  of  the  eigenvalues 
which  is  a  higher  order  degeneracy  than  was  exhibited  by  the  spheroid.  Sub¬ 
stituting  (14)  and  (15)  into  (9)  for  a  plane  wave  incident  field  and  using 
orthogonality  relations  leads  to  the  separation  of  variables  solution  for  the 
sphere. 


The  EEM  sphere  solution  also  serves  the  role  of  explicitly  allowing  a  dem 
onstration  of  a  scalar  SEM  solution.  First  we  introduce  SEM  pole  locations. 
To  do  this  we  look  for  the  totality  of  the  zeros  of  the  surface  eigenvalues 
A£  (7)  and  we  denote  an  arbitrary  zero  as  (s“’,1/vst“>  J  )  and  it 

satisfies  nn  P  nn  P  nn'P 


a  (ya’T 
npv  7nn'P 


)  =  0 


n’  =  l,2,...,NT(n) 


(16) 


and  the  superscript  T  is  used  to  indicate  totality.  Because  of  the  interre¬ 
lationship  between  interior  and  exterior  problems,  as  exhibited  by  (11),  we 
expect 

<*'4  u  {*“}  ■  ,i7> 

The  zeros  7?  .p  are  the  significant  zeros  and  the  zeros  having  the  superscript 
EX  attachednare  the  extraneous  zeros.  For  the  exterior  problem,  the  signifi¬ 
cant  zeros  are  the  ones  having  a  negative  imaginary  part  and  the  extraneous 
ones  are  purely  imaginary.  For  the  interior  problem,  the  significant  ones  are 
purely  imaginary  and  the  extraneous  ones  are  in  the  left  half  plane.  An  impor¬ 
tant  result  which  was  derived  in  [3.12]  is 

(j.a  tf7a*EXl  h?  (7a,EXl)  = 

\^np  lTnn'p'  ’  "P  l7nn'p" 


0 


(18) 
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and  this  general  result  is  consistent  with  the  SEM  sphere  solution  which  is 
now  presented.  For  the  sphere  we  look  for  the  zeros  of  the  eigenvalue  given 
by  (15).  The  non-extraneous  zeros  correspond  to 


(19) 


and  the  extraneous  zeros  correspond  to 


i  (  7  E’EXa)  =  0 
n  '  nn  N  ' 


(20) 


For  completeness  we  note  that  \  has  no  zero  at  >=0.  The  eigenmode  (equiv¬ 
alently  separation  of  variable  solution)  can  be  rewritten  (no  terms  added  or 
omitted)  for  ?=  0  in  (12)  as  follows 


,  F  y* 


where 


(2n+l)  (-1) 
aF;(Ynn'Na) 


n+1 


1 


Fn(x)  =  e  xV(x) 


f;(«) 


-Y--Y 

dF 
_ n 

dx 


Pn(cos  6) 


nn'N 


(21) 

(22) 


We  note  that  the  only  poles  that  occur  in  (21)  are  the  non-extraneous  poles 
and  this  is  consistent  with  (18).  We  also  note  that  all  of  the  information 
that  was  inferred  from  the  electromagnetic  sphere  solution  presented  in  [3.11 
is  contained  in  (21).  A  final  note  is  that  the  concept  of  natural  mode  which 
occurs  in  SEM  appears  in  (21)  in  a  vacuous  manner.  This  is  the  case  because 
the  SEM  natural  mode  is  the  eigenmode  evaluated  at  the  non-extraneous  pole 
location.  As  can  be  seen  from  viewing  (14),  no  explicit  y  dependence  occurs 
for  the  sphere.  In  contrast  (13a)  for  the  spheroid  has  the  explicit  7  de¬ 
pendence  for  the  eigenmode  and  the  SEM  significance  of  the  7  dependence  has 
yet  to  be  determined. 


3.  SEM  CONNECTION  TO  THE  LAX-PHILLIPS  THEORY 


To  facilitate  the  desired  connection  between  the  theory  just  presented  and 
the  Lax- Ph i T 1 i ps  theory  which  is  a  volume  approach,  we  introduce  the  volume 
eigenvalue  equations  for  both  the  interior  and  exterior  scalar  scattering 
probl  ems 

(V2-TPjp0pn  =  0  «  “  E,I  P  =  N,D  .  (23) 


For  the  interior  problem,  either  Neumann  or  Dirichlet  boundary  conditions  on 
the  surface  as  well  as  certain  volume  behavior  requirements,  e.g.,  require¬ 
ments  which  force  us  to  reject  the  explicit  solutions  obtainable  for  separable 
coordinates  that  become  unbounded,  are  known  to  lead  to  denumerable  sets  of 
eigenfunctions  \<t>  ^  J  and  eigenvalues^?^  }. 


Returning  to  Eq.  (23),  we  consider  the  exterior  scattering  problem.  The 
fact  that,  subject  to  appropriate  boundary  conditions,  there  exists  only  a 
denumerable  set  of  eigenfunctions  and  eigenvalues  is  not  as  well  known  to  be 
the  case  for  the  exterior  problem  as  it  is  for  the  interior  problem.  Either 
the  Neumann  or  Dirichlet  boundary  conditions  together  with  the  7-outgoing 
condition  expressed  as 


♦  £n  ~  Kn(  01  *,r 


-1 


7  P  _ 
.  Enr 


(24) 


for  large  r  lead  to  the  denumerable  sets.  As  discussed  in  [3.12],  we  also 
have  the  strict  inequality 
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Relf  «  0  (25) 

The  requirement  on  the  shape  of  the  scatterer  is  an  issue  that  has  received 
attention.  Many  of  the  cited  properties  have  been  proved  when  the  object  is 
star-shaped,  i.e.,  a  point  within  the  object  can  be  found  from  which  a  straight 
line  can  be  drawn  that  connects  this  point  to  any  other  point  within  the  volume 
bounded  by  the  surface  of  scatterer.  Star-shaped  surfaces  include  convex  sur¬ 
faces.  There  has  been  some  work  and  some  conjecture  concerning  the  applicability 
of  the  work  to  surfaces  described  as  confining  or  nonconfining  [6.53].  It  should 
be  noted  that  the  predominant  situation  of  an  imperfectly  sealed  enclosure,  i.e., 
a  finitely  thick-walled  enclosure  containing  an  aperture,  is  not  a  star-shaped 
surface. 

We  now  restrict  our  attention  to  surfaces  for  which  we  have  the  desired 
discrete  spectrum  for  the  exterior  scattering  situation  and  utilize  the  identity 


f^VG-GV^n) 


"  0any2G'GV\Pn 


Substituting  (23)  into  (26)  and  util izing  (v-  7  )G  =  -  6 ( r-r‘ ) 
we  have 

V  •  1  «£,VG-GWPnJ.  O'2  .  (27) 

First  we  consider  this  equation  for  the  interior  Neumann  problem  and  integrate 
both  sides  over  the  interior  volume.  We  next  use  the  divergence  theorem  as 
well  as  the  Neumann  boundary  condition  to  obtain 

*?n«ds  ■  I’2  >/»!„  “*  j28) 

Interchanging  the  notation  r  and  r'  and  taking  the  limit  as  r  approaches  the 
surface,  we  have 


where  L*  is  defined  in  section  2.  A  similar  treatment  for  the  interior 
Dirichlet  problem  can  be  readily  performed.  We  summarize  the  results  of  (29) 
and  the  results  of  the  similar  Dirichlet  treatment  as  follows 

lj»  ?„<!>  ■  O'2-  T?2)  Ff„(7,  T,;,  r)  (30) 


Equation  (29)  defines  Fpn  for0  =  N  and  a  somewhat  similar  expression  for  Fjn 
is  readily  obtainable;  however,  for  our  purposes  we  do  not  need  the  explicit  e: 
pression.  We  only  require  the  fact  that  F.P  is  finite  and  non-zero  at 
7  =  +■%£.  Equation  (30)  plays  an  Importantrole  in  this  paper  and  the 
comparable  equation  for  the  exterior  region  plays  an  even  more  important  role. 
The  derivation  of  the  comparable  exterior  equation  is  far  more  intricate  than 
the  derivation  of  (30).  It  utilizes  an  involved  bounding  argument  that 
requires  the  use  of  the  outgoing  condition  (24),  special  attention  to  the 
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behavior  of  the  Green's  function,  and  several  intricate  manipulations.  These 
details  can  be  found  in  [3.12],  The  resulting  equation  is 

LP  y  Erl-)  =  (  7‘7En  7  '7  Erf  -)  ( 33>> 

and  fP  is  bounded  and  non-zero  for  Y  =7p  and  is  non-zero  for  Y  =  -yP  . 

E  n  E  n  E  n 

We  are  now  in  a  position  to  draw  the  comparison  between  scalar  SEM  and  Lax- 
Phillips  theory.  These  conclusions  will  be  drawn  in  terms  of  sets  which  are  now 
defined.  One  set  is  |T<*n,  p|  which  is  defined  by  (16)  and  (17)  together  with 
the  defining  relationship  Y^ni(3  =  s“n-Q/v.  The  other  set  is  the  one  consisting 
of  the  Lax-Phillips  eigenvalues  which  are  denoted  {y^n(  .  We  will  prove 

■{’«}  •  ,34) 

The  proof  that 

{7«n}=  <35> 

follows  from  the  bounding  arguments  just  presented. 

Substituting  Y»Y^n  into  (34)  leads  to  the  eigenvalue  equation  that 
implies  (35)  for  the  exterior  problems.  Substituting  Y  =  +Y  ?  into  (30) 
leads  to  the  eigenvalue  equation  that  implies  (35)  for  the  interior  problems. 

It  is  significant  that  the  exterior  bounding  argument  did  not  allow  us  to  draw 
corresponding  conclusions  for  “V  =  -Y(|n.  This  is  in  agreement  with  the  fact 
that  exterior  Lax-Phillips  eigenvalues  are  strictly  in  the  left-half  plane  and 
we  would  have  inconsistent  results  if  we  could  imply  the  existence  of  right- 
half  plane  values  for  Y^'p.  The  fact  that  for  the  interior  problem,  we  could 
conclude  the  existence  of  values  of  Y*  corresponding  to  -Yj|  is  to  be 
expected.  This  is  the  case  because  theTjP's  correspond  to  cavity  resonances 
and  fall  on  the  imaginary  axis.  The  existence  of  plus  and  minus  Y@  being 
in  the  set  simply  implies  that  complex  conjugate  pairs  occur  inthe  setjrj^.pf. 

In  order  to  prove  that 


Kan'pHy«n} 


we  will  construct  appropriate  functions  involving  surface  integrals  and  will 
show  that  these  functions  are  Lax-Phillips  eigenfunctions.  The  Lax-Phillips 
eigenvalues  associate  with  these  constructed  eigenfunctions  will  be  seen  to  be 
theY  We  now  form 

*!«<V  ^  (37) 


where  <//r 


, ,  r )  is  the  complex  conjugate  of  the  adjoint  eigenfunction 


vti  1  c  1  c  ^  ^  \  *nn  I  »  tiic  L.unipicA  yi  aujunib  c: » yen  1  um.  1.  1 

appearing  in  (9),  but  evaluated  at  a  pole  location,  and  G  is  the  free  space 
Green's  function  given  in  (6)  with  r  replaced  by  r  .  Direct  substitution 
will  show  that 

<’5  -O  *!«  ■  0  ■  <38» 

In  addition  can  readily  be  seen  to  satisfy  the  Y-outgoing  condition  and 
X^j  is  finitenfn  V..  It  remains  to  show  that  the  Neumann  boundary  conditions 
on  S  are  satisfied.  To  show  this  we  take  the  gradient  of  both  sides  of  (37) 
to  obtain 
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r' , 


y  “  ) 

ynn'N; 


.aj* 

^nN 


(  y nn‘N’-' 


)  dS 1 


(39) 


identifying  r  as  a  point  on  S  which  will  be  approached  by  rv,  and  defining 
n^r^)  as  the  appropriate  normal  defined  at  the  point  jr,  consistent  with  the  con¬ 
vention  depicted  in  Figure  1,  we  have 


Referring  to  the  hypothesis  that  is  a  zero  of  X^N,  we  conclude  that 


,  a  t* 


9Xn«^ 

3n 


(41) 


Equations  (38)  and  (41)  prove  (36)  foP  the  Neumann  problem.  For  the  Dirichlet 
problem  we  construct 


nrf 


Xv)  =/"«(£’) 


V'G(rv,r 


,7nn*D^  ^nD 


Direct  substitution  shows  that 


(42) 


ft/  -ya*  1 XD 

lVv  ^nn'D)Xna 


(43) 


and  X„E  satisfies  the  7-outgoing  condition  while  is  finite  in  Vj.  Taking 
the  limit  as  r  approaches  the  surface  and  using  the  adjointness  relationship 
given  by  (11 )  we  obtain 


not 


=  fLaV*V  -  Aa  t-Ya 

LD  VnD'  Ar.ni '  nr.'  ft/lr 


The  definition  ot  y 
Dirichlet  condition 
Dirichlet  problem. 


‘nDirnn'D/*'nD  * 

“  .n  together  with  (44)  shows 
anduthis  fact  together  with  (43) 


that  X“a 
proves 


satisfies 
(36)  for 


(44) 

the 

the 


From  the  construction  that  led  to  the  proof  of  (34)  it  follows  that  the 
Lax-Phillips  eigenfunctions  evaluated  on  the  surface  are  related  to  SEM 
natural  modes,  as  follows 


{'/'nfl(7nn,P,-)} 


(45) 


4.  FORMAL  PROOF  OF  SIMPLE  POLES 


The  important  structure  of  equations  already  presented  in  this  paper  is  as 
fol  lows. 


(7  >r) 


(46) 


and  this  equation  summarizes  (30)  and  (33).  The  significant  aspect  of  vjL(r) 
is  that  it  does  not  depend  on  7.  The  quantities  f^p  (7,  r)  represent  a  con¬ 
densed  notation  for  the  right-hand  sides  of  the  cited  equations.  Recalling 
the  previous  discussions  of  these  right-hand  sides,  fn0(%r)  has  simple  zeros 
at  7  =  +7  and  these  occur  on  the  imaginary  axis  so  these  zeros  represent 
a  complex  conjugate  pair.  For  the  exterior  problem,  fns(7»l)  has  a  simple 
zero  at  7  =  7^3  but  not  at  7  =  -t| n  and  7Pn  has  a  negative  real  part.  We  now 
formally  employ  the  eigenmode  expansion  given  by  (9)  to  obtain 
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(3 


m 


(47) 

,  /v«“  "'f' 

m(3  4,/*  ^mp 

Next,  we  substitute  Y  =  +  Yfn,  Y^p  into  this  equation  and  note  that  the  left- 
hand  side  of  this  equation  is  finite  and  nonzero  while  f“p(Y)  has  a  simple 
zero  corresponding  to  these  values  of  y.  We  avoid  a  contradiction  by  first 
noting  that  *mp(±Yi$)  and\Eg(y£p)  are  zero  ^or  some  resPectiv®  m’s»  and  this 
follows  from  (34).  If  the  order  orthese  zeros  were  less  than  one, then  the 
right-hand  side  would  still  be  zero  for  these  values  of  y;and  if  the  order  were 
greater  than  one,  then  the  right-hand  side  would  be  infinite  at  these  values  of 
v  .  Since  the  left-hand  side  is  finite  and  nonzero,  we  conclude  that  the 
zeros  of  the  eigenvalues  must  be  simple.  As  discussed  in  Section  2,  the 
zeros  of  the  eigenvalues  are  the  SEM  poles  and  we  have  just  presented  a 
formal  proof  that  they  are  simple. 
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Time  harmonic  scattering  of  acoustic  and  electromagnetic 
waves  from  impenetrable  obstacles  leads  to  boundary  value  pro¬ 
blems  which  are  uniquely  solvable  for  values  of  wave  number,  k, 
with  non  negative  imaginary  part.  However  existence  and  unique¬ 
ness  questions  remain  when  the  imaginary  part  of  k  is  negative. 

In  fact  the  SEM  poles  comprise  such  a  set  of  values  of  k. 

Integral  equation  formulations  of  scattering  problems  involving 
smooth  closed  scatterers  introduce  additional  exceptional  values 
of  k,  those  corresponding  to  eigenvalues  of  an  adjoint  interior 
problem.  These  additional  characteristic  values  of  k  are  real 
and  pose  a  serious  obstacle  to  numerical  solutions  of  integral 
equations  for  exterior  problems.  In  recent  years,  considerable 
attention  has  been  directed  to  resolving  the  problems  present  at 
interior  eigenvalues  of  which  only  a  representative  sample  is 
cited  [6.8,  6.11,  6.13,  6.47,  6.49,  6.56,  6.63,  6.106,  6.122], 

A  method  which  involves  modifying  the  free  space  Green’s 
function  in  the  derivation  of  a  boundary  integral  equation  has 
been  proposed  by  Jones  [6.40],  Ursell  [6.107]  clarified  parts 
of  Jones'  work  and  Kleinman  and  Roach  [6.46]  extended  the  results 
to  three  dimensional  scalar  problems,  and  provided  explicit 
choices  of  the  modification  which  optimized  the  formulation  with 
respect  to  various  criteria  (e.g.  minimizing  the  spectral  radius 
of  the  integral  operator) .  While  the  Jones  modififcation 
eliminates  real  exceptional  values  of  k  by  shifting  them  into  the 
complex  plane,  a  question  remains  as  to  the  effect  of  the  modifi¬ 
cation  on  the  SEM  poles.  This  note  examines  this  question  in 
the  case  of  scalar  three  dimensional  scattering  with  both  Dirich- 
let  and  Neumann  boundary  conditions.  First  some  results  on 
boundary  integral  equation  formulations  with  modified  Green’s 
functions  are  cited.  Then  the  case  of  scattering  from  a  sphere 
is  examined  in  detail  and  we  conclude  with  some  comments  on  more 
general  scatterers. 
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1.  BOUNDARY  INTEGRAL  EQUATIONS 


We  adopt  the  notation  of  {6.46}  and  let  D_  denote  a  con¬ 
nected  bounded  domain  in  R3  with  smooth  boundary  3D  and  exterior 
D+.  Erect  a  Cartesian  coordinate  system  with  origin  in  D_,  and 
let  p  and  q  denote  points  in  R3  and  R(p,q)  be  the  distance  be¬ 
tween  them.  Furthermore  define  normalized  spherical  wave 
functions 


(1) 


(2) 


(n-m) ! 1 
(n+m) ! J 


1/2 


(1) 


(krp)  P^(cos6p)  cosmijip 


(n-m) i 1 
(n+m) J / 


(kr  )Pm(cos6  )  sin  m<f> 
p  n  p  p 


where  (rp,9p,<j)  )  are  the  spherical  polar  coordinates  of  p.  Now 
we  denote  tne  fundamental  solution  of  the  Helmholtz  equation  or 
unmodified  free  space  Green's  function  as 
ikR(p,q) 

(3)  Y0(p,q) :=  -  3iftfp-g) 


and  the  modified  Green's  function  as 

(4)  Yi(p,q)  :  =  Y  0(p,q)+  1  l  ^amnCmm^P^  Cnm^q* +bnmSnm^P*  • 

1  ^  o  r  „ _ n  mn  mm  nm  nm  nm  nm 

n=u  m=u 


The  coefficients  a,^  and  b ^  in  the  modification  are  as  yet 
arbitrary  but  will  be  chosen  to  eliminate  interior  resonances. 

It  is  vital  to  the  ensuing  formulation  that  the  scatterer  D_  have 
a  non  empty  interior  so  that  while  the  modification  is  singular 
at  the  origin  (in  D_)  it  is  regular  in  D+  and  on  3D. 

With  j=0  or  1  denoting  unmodified  or  modified  Green's  func¬ 
tion  we  define  single  and  double  layer  potentials 

(5)  (S  .w)  (p)  :=  [  w(q)  y  ,  (p,q)  ds 
3  J  3D  3  q 


(6)  (D .w) (p) :=  f  wtq),—^  (p,q)ds 

3  J 3D  3nq  q 

where  is  the  derivative  in  the  direction  of  the  outward  nor¬ 
mal  tod  9  3D  at  q.  Denote  by  K-  the  boundary  integral  operator 

(7)  (K.w)  (p)  :=  w(q)x-i  <P,q)dSri  ,  pe3D 

3  J 3D  dnp  q 


p«R3\{0} 


with  adjoint  in  LjOD) 

(8)  (KjW)  (p)  :=  f  w(q)^-i  (p'q)ds  .  pe3D. 

3  3  3D  dnq 

where  a  bar  denotes  complex  conjugate.  In  terms  of  K.  the  jump 
conditions  for  single  and  double  layer  distributions  are 
unaffected  by  the  modification  and  are 
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(9) 

and 


s-iw  =  +  K.w,  pc3D 

d  n—  3  -1 

P 


_  _* 

(10)  lim  D.w  =  +w  +  K.w,  pe  3D. 
p-*’3D+  3  3 

£ 

where  — —  and  3D^  denote  limiting  values  from  D+  and  D_.  In 
this  3ni  notation.  Green’s  theorem  applied  to  solutions,  u, 
of  the  Helmholtz  equation  which  satisfy  a  radiation  condition  at 
infinity  yields  the  representation 


(11)  (S.|H)  (p)-(D.u)  (p) 

)«n  3 


2u,  peD+ 
u,  pe3D 


This  in  turn  gives  rise  to  a  pair  of  boundary  integral  equa¬ 
tions,  one  directly,  and  one  by  taking  the  normal  derivative  from 
the  exterior  and  using  the  jump  condition  (9) : 


(12) 

(13) 


S.  -R\  u  =  u 
3  3n  3 


K. 

J  dU 


■5 —  D  .  U 
3n  ] 


3u 

3n 


pe  3D. 


These  boundary  integral  relations  give  rise  to  boundary  integral 
equations  for  Dirichlet  and  Neumann  problems  as  follows: 

2.  DIRICHLET  PROBLEM:  u  =  f,  pe3D 

Substituting  the  boundary  data  in  (12)  and  (13)  yields  the 
boundary  integral  equations 

(11)  U-Kj)  |H  .  -  j-  D)f. 

(15)  SjU-difJjf 

Alternatively  one  may  assume  a  solution  in  the  form  of  a 
double  layer  with  unknown  density 

(16)  u  =  -DjW,  peD+ 

which,  with  the  jump  relation  and  the  boundary  condition  yields 
the  boundary  integral  equation 

(17)  (I-IT*)w  =  f  pe3D. 

3.  NEUMANN  PROBLEM:  =  g,  pe3D 

Substituting  the  boundary  data  in  (12)  and  (13)  yields  the 
boundary  integral  equations 

(18)  (I+R*)u  =  S j  g 

In  DjU  =  -d-K.)g. 


(19) 
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Alternatively  the  single  layer  ansatz 

(20)  u  =  SjW,  p«D+ 

with  the  jump  relation  (9)  and  the  boundary  condition  yields  the 
boundary  integral  equation 

(21)  (I+Kj) w=g,  pe  3D. 

In  [6.47]  it  is  shown  that  for  j=0  the  pair  of  equations  (14)  and 
(15)  as  well  as  the  pair  (18)  and  (19)  have  unique  solutions  thus 
providing  unique  solutions  to  the  Dirichlet  and  Neumann  problems 
for  all  real  k.  However  if  only  the  second  kind  eauations  are 
considered  (14)  and  (18) ,  or  the  layer  equations  (17)  and  (21) , 
it  is  well  known  that  these  equations  are  not  always  uniquely 
solvable.  In  particular 

(22)  (I-K  )|H  =  o  and  (I-K*)  w  =  0 

o  d  n  o 

have  non  trivial  solutions  when  k  is  an  eigenvalue  of  the 
interior  Neumann  problem  while 

(23)  d+Ko)  w  =  0  and  (I+K*)  u  =  0 

have  non  trivial  solutions  when  k  is  an  eigenvalue  of  the 
interior  Dirichlet  problem. 

It  should  be  noted  these  values  of  k  are  real.  On  the  other 
hand  these  equations  also  have  non  trivial  solutions  for  sets  of 
complex  values  of  k  which  correspond  to  the  SEM  poles  for  the 
particular  problem. 

While  the  non  uniqueness  for  real  k  can  be  removed  by  con¬ 
sidering  a  pair  of  equations  as  noted  above,  an  alternative 
resolution  was  proposed  by  Jones  by  means  of  modifying  the 
Green's  function.  A  modified  form  of  Jones  results  is  contained 
in  the  following  (see  [6.46]). 

Theorem:  If  the  coefficients  of  the  modified  Green's  func¬ 
tion  satisfy  the  relations. 

(24)  | 2a  +1 | <1  and  |2b  +1|<1 

then 

(25)  (I+K^  w=0  and  (I+K*)  w=0 

have  only  the  trivial  solution  for  all  real  k.  The  theorem 
remains  valid  if  the  inequalities  in  (24)  are  reversed  for  all 
n  and  m.  This  means  that  by  modifying  the  Green's  function 
subject  to  (24) ,  the  equations  of  the  second  kind,  (14) ,  (17)  , 

(18) ,  and  (21)  are  uniquely  solvable  when  j=l. 

4.  THE  SPHERE 

To  shed  some  light  on  the  way  in  which  the  modification  has 
altered  the  location  of  the  unwanted  exceptional  values  of  k  and 
to  see  how  the  modification  affects  the  SEM  poles  we  examine  the 
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sphere  case  in  detail. 


First  of  all  it  is  convenient  to  write  the  eigenvalues  equa¬ 
tion  for  Kj  as 

(26)  (I  -  X (k) K j )  w=0 

where  the  eigenvalues  X  will  be  functions  of  k  and  we  are  con¬ 
cerned  with  those  values  of  k  for  which  X(k)  =  +  1  (+  for  the 
exterior  Dirichlet  problem  and  -  for  the  exterior  Neumann  problem.) 


Because  the  spherical  harmonics  {p™(cos6)g°a 
plete  in  L2  on  the  surface  of  the  sphere  it  is  a  straight  forward 
matter  to  compute  the  eigenvalues  explicitly  [e.g.  [6.48]  for 
the  case  j=0] .  Using  the  notation  (1) ,  (2) ,  the  standard  expan¬ 
sion  of  the  free  space  Green's  function  is 

[c®  (p>)  c^;  (p<)  +s®  (p>)  s*  (p<)  ] 
nm  nm  nm  nm 


}  are  com- 


(27) 


YQ(p,q)= 


n=0  m=0 


where  p<  =  p  or  q  depending  on  which  is  the  smaller  of  (r  ,  r  } 
and  p>  is  p  or  q  depending  on  which  is  the  larger.  Also  q 

cnm  ( P )  and  snra*P*  are  the  salne  as  cnm^* and  snm  P  excePfc  that 
the  spherical  Bessel  function  j  (krD)  replaces  the  spherical 
Hankel  function  hj^1' (krp) .  Thus  the  eigenvalue  equation  is 


(28)  0= (X-A (k)KQ) w=w(p) - 


[c®  (p)  c 
nm 


a  /  w=w tp/  -4  (a;  ^  l 

0  lo  pio  p  p  2  n=0  m=0 

^  (q) +C*  (p) C®  (q) +s^  (p) S*  (q) +S*  (p) S®  (q)  ] 
nm  nm  nm  nm  nm  nm  nm 


where  '  denotes  differentiation  with  respect  to  krp.  Let 
w  =  P|(cos6){i?«|$}  and  use  the  orthogonalitv  of  spherical 
harmonics  to  determine  that 
(29) 

P™(cos8)  U+iXOs)  (ka)2(h^1)  '  (ka)  jn  (ka)  +hjJ1)  (ka)  j^(ka))  ]-0 


and  hence 


(30)  X  (k)  =  -i - , - ryr-f - m - i - 

i(ka)^[h^  (ka) jn (ka) +h^  ;(ka)jn(ka)] 

is  an  eigenvalue  of  K  of  multiplicity  2n+l.  Using  the  Wronskian 
relation 


(31)  jn(ka)hiJ1)  '  (ka)-ji!i(ka)hiJ1)  (ka)  = 
the  eigenvalues  may  be  written  as 

(32)  a  (k)  =—  — - 2 - nrr - 

n  l+2i(ka)  j„(ka)h„  '  (ka) 

n  n 


(ka)' 

1 


- , - -p-) - 

l-2i(ka)j  (ka) h ' A' (ka) 
n  n 


from  which  it  is  evident  that  the  exceptional  values  of  k  for  the 
Dirichlet  {problem,  i.e.  those  values  for  which  Xn(k)  =  1  are  the 
zeros  of  ja(ka)  while  the  SEM  poles  are  zeros  of  h ^  (ka) . 
Similarly  it  is  evident  that  the  exceptional  values  of  k  for 
the  Neumann  problem,  i.e.  those  values  for  which  Xn(k)  =  -1  are 
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(  1  )  1 

zeros  of  jn(ka)  while  the  SEM  poles  are  zeros  of  h^  (ka) . 

The  calculation  of  the  eigenvalues  of  the  modified  boundary 
integral  operator  is  also  easily  carried  out.  Since 

fir  r2u  _  °°  n 

(33)  (I-X)  (k) K. ) w=w-X (k)  d6  I  d<j)  sin0  a^kwE  Z 

1  io  pio  P  P  n=0  m=0 


{i[ce  (p) c^  (q) +c^  (p) c6  (q) +s 
2  nm'^'  nm'H  nm  nm  -  nm 


(q) +s\  (p) s®  (g)  ] 
nm  nm  nm  ^ 


+  a 


c®_  (p)  c®  (q)  +b  s®  (p)  s®  (q)  } 
r  nm  nm  nm  r  nm  - 


nm  nm 


we  again  set  w  equal  to  a  particular  spherical  harmonic  and 
utilize  orthogonality  to  find 

(34)  P™  (cosG)  cosmcj)  ( 1+iX  (k)  (ka)  2  (hj'1^  (ka)  j  (ka)+h^(ka)j  (ka) 
n  n  Jn  n  n 

+  2a  h(1)  ’  (ka)h{1) (ka) ) ]  =  0 
nm  n  n 


and 

(35)  P^(cos9)  sinm<()  [1+iX  (k)  (ka)  2  (h^1^  (ka)  jn (ka)  4-h^1^  (ka)  jn (ka) 

+2bnmhn1>  ' (ka)hn1) (ka)) 1  =  °- 
Hence  the  eigenvalues  of  are 


(36) 

X (k) =-- - 

i(ka)2(h^1) ' (ka) jn(ka)+h^1) (ka) (ka) +2«nmh^1) '(ka)h^1) (ka) ) 

which  may  be  rewritten  using  the  Wronskian  (31)  as 


(37)  X (k) =- 


l+2i(ka) 2h(1) 
n 


(ka)  ( j  (kafe  h^  (ka)  ) 
n  nm  n 


1 _  _ _ 

l-2i  (ka)  2hj!y  (ka)  ( j^(ka)  tcx^h^11  ’  (ka) > 


where  anrn  is  either  a,™ 
exceptional  values  of  k 
roots  of 


or  bnm.  From  (37)  it  is  clear  that  the 
for  which  X=1  (Dirichlet  problem)  are 


(38)  (a) 


h^X)  (ka)  = 


and  (b) 


jn(ka) 


+  a 


nm 


(1)  ' 

hy'  (ka)  =  0 
n 


whereas  the  exceptional  values  for  X=-l  (Neumann  problem)  are 
roots  of 

(39)  (a)  h‘1),(ka)  =  0  and  (b)  j „(ka)+cc  hi15  (ka)  = 

n  n  nm  n 


0 
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These  results  are  summarized  in  the  following  table: 


Exceptional  values  of  k:  A (k)  =  +  1 


A (k)  =  1  Exterior  Dirichlet  Problem  (I  -  Kj)  w  =  0 

j  =  0 

j^(ka)  =  0  h^1} (ka)  =  0 

B| 

j ’ (ka)+a  h(1) ' (ka)  =  0  h(1)(ka)=0 

n  nm  n  n 

A(k)  =  -1  Exterior  Neumann  Problem  (I  +  K.)  w  =  0 

j  =  o 

jn(ka)  =  0  h^1’ ' (ka)  =  0 

j  =  1 

j  (ka)+a  h*‘1)  (ka)  =  0  h(1)  '  (ka)  =  0 

n  nm  n  n 

From  the  chart  it  is  evident  that  the  effect  of  the  modifica¬ 
tion  of  the  fundamental  solution  is  to  move  the  eigenvalues 
(zeros)  of  jn  or  jn)  off  the  real  axis  however  the  SEM  poles 

(zeros  of  h^1'  )  remain  unchanged. 

The  relation  between  the  coefficients  of  the  modification 
and  the  location  of  the  shifted  interior  eigenvalues  may  be 
clarified  by  the  following  consideration.  If  39(b)  holds  then 


(40)  a 


nm 


jn(ka) 

hJIT7kI7 


and 

2j  (ka) 

<41)  2«nm+1  "  -  -TO— 


h'*'  (ka) 
n 


h(2)  (ka) 

j.  i  n 

+  1 - TO - 


K  (ka) 


Let 


w  =  2a _ +1  and  z  =  ka 

nm 


and  consider  the  analytic  transformation  of  conformal  mapping 


(42) 


.(2) 


w  =  — 


TIT 


(z) 

(z) 
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If  z  is  real,  |w|  = 


=  1  hence  the  real  axis  in  the 


z-plane  is  mapped  onto  the  unit  circle  in  the  w-plane.  Since 
the  zeros  of  h^-*-^  (z)  lie  in  the  lower  half  plane  the  lower  half 
z-plane  is  mapped  onto  the  exterior  of  the  unit  circle  while  the 
upper  half  plane  is  mapped  onto  the  interior.  From  this  it 
follows  that  if  39(b)  holds  than 

a)  1 2a  +l|  <  1  Im  ka  >  0 

1  nm  ■  ^  ^ 


a) 

1  2a 

1  nm 

b) 

|  2a 

1  nm 

and 

c) 

1 2a  ■ 
'  nm 

c)  1 2a  +l[  >  1  Im  ka  <  0 

'  nm  1  x  ^ 

If  (38b)  holds  then  a  similar  consideration  of  the  transformation 


(44)  w  =  - 


shows  that  equations  (43)  remain  valid. 

We  observe  that  the  interior  eigenvalues  may  be  shifted  to 

any  point  in  the  complex  plane.  That  is  if  kQ  is  an  arbitrary 

complex  number  it  will  be  a  zero  of  (38b)  or  39(b)  bv  choosing 

a„„  to  be  either 
nm 


(45)  a 


h{1)  ' (k  a) 
n  o 


However  by  choosing  the  constants  a„m  such  that  43a)  holds  we 
guarantee  that  the  interior  eigenvalues  will  be  shifted  into  the 
upper  half  plane. 

2 .  CONCLUDING  REMARKS 

The  example  considered  shows  that  the  boundary  integral 
equations  of  the  2nd  kind  for  exterior  scattering  problems  can 
be  modified  by  appropriate  choice  of  the  fundamental  solutions 
so  that  they  are  uniauely  solvable  for  all  real  k.  Moreover 
there  is  considerable  latitude  in  the  choice  of  modified  Green's 
function  so  that  the  unwanted  interior  eigenvalues  may  be 
shifted  any  place  in  the  complex  plane.  The  SEM  poles,  which  are 
intrinsic  to  the  exterior  scattering  problem  are  unaffected  by 
the  modification  of  the  Green's  function.  Whether  these  state¬ 
ments  all  remain  true  for  arbitrary  nonspherical  surfaces  is  not 
yet  known.  Certainly  it  is  true  that  the  modified  integral  eaua- 
tions  are  uniquely  solvable  for  all  real  k  for  arbitrary  smooth 
closed  connected  scatterers.  Moreover  it  seems  reasonable  to 
conjecture  that  the  interior  eigenvalues  are  shifted  for  non¬ 
spherical  surfaces  just  as  they  are  for  the  sphere.  Certainly 
they  no  longer  are  real  and  continuity  arguments  would  indicate 


*  See  e.g.  M.  Abramowitz  and  I.  A.  Stegun,  Handbook  of  Mathemati¬ 
cal  Functions,  National  Bureau  of  Standards,  U.S.  Government 
Printing  Office,  1964. 
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that  small  perturbations  from  spheres  cause  small  shifts  in  the 
location  of  the  shifted  values.  However  the  conjecture  that  the 
SEM  poles  are  unaffected  by  the  modification  in  the  Green's 
function  for  nonspherical  surfaces  must  be  established  in  another 
way  and  this  remains  to  be  done. 


NEW  RELATIONS  FOR  THE  CHARACTERISTIC  SINGULARITIES 
OF  BOUNDED  SCATTERERS:  PRELIMINARY  REPORT 


R.  K.  Ritt,  Illinois  State  University,  Normal,  IL  61761 


1.  INTRODUCTION 

This  paper  deals  with  methods  that  are  being  developed  to  calculate  the 
characteristic  SEM  singularities  of  perfectly  conducting  bodies  -  methods  which 
seem  to  be  different  from  the  standard  techniques  used  by  the  SEM  community. 

The  idea  is  to  calculate  a  set  of  test  functions  with  respect  to  which  the 
existence  of  a  certain  orthogonal  function  is  a  necessary  and  sufficient  condi¬ 
tion  that  a  certain  complex  number, J ,  is  a  singular  value.  These  test  functions 
are  defined  in  terms  of  the  eigen  functions  of  the  interior  problem.  Although 
the  theoretical  results  do  not  depend  upon  the  interior  problem  being  separable, 
it  is  only  in  this  case  that  it  is  possible  to  represent  the  functions  in  terms 
of  the  standard  functions  of  mathematical  physics. 

Sections  2,  3,  and  4  consist  of  a  statement  of  these  theoretical  results 
and  an  outline  of  their  proof.  For  the  sake  of  simple  exposition,  the  results 
will  be  stated  in  terms  of  scalar  theory.  This  work  is  complete  and  has  been 
extended  to  the  electromagnetic  case. 

Section  5  is  a  status  report  on  the  attempt  to  use  the  results  to  determine 
the  singularities  for  the  exterior  Dirichlet  problem  for  the  finite  cylinder, 
an  example,  of  course,  of  a  problem  for  which  the  interior  problem  is  separable. 
Although  the  work  is  incomplete,  it  illustrates  a  technique  which  other  inves¬ 
tigators  may  find  useful.  It  consists  of,  using  integral  transform  methods, 
finding  representations  which  are  only  valid  when  ImJ  <  0,  and  then,  by  path 
deformation,  obtaining  a  new  representation  which  can  be  analytically  continued 
into  the  lower  half  plane. 


STATEMENT  OF  THE  THEORETICAL  RESULTS 


Rl:  For  x,  y  two  points  in  space  and  $  a  complex  number,  ImJ  <  0,  let 
G(x,y;j)  »  |x  -  y|-1  exp(i||x  -  y|).  Let  B  be  the  boundary,  piecewise  smooth, 
of  a  simple  closed  bounded  region  in  space.  A  function  h,  defined  on  the  in¬ 
terior  region,  is  said  to  be  trivial  or  nontrivial  according  to  whether  or  not 
the  function 


V(x)  *j||  G(x,y;J)  h(y)  d3y 
Int 
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is  identically  zero  in  the  external  region.  If  {v^}  are  the  eigenfunctions  for 
the  interior  Dirichlet  problem,  the  test  functions  {w^}  are  defined,  in  the  in¬ 
terior,  as 


f  r  8  vk(y) 

w.(x)  =  G(x,y;j)  - --  dS(y) 

K  J  J  '  3  ny 


Then  the  complex  number  \  is  a  characteristic  SEM  singularity  for  the  exterior 
Dirichlet  problem  if  and  only  if  there  exists  a  nontrivial  h  for  which 


h(x)  wk(x)  dJx 


Int 


is  zero  for  all  k.  (Orthogonality  condition) 

To  see  how  this  works  for  the  sphere,  radius  a,  recall  that  the  character¬ 
istic  singularities  are  the  values  of  i,  for  which  the  spherical  Hankel  functions 


h(1)(<,a)  =  0 
n  J 


The  eigenfunctions  for  the  interior  Dirichlet  problem  are 

vmnl  =  exp(im<t>)  P M  (cos  8)  jn('<nlr)  , 


0  <  n,  | m |  <_  n,  ,in(<nia)  “  0.  The  function  G  can  be  represented  as: 
G((9,<J>,r);  (e’.^'.r*);  1  ~ 

l  ctun  exP(im(<f'  ~  ♦'))  P^(coa  0)  p“(cos  8')  jn(?  r<)  h^Or,)  , 
n,m 


in  which  r<  and  r>  have  their  conventional  meanings  as  the  smaller  and  the 
larger  of  r  and  r',  and  the  cnm  are  constants.  Neglecting  constant  nonzero 
factors  (in^nl3^  ^  »  the  test  functions  are 


wnml  =  exP(-im^)  P“(cos  0)  jnC)r)  h^X)  (^a)  . 


If  hl^^(za)  =  0  then 

.I’ .  .  . 


in  -  w  in  virtue  of  the  orthogonality  of  the  zonal  harmonics, 

efip(-im<f>)  P_  (cos  9)  j_  wTr)  satisfies  the  orthogonality  condition  with 

_  -  Urt  _  .  Ur\.  ■  /  *  . 


respect  to  all  wjj*  j.  for  wh'i'Sh  n 


since  w, 


n  mj,  =  0,  h  satisfies  the  orthogp^ 
nality  condition™  If  V  is  computed!  using  thi8  h,  V 


m. 


exp(iimf)  Pnn(cos  0)  hnn  (ir); 


liaiiLy  LUitUilivnii  J-J.  y  xo  lhis  u,  v  —  CAp(imy/  t  ^  v/ 

therefore,  h  is  not  trivial.  On  the  other  hand,  if  h^'  (i  a)  ^  0,  all  n,  any 
h  which  satisfies  the  orthogonality  condition  must  be  orthogonal  to  all  zonal 
harmonics  and  is  therefore  trivial. 


R1  is  a  consequence  of  the  following  two  results: 

R2:  For  any  h  defined  on  the  interior,  the  orthogonality  condition  is  satisfied 
if  and  only  if  V(x)  ■  0  for  all  x  on  B. 
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R3:  A  complex  number,  J  ,  Im  J  <  0,  is  a  characteristic  SEM  singularity  if  and 
only  if  there  is  a  non  trivial  h,  defined  on  the  interior,  for  which  V(x)  =  0 
for  all  x  on  B. 

Remarks :  For  arbitrary  h,  defined  on  the  interior,  V(x),  in  the  exterior  region, 

i*  a  solution  of  the  scalar  wave  equation  which  satisfies  the  radiation  condition, 
and  whose  sources  are  in  the  interior  region.  R3  states  that  if  a  V(x),  with 
this  representation,  is  not  identically  zero  in  the  exterior  region,  and  if 
V(x)  =  0  on  the  boundary,  then  ^  must  be  a  characteristic  singularity;  and,  if 
•>  is  a  characteristic  singularity,  there  must  be  a  V(x),  zero  on  the  boundary, 
with  such  a  representation,  which  is  not  identically  zero  in  the  exterior  region. 
If  the  characteristic  singularities  are  identified  with  the  singularities  of 
the  analytic  continuation  of  the  resolvent  Creen's  function,  the  first  statement 
follows  from  the  Lax  Phillips  Theory  [6.52].  As  will  be  seen  below,  the  proof 
given  for  R3,  makes  use  of  the  identification  of  the  characteristic  singularities 
with  the  singularities  which  occur  in  the  integral  equation  (of  the  second  kind) 
formulation  of  the  scattering  problem  [6.26]. 

R2  states  that  a  V(x),  in  this  form,  not  identically  zero  in  the  exterior 
region,  but  for  which  V(x)  =  0  on  the  boundary,  exists  if  and  only  if  a  source 
function  can  be  found  which  satisfies  the  orthogonality  condition.  R2  is  the 
substantially  novel  result  of  this  paper. 


f 


3.  THE  PROOF  OF  R2 

Let  be  the  complete  orthonormal  set  of  eigenfunctions  for  the  interior 

Dirichlet  problem;  the  eigenvalues,  x£,  are  real  and  positive.  Since 


+  A^vk  =  0  ,  vk  =  0  on  B  , 

and 

V2G  +  J2C  =  0(x  /  y)  , 

(G,vk)  =  |  j  |  G(x,y; })  vk(x)  d3x 
Int 

can  be  calculated  in  the  conventional  way  to  be 


2  2  - 


lire  3  v  (x)  _ 

\  J  J  G(x,y;;)  — -  dS(x)  -  Wk(v) 


(l  2  ~  X2)-1  (wk<y)  -  4nvk(y) }  , 


whenever  y  is  an  interior  point. 

Suppose,  first,  that  V(x)  =  0  for  all  x  on  B.  Then  V(x)  is  the  solution 
to  e  interior  Dirichlet  problem 


v2v  +  J2v  =  -4»h  . 

As  usual,  the  generalized  Fourier  coefficients  are 


mmm 
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(V,vk)  =  -4ir(^2  -  X2)"1  (h,vk) 


On  the  other  hand. 


(v,vk)  "jjl'jlj  G(x»y;^)  h(y)  d3y 


Int  Int 


v^(x)  d  x 


Thus, 


=  j  J  j  (G>\)  h(y)  d3y 

Int 

=  Q2  -  A2)"1  j  J  J  {wk(y)  “  ^TTV^Cy)}  h(y)  d3y 

Int 


(*.»k)  ■  <3 2 


j!!  h(x)  «k(x)  d3x  -  4n(h,vk) 
Int 


...  (**) 


If  this  representation  is  compared  to  (*),  it  is  clear  that  h  satisfies  the 
orthogonality  condition. 

Conversely,  if  the  orthogonality  condition  holds,  (**),  which  depends  only 
on  the  definition  of  V,  shows  that  (V,vk)  is  given  by  (*) . 

If  the  derivation  of  (*)  is  reviewed,  it  is  apparent  that  V  has  the  same 
Fourier  coefficients  as  the  solution  to  the  Dirichlet  problem;  since  {v^}  are 
complete  and  both  V  and  the  solution  to  the  Dirichlet  problem  are  continuous, 
they  are  identical. 

The  proof  is  complete. 


4.  IDENTIFICATION  OF  THE  CHARACTERISTIC  SEM  SINGULARITIES  AND  THE  PROOF  OF  R3 
The  inversion  of  the  operator 


[T4>  ](y)  “  4> <y)  +  (2tt)-1  j  j  _JL.G(x,y;y  <Hx)  dS(x) 


when  Im  ^ >  0,  is  equivalent  to  calculating  the  resolvent  Green's  function  for 
the  exterior  Dirichlet  problem;  the  operator  is,  in  fact,  invertible  for 
Int}  >  0.  The  characteristic  SEM  singularities  are  those  values  of  J  ,  Imj  <  0, 
for  which  the  operator  is  not  invertible,  or,  equivalently,  the  singularities 
of  the  analytic  continuation  of  the  resolvent  Green's  function  into  the  lower 
half  plane.  From  the  Fredholm  alternative,  the  singularities  are  precisely 
the  values  of:}  ,  Im-jJ  <  0,  for  which  the  adjoint  problem 

(T*$](y)  -  $(y)  +  (2*)-1  |  J  G(x,y;-p  <j>(x)  dS(x)  =  0 

B 

has  solutions  not  identically  zero.  By  taking  complex  conjugates,  this  is 
equivalent  to  the  equation 
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<Ky)  +  (2n)_1  |  |  G(x,y;y)  <Ji(x)  dS(x)  =  0 .  (I) 

B  * 

having  nonzero  solutions.  R3  is,  therefore,  an  assertion  that  for  Im,J  <  0, 
this  integral  equation  has  a  nonzero  solution  if  and  only  if  there  exists  an 
h,  defined  on  the  interior,  which  is  nontrivial,  and  for  which 

V(x)  = III  G(x,y;^)  h(y)  d3y 
Int 

is  zero  when  -  is  on  B. 

Before  proceding  with  the  proof,  it  should  be  observed,  first,  that  the 
characteristic  singularities  occur  in  pairs,  \  and  -J;  and  second,  that  it 
is  known,  from  the  Lax-Phillips  theory,  for  arbitrary  nontrivial  h,  ^  is  a 
characteristic  singularity  whenever  V(x)  is  identically  zero  on  B,  because 

V2V  +  =  0  , 


in  the  exterior  region  and 


V  -  exp(i<i|x|),  as  |x|  •+  ”  . 

The  first  half  of  the  proof  of  R3  is  a  restatement  of  this  fact. 

Assume  that  h  is  nontrivial  and  that  V(x)  =  0  on  B.  Let  u  be  the  unique 
solution  of  the  interior  Neumann  problem. 

V^u  +  q  2u  =  -4wh,  =  0  on  B. 

an 

Then,  as  is  standard,  for  all  y  in  the  interior, 

u(y)  +  (4n)  1  |  J  u(x)  dS(x)  =  V(y)  . (//) 

B 


and  for  all  y  on  B, 


u(y)  +  (2tt)-1  J  |  G(x,y;  )  u(x)  dS(x)  =  2V(»)  -  0  ...(//#) 

B 

On  B,  therefore,  u  is  a  solution  of  (I).  To  prove  that ,3  is  a  singularity  it 
is  sufficient  to  show  that  u  is  not  identically  zero  onB.  If  it  were,  from 
(#),  u  and  V  would  coincide  on  the  interior,  as  well  as  on  B.  Therefore,  both 
V  and  its  normal  derivative  vanish  at  B.  From  this,  and  the  form  of  V,  it 
can  be  shown  that  V  is  identically  zero  in  the  exterior  region.  Consequently, 
h  is  trivial,  contrary  to  hypothesis. 
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To  prove  the  converse,  assume  that  ijs  is  a  nonzero  solution  of  the  integral 
equation  (I).  It  can  be  shown  that  functions  exist,  twice  differentiable  on 
the  interior,  with  normal  derivative  zero  at  B,  and  having  the  value  4>  on  B. 
Let  u  be  such  a  function.  Define  h,  in  the  interior,  as 

h  =  -(4tt)  ^{V^u  +  -j^u). 

Since  u,  on  the  boundary,  is  a  solution  of  (I),  V,  for  this  h,  is  zero  on 
B.  It  remains  to  show  that  h  is  nontrivial.  If  not,  V  would  have  zero  normal 
derivative  at  B,  and  therefore  V  and  u  would  be  solutions  of  the  same  interior 
Neumann  problem.  Thus  V  =  u,  implying  the  u  is  zero  on  B.  This  is  a 
contradiction. 

The  proof  is  complete. 


t 


l 


{ 


i 

I 

* 

t 

t 
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5.  THE  APPLICATION  OF  R1 

In  order  to  use  Rl,  it  is  required  that  the  eigenfunctions  {v^}  be  computed, 
that  a  representation  for  G(x,y;i)  be  found  in  a  form  which  permits  the  calcu¬ 
lation  of  the  {w^},  and  that  the' orthogonality  conditions  be  used  to  make 
inferences  about  the  singularities.  For  the  sphere,  a  fortuitous  confluence 
of  the  representations  for  {v^}  and  G,  in  terms  of  zonal  harmonics,  makes  the 
process  simple.  (Perhaps  it  should  be  noted  that  the  argument  in  Section  1  is 
a  very  simple  demonstration  that  only  the  complex  roots  of  h^'(ja)  are 
characteristic  singularities.) 

In  general,  even  for  the  case  in  which  the  interior  Dirichlet  problem  is 
separable  (e.g.:  hemisphere,  finite  circular  cylinder)  the  problem  seems  to 
bq  very  difficult.  However,  one  has  the  advantage  that  the  {vk>  are  easy  to 
calculate  in  terms  of  well  known  functions.  To  obtain  the  wk  in  closed  form 
the  following  steps  are  taken: 

First,  classical  integral  transforms  are  used  to  obtain  representations 
for  G.  Because  these  transforms  require  that  the  functions  to  which  they  are 
applied  be  a ery  small  for  large  values  of  the  argument,  this  calculation  can 
only  be  periormed  when  Im t  >  0. 

V 

Second,  the  w^  are  computed,  obtaining  a  closed  form  representation  as 
an  integral. 

Third,  the  integral  is  transformed  by  a  deformation  of  path;  a  new  closed 
form  representation  is  obtained.  It  can  be  continued  into  the  lower  half 
plane. 

As  an  example,  let  the  surface  be  that  of  a  finite  circular  cylinder,  with 
radius  a  and  length  L.  The  interior  region  is  defined  by  cylindrical  coordinates 


0  £  r  £  a,  0  £  z  £  L,  and  0  _<  if  <_  2v  . 


* 

| 

-  £ 


The  eigenfunctions  of  the  interior  Dirichlet  problem  are 
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vnkm  *  exp<in*>  J[n,(Ymnr)*  Jn(W>  =  °- 

The  function  G  *  G((r,4>,z),  (r ' ,  <J> ' ,  z  ' )  u  )  is  the  solution  of 

V2G  +  J2G  =  -4n  6(r, <)>, z;r ' , <J> ' , z ’ ) 


which  is  regular  at  r  =  0,  and  which  *exp(i^  |x | )  when  |x|  is  large.  V2  is 
expressed  of  course  in  cylindrical  coordinates. 

Then  the  test  functions  are: 


wnkm  =  exp(-in<|.) 


,L  , 

ay  J!  ,(y  a)  sin  k-7' 2-  U  (r,z;a,z')  dz' 
nm  J  n  ]  'nm  JQ  L  n 


r  j,  , 


+  —  I  J|-l^nmr')  (“l)k  Un(r,z;r',L)  -  Un(r,z;r’,o)  r'  dr' 


.  (w) 


where 


2  2 

u  +  i  4-  un  +  ij2  “  n2/r2)  U  +  •  U  =  -471  6(r,z;r',z')  . 

3r2  n  r  r  "  J  n  3z2  n 


The  Fourier  transform  is  applied  to  this  differential  equation,  the  transform 
being  taken  with  respect  to  z,  using  s  as  the  transform  variable .  Using 
standard  methods,  the  transform  U*  is  found: 


U*(r,s;a,z')  =  -in  J,  , (pr)  H,1j(pa)  exp(-isz')  ; 
n  |  n  I  I  n  | 

2  2  h 

p  is  the  branch  of  -  s  )  whose  imaginary  part  is  positive  when  s  is  real. 
U  is  then  recovered  from  U*,  in  the  form  of  a  Fourier  integral.  The  first 
iRtegral  which  appears  in  tRe  formula  (w)  for  wn^m  is 

f  sin  ky z  [j  (r,z;a,z')  dz'  « 

J0  L  n 

exp(isz)  ds  . 


L* 


T  JU|(pr>  H|1|  (Pa) 

L  n  n 


(-1)  exp(-isL)  -  1 


-  k2n2/L2 


To  calculate  the  second  integral  which  appears  in  (w) ,  the  process  is  repeated 
using  a  Fourier-Bessel  transform  with  respect  to  r,  and  the  transform  variable 
t.  Suppressing  a  nonzero  factor,  the  closed  form  representation  for  w  ^h,, 
valid  for  Imj  >  0,  is 
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w  ,  =  exp(-in<j>) 

nkm 


r  co 

if  J,  i  (pr)  (pa) 

(-l)k  exp(-isL)  -  1 

(j-„.  In)  |  n  ] 

s2  -  k2Tr2/L2 

exp(isz)  ds 


CO 

f 

(-l)k  exp(iq(L  -  z))  -  exp(iqz) 

J|n|(tr)  J|n|<ta>  f  J 

Jo 

L  q 

t2  -  y2 
nm 

+  2 


2  2  % 

q  is  the  branch  of  -  t  )  whose  imaginary  part  is  postive  when  t  is  real. 

The  final  step  is  to  reevaluate  these  integrals  in  a  form  which  can  be 
continued  into  the  lower  half  plane.  To  illustrate  the  method  this  is  done 
for  the  first  integral. 

Designating  the  integral  by  I,  I  =  lim  I  *1  is  the  integral  along  the 
real  s  axis,  deleting  an  interval  of  width  e  at  each  of  the  points  s  =  kir/L 
and  s  =  -kir/L.  The  limit  is  taken  as  e  approaches  zero. 


Then  the  integrand  is  written  as  the  sum  of  two  terms  one  of  which  contains 
the  factor  exp(-is(L  -  z));  the  other  contains  the  factor  exp(isz).  Attention 
is  fixed  on  the  term  which  contains  the  factor  exp(isz).  The  notation  I  will 
be  retained,  for  this  term. 

On  the  Riemann  surface  for  (y 
path  is  constructed: 


2  -  *2^ 


s  )  %  above  the  s  plane,  the  following 
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I  is  the  integral  along  the  deleted  path,  but  for  -R  <.  s  <_  R.  Clearly, 

Ie  isRthe  limit  of  1^  as  R  becomes  large.  The  dotted  line  in  the  diagram 
corresponding  to  the  arc  C',  is  on  the  second  sheet  of  the  surface;  the  hatched 
lines  are  the  cuts  in  the  s  plane.  The  indicated  curve  is  simple  and  closed 
on  the  Riemann  surface.  Consequently, 


XR  +  *C_  +  *C+  +  V  +  XC  ,  _ 


0 
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It  is  then  routine  to  verify  that  as  R  becomes  arbitrarily  large,  1^,  converges 
to  zero,  and  that  R  can  be  written  as  an  integral,  along  the  upper  edge 

of  the  cut,  of  a  function  in  which  only  Bessel  functions  appear.  Ic  and  I„ 
are  easy  to  evaluate  as  e  goes  to  zero.  “ 

A  similar  calculation  can  be  performed  for  the  other  exponential  factor. 
After  some  manipulation  the  integral  can  be  written: 

L/k  sin  kitz/L  J|n|((^2  ~  k^/L2)*5  r)  h|^|  ((5 2  -  k2*2/!.2)*5  a) 

+  r  J|n|(pr)J| 


The  integrand  is  an  analytic  function  of  3,  and  the  integral  converges  for 
all^  ;  the  remaining  terms  have  well  known  continuations  into  the  lower  half 


COMPLEX  SINGULARITIES  OF  THE  IMPEDANCE  FUNCTIONS 
OF  ANTENNAS 


C.  T.  Tai,  Radiation  Laboratory,  Department  of  Electrical  and  Computer 
Engineering,  The  University  of  Michigan,  Ann  Arbor,  Ml  48109 


X.  INTRODUCTION 

Most  of  the  research  on  the  singularity  expansion  method  are  based  on  the 
integral  equation  of  the  surface  current  on  a  conducting  scatterer  or  the 
eigenfunction  of  the  natural  oscillation  of  some  bodies  of  simple  shapes.  An 
alternative  approach,  more  closely  related  to  the  transient  response  of 
antennas,  is  to  study  the  complex  singularities  of  the  impedance  function  of 
these  antennas.  This  approach  is  similar  to  the  search  of  singularities  for 
a  terminated  line  [l].  In  fact,  for  a  biconical  antenna  the  model  is  exactly 
the  same  because  the  input  impedance  of  a  biconical  antenna  can  be  interpreted 
as  that  of  a  terminated  biconical  transmission  line  [2,3].  For  antennas  of 
arbitrary  shape  they  can  be  treated  as  nonuniform  biconical  antennas  by  a 
perturbation  method  originally  due  to  Schelkunoff  [3]-  However,  for  this 
class  of  antennas  the  average  characteristic  impedance  of  the  antenna,  which 
is  a  parameter  used  in  the  perturbation  theory,  is  arbitrary.  This  procedure 
is  similar  to  that  of  the  thickness  parameter  in  higher  order  solutions  of 
Hallen's  theory  based  on  the  integral  equation  method. 

In  this  paper  we  will  first  review  the  basic  method  used  in  the  trans¬ 
mission  line  theory  and  then  apply  it  to  thin  bicon'cal  antennas.  Schelku¬ 
noff' s  perturbation  method,  with  a  proper  modification  of  the  value  of  the 
average  characteristic  impedance,  is  then  applied  to  thin  cylindrical  and 
prolate  spheroidal  antennas. 

II.  ZEROS  or  THE  INPUT  IMPEDANCE  FUNCTION  OF  A  TERINATED  LINE 


For  a  lossless  line  terminated  by  a  load  impedance  Z  the  normalized 
input  impedance  function  z^(s)  of  the  line  expressed  in  Laplace  transform 
domain  is  given  by 


z1(s) 


1  +  r(s)e~2s 
1  -  r(s)e'2s 


(1) 


where 


j  (  r-> 
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r(s) 


z 


C 


Z(s)  -  ZQ  Yc  -  Y(s) 

Z(s)  +  Z  =  Y  +  Y(s) 

c  c 

1  -  y(s) 

1  +  y(s) 


(2) 


1_ 

Y 


=  characteristic  impedance  of  the  line. 


For  a  line  termined  by  a  series  R-L-C  impedance,  for  example,  the  zeroes  of 
z^(s),  denoted  by  s^,  are  roots  of  the  equation 


1  +  r(s)e“2s  =  0 


(3) 


where 


f(s) 


z(s)  -  1 
z(  s )  +  1 


z(s) 


r  +  as 


+  1 

s 


Three  typical  distributions  oi  based  on  the  solution  of  (3)  are  shown  in 
Figs.  1  through  3. 


III.  ZEROS  OF  INPUT  IMPEDANCE  FUNCTION  OF  THIN  BICONICAL  ANTENNAS 


According  to  the  theory  of  biconical  antennas  [2,3]  the  input  impedance 
function  of  these  antennas  can  be  written  in  the  form  of  Eq.  (l)  except  that 
the  characteristic  impedance  is  now  replaced  by  that  of  the  biconical 
transmission  line  and  the  load  impedance  or  admittance  by  an  effective 
terminated  function  resulting  from  the  radiation  of  the  antenna.  For  thin 
biconical  antennas  the  characteristic  impedance  is  given  by 


where 


0q  =  half-angle  of  the  bicone. 


and  y(s),  the  effective  normalized  terminal  admittance  expressed  in  Laplace 
transform  domain,  has  the  expression 


y(s) 


{2L(2s) 


+  e‘2s[Hn  2  +  L(2s)  -  L(US) ] 
+  e2s[-tn  2  +  L(-2s)} 


(10 


where  s  =  jafc/c, 


length  of  the  biconical  antenna. 


,-1/2 


L{x)  =  So  (l-e_t)/t  dt  . 
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The  zeros  of  the  input  impedance  function  of  a  typical  thin  biconical 
antenna  are  shown  in  Fig.  1+.  They  are  first  obtained  numerically  by  a  scanning 
search  method  and  later  verified  by  Giri  based  on  a  more  systematic  contour 
integration  method  [4].  It  is  quite  certain  that  there  are  only  two  branches 
or  layers  in  the  upper  left  half  plane  in  the  s  domain.  There  are,  of  course, 
two  conjugate  branches  in  the  lower  left  half  plane. 

IV.  ZEROS  OF  THE  IMPEDANCE  FUNCTIONS  OF  THIN  CYLINDRICAL  AND  SPHEROIDAL 

ANTENNAS 

According  to  Schelkunoff  [2]  antennas  of  arbitrary  shape  can  be  treated 
as  nonuniform  biconical  antennas.  By  using  a  perturbation  method  it  is 
possible  to  calculate  the  impedance  of  these  antennas.  However,  the  parameter, 
corresponding  to  the  characteristic  impedance  of  the  uniform  biconical  antenna 
used  in  the  perturbation  method,  is  arbitrary.  This  parameter  plays  a  similar 
role  as  the  thickness  parameter  in  Hallen’s  theory  of  cylindrical  antennas 
based  on  the  integral  equation  method.  In  Schelkunoff 's  original  work  he  used 
the  average  characteristic  impedance  of  these  antennas  as  the  expansion 
parameter.  They  are: 


t 


fc 


Z 

i—  (in  —  -  l)  ,  for  cylindrical  antennas 
1  "TT  £l 


ca 


o 

—  S.n  —  ,  for  prolate  spheroidal  antennas 

The  biconical  antennas  with  these  characteristic  impedances  have  the  dimension 
shown  in  Fig.  5a  by  the  dotted  lines.  The  corresponding  cylindrical  antenna 
and  the  spheroidal  antenna  are  shown  in  the  same  figure.  The  impedances  of 
these  antennas  based  on  this  model  do  not  agree  well  with  the  results  based 
on  other  methods ,  such  as  the  one  due  to  King  and  Middleton  [ 5 ]  and  the 
variational  solution  [6].  We,  therefore,  have  revised  Schelkunoff 's  theory 
by  using  an  average  impedance 

Zo  2 1 

Z'  =  —  in  —  . 

ca  it  a 

The  biconical  antenna  with  this  characteristic  impedance  is  shown  by  the 
dotted  line  in  Fig.  5b. 

The  values  of  the  impedance  calculated  based  on  this  modified  parameter 
in  the  perturbation  method  agree  much  better  with  the  results  of  other  theories. 
Following  Schelkunoff ' s  theory  the  relevant  formulas  are: 


zi  ( s ) 


y(s)A(s)  +  B(s) 
y(s)c(s)  +  dTs) 


(5) 


where 


A(s) 
D(  8  ) 


B(s){ 

C(s) 


=  _Sh(s)  ±  N ( s ) Ch ( s )  +  M(s)Sh(s) 


_Ch(s)  +  N(s)Sh(s)  +  M(s)Ch(s) 
Zca 
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N(s)  =  -  ^2.  [Sh(2s)  -  i  L(2s)  +  |  L(-2s)]  , 

Z  i  i 

K(s)  =  2^  [Ch(2s)  -  1  +  |  L(2s)  +  j  L(-2s)]  . 

The  function  y(s)  is  the  same  as  the  one  given  by  Eq.  (4)  with  Z 
therein  replaced  by  Z^a-  A  typical  distribution  of  the  zeros  of  z^s^  for 

cylindrical  antennas  based  on  this  method  is  shown  in  Fig.  6.  The  zeros 
of  the  corresponding  inscribed  biconical  antennas  are  shown  in  the  same  figure. 
Figure  7  shows  a  comparison  of  these  zeros  for  another  cylindrical  antenna 
with  the  results  obtained  oy  Tesche  [7]  based  on  the  integral  equation  method. 
Figure  8  gives  a  comparison  of  our  result  for  the  prolate  spheroidal  antenna 
with  the  one  obtained  by  Marin  [8].  There  is  very  little  similarity  between 
our  calculated  values  and  their  findings.  In  particular,  like  the  distribution 
of  the  zeros  for  thin  biconical  antennas  there  are  only  two  distinct  branches 
for  both  cylindrical  and  spheroidal  antennas  based  on  the  present  method,  and 
there  are  more  branches  or  layers  according  to  Tesche 's  calculations.  We  are 
unable  to  offer  an  explanation  of  these  differences. 

V.  POLES  OF  THE  CURRENT  RESPONSE  FUNCTION  OF  A  BICONICAL  RECEIVING  ANTENNA 


According  to  the  well  known  theory  of  receiving  antennas  the  load  current 
of  an  antenna  terminated  by  a  load  impedance  operated  as  a  receiving  antenna 
placed  in  an  incident  field  is  given  by 


Its) 


EX(s)  •  h(s) 

zrTsTTTTiT  ’ 


where  E'L(s) 


incident  electric  field. 


h(s)  =  vector  effective  height  function. 


Z^(s)  =  input  impedance  function  of  the  antenna  operating  in  its 
transmitting  mode  arid 
Z^(s)  =  terminal  load  impedance. 

All  quantities  are  defined  in  terms  of  the  Laplace  transform  variable  's'. 

The  zeros  of  Z  (s)  +  Z.(s)  correspond  to  the  poles  cf  the  current  response 
Li 

function.  There  may  be  other  poles  associated  with  the  excitation  function 
EMs)  and  the  effective  height  function  h(s)  of  the  antenna  which  are  not 
under  discussion.  Based  on  this  model  we  have  calculated  the  roots  of  the 
equation 


ZT(s)  +  Z,  ( s)  =  0 

for  a  thin  biconical  antenna.  A  typical  distribution  of  the  poles  of  the 
current  response  function  is  shown  in  Fig.  9  for  a  resistive  load.  It  is 
seen  as  the  load  resistance  changes  from  zero  (short  circuit)  to  inifnity 
(open  circuit)  the  poles  of  l(s)  start  from  the  zeros  of  Z^(s),  marked  by 
dots,  then  migrate  and  terminate  at  the  poles  of  Z^(s),  marked  by  crosses 
All  poles  are  simple  except  the  one  located  on  the  negative  real  axis  at 
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s  =  -1.6l.  It  is  interesting  to  note  that  the  poles  started  at  the  zeros 
of  Z.(s)  from  the  second  branch  recede  to  negative  infinity  for  a  matched  load 
(R^  =  Z  or  a  =  l)  but  those  started  at  the  first  branch  migrate  in  the  finite 
plane.  The  effect  of  loading  as  exhibited  by  this  plot  has  not  been  studied  by 
other  workers  based  on  the  integral  equation  method.  No  comparison,  therefore, 
can  be  made 

VI.  CONCLUSIONS 

The  zeros  of  the  impedance  function  of  thin  biconical,  cylindrical, 
and  prolate  spheroidal  antennas  have  been  calculated  based  on  a  method 
similar  to  the  one  for  a  terminated  transmission  line.  For  cylindrical 
and  spheroidal  antennas  Schelkunoff 's  perturbation  theory  with  a  proper 
modification  has  been  used.  The  results,  in  general,  show  considerable 
difference  as  compared  with  those  obtained  by  the  integral  equation  method. 

In  particular,  we  have  found  only  two  distinct  branches  of  zeros  in  contrast 
to  many  layers  found  by  other  workers.  The  distribution  of  the  zeros  based 
on  the  impedance  method  is  very  similar  to  that  of  a  transmission  line  termi¬ 
nated  by  an  impedance.  It  is  possible  that  the  difference  could  be  due  to 
different  approximations  involved  in  the  two  methods.  As  far  as  the  time 
domain  solution  is  concerned  the  singularities  with  low  real  damping  constant 
are  the  significant  ones  for  the  transient  response.  Since  the  first  branch 
based  on  the  two  different  methods  is  very  close  the  actual  transient  response 
may  not  be  significantly  different.  The  poles  of  the  current  response  function 
of  a  biconical  receiving  antenna  have  also  been  investigated  to  illustrate  the 
application  of  the  present  method  for  this  class  of  problems  involving  a  loaded 
antenna.  A  decent  explanation  requires  a  thorough  examination  of  the  unique¬ 
ness  problem  based  on  different  methods.  When  an  approximate  formulation  is 
involved  as  in  our  present  work  where  the  terminal  admittance  function  is  an 
approximate  expression  for  thin  biconical  antenna  it  is  not  clear  whether  or 
not  it  may  have  a  drastic  effect  on  the  distribution  of  its  ’exact'  singular¬ 
ities.  The  assistance  of  Mr.  Soon  K.  Cho  in  the  numerical  computation  is 
gratefully  acknowledged. 
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ON  THE  USE  OF  SINGULARITY  EXPANSION  METHOD 
FOR  ANALYSIS  OF  ANTENNAS  IN  CONDUCTING  MEDIA 


D.  V.  Giri  and  F.  M.  Tesche,  LuTech,  Inc.,  P.O.  Box  1263, 
Berkeley,  CA  94701 


ABSTRACT 

The  application  of  the  singularity  expansion  method  (SEM)  to  the  analysis 
of  antennas  and  electromagnetic  scatterers  has  usually  been  applied  to  simple, 
isolated  bodies  in  free  space  or  to  simple  bodies  near  a  perfectly  conducting 
ground  plane.  Theoretical  studies  of  SEM  have  been  applied  to  these  rel¬ 
atively  simple  geometries  to  yield  significant  insight  into  the  radiation  and 
scattering  process.  In  analytically  investigating  the  behavior  or  antennas  in 
a  lossy  medium,  it  is  known  that  in  addition  to  simple  pole  singularities, 
there  is  a  branch  cut  linking  two  branch  points  in  the  complex  frequency 
representation  of  the  antenna  response.  While  significant  information  re¬ 
garding  the  nature  of  the  branch  cut  and  its  effect  on  the  antenna  response 
can  be  obtained  by  purely  analytical  methods,  a  numerical  study  of  this 
antenna  can  provide  useful  results. 

This  paper  provides  an  analysis  of  the  behavior  of  a  linear  antenna 
in  a  conducting  region.  Special  attention  is  paid  to  the  importance  of  the 
branch  cut  contribution  to  the  overall  antenna  response.  The  possibility  of 
realizing  the  input  admittance  or  impedance  of  the  antenna  via  lumped  circuit 
elements  is  first  reviewed  for  the  case  of  a  lossless  medium  surrounding  the 
antenna,  and  then  extended  to  the  case  of  an  antenna  in  a  lossy  medium. 


1 .  INTRODUCTION 

The  introduction  of  the  singularity  expansion  method  (SEM)  by  Baum  [3.1] 
has  resulted  in  a  useful  method  for  determining  the  wide  band  or  transient 
electrical  behavior  of  antennas  and  scatterers.  Due  to  the  mathematical  com¬ 
plexity  of  SEM,  however,  it  is  not  generally  possible  to  perform  a  thorough 
analysis  on  such  problems  without  resorting  to  numerical  methods.  Even  in  the 
case  of  an  extremely  simple  body,  say  a  sphere,  numerical  methods  are  needed 
to  evaluate  the  complex  singularities  (poles)  of  the  response.  Furthermore, 
significant  theoretical  questions  regarding  SEK,  such  as  completeness  and  the 
existence  of  entire  functions,  remain  unanswered. 

Whereas  numerical  calculations  can  be  used  to  examine  some  of  these  un¬ 
answered  theoretical  questions  in  SEM,  they  certainly  cannot  be  considered  to 
be  a  "proof"  of  a  particular  fact.  They  can,  however,  serve  to  guide  the 
theoretical  studies  of  SEM  by  providing  data  on  selected  geometrical  configur¬ 
ations.  This  paper  presents  results  of  a  short  study  of  a  linear  antenna 
immersed  in  a  conducting  medium.  Of  particular  interest  are: 
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(1)  the  computation  of  input  admittance  Y^n  and  short  circuit  current  Igc  via 
a  knowledge  of  the  complex  singularities  and  (ii)  one  form  of  synthesizing 
these  quantities  using  lumped  parameter  networks  (LPNs) . 

This  paper  is  organized  as  follows.  After  this  introductory  section. 
Section  2  briefly  reviews  the  SEM  analysis  of  the  problem  of  cylindrical 
antennas  in  free  space.  In  Section  3,  the  SEM  analysis  of  a  cylindrical 
antenna  in  a  conducting  medium  is  considered  and  methods  of  synthesizing  its 
input  quantities  using  lumped  parameter  networks  (LPNs)  are  described.  In 
Section  4,  typical  numerical  results  are  presented.  Section  5  contains  a 
summary  and  is  followed  by  a  list  of  references. 


2.  SOME  COMMENTS  ON  SEM  ANALYSIS  OF  CYLINDRICAL  ANTENNA  IN  FREE  SPACE 

Integral  equation  formulations  have  proved  to  be  a  powerful  tool  in 
analyzing  general  shapes  and  impedance  loading  distributions  on  antennas  and 
scatterers.  Specifically  for  solving  transient/broadband  problems,  a  complex 
frequency  (s  =  (2  +  jui)  approach  employed  by  SEM  analysis  starting  with  a 
Hallen  or  Pocklington  type  of  integral  equation  has  been  widely  used.  The 
basic  idea  of  SEM  is  to  express  the  electromagnetic  behavior  in  terms  of 
complex  singularities.  The  SEM  work  reported  to  date  has  concentrated  on 
computing  the  responses  of  finite  size  objects  in  free  space.  In  many 
instances,  only  poles  appear  in  the  finite  plane,  giving  rise  to  a  consider¬ 
able  simplification.  One  example  is  the  SEM  analysis  of  a  straight  thin  wire 
in  free  space.  The  first  numerical  study  using  the  method  of  moment  tech¬ 
niques,  on  the  subject  of  SEM  analysis  of  thin  wires,  was  performed  by  ^ 

Tesche  [4.48],  I 

In  this  reference  [4.48],  the  exterior  natural  resonant  frequencies  were  | 

computed  starting  from  the  electric  field  integral  equation  formulation.  The  * 

other  SEM  parameters,  e.g.,  coupling  coefficients  and  natural  modes,  were  also  j 

evaluated  at  the  natural  frequencies.  These  SEM  parameters  are  then  used  in 
determining  the  time  domain  behavior  of  the  induced  current  on  the  thin  wire 
scatterer.  The  interested  reader  is  referred  to  Tesche's  work  [4.48]  which 
lists  a  number  of  observations  and  questions,  some  of  which  are  yet  to  be 

addressed.  One  important  observation  is  that  the  transient  behavior  of  this  . 

class  of  scatterers  can  be  computed  for  any  angle  of  incidence  and  shape  of  J 

incident  waveform  by  knowing  the  SEM  parameters;  natural  frequencies, 
coupling  coefficients  and  natural  modes. 


3.  SEM  ANALYSIS  OF  CYLINDRICAL  ANTENNA  IN  CONDUCTIVE  MEDIUM 
3.1  Integral  Equation  Formulation 

Consider  a  linear  cylindrical  dipole  antenna  of  lengh  L  »  2h  and  a 
radius,  a,  immersed  in  a  homogenous,  isotropic  and  time  Invariant  conducting 
medium.  The  geometry  of  the  problem  is  illustrated  in  Figure  1,  where  the 
constitutive  parameters  of  the  surrounding  medium  which  is  assumed  non¬ 
magnetic  are  o^,  and  p,,.  The  Pocklington  form  of  the  Integral  equation 

for  the  axial  current  distribution  is  similar  to  that  for  the  free  space  case, 
except  for  the  change  in  the  propagation  constant  and  the  additional  con¬ 
duction  current  component  of  the  incident  field.  The  integral  equation 
applicable  to  the  conducting  medium  case  is  now  given  by 
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I  2  /• 

{^~~2  ~  Yl^  J  I(z'»s)  K(z,z';s)  dz'  =  -  (s£  +  C^)  E^nC  (z,s) 


(1) 


where 


K(z,z';s)  = 


-YjRCz.z') 

4ttR(z,z') 


Vo^  _  _ 

er  +  si!-  =  <^0  V se  +  °i 


and  R(z,z')  =  [ (z  -  z ' ) ^  +  a^]  . 


Starting  with  the  EFIE  above,  the  object  is  to  perform  a  numerical  s-plane 
SEM  analysis,  leading  to  a  determination  of  the  input  quantities  Yjn  and  Isc, 
which  are  obtained  directly  from  the  solution  I(z,s)  of  the  integral  equation. 


This  analysis  may  be  carried  out  numerically  by  computing  Yin  and  Isc  in 
the  complex  s-plane  via  a  moment  method  solution  of  the  integral  equation. 
Using  this  method  for  evaluating  the  complex  antenna  input  functions  and  a 
pole/zero  searching  routine,  the  antenna  response  singularities  in  the  finite 
complex  s-plane  are  sought.  The  input  functions  are  then  expressed  in  terms 
of  the  known  singularities  as  ratios  of  polynomials  and,  later,  as  a  summation 
of  partial  fractions  for  synthesis.  However,  in  marked  contrast  with  the  free 
space  case,  it  is  seen  that  due  to  the  square  root  in  the  complex  propagation 
constant,  branch  points  occur  in  the  s-plane,  making  the  complex  s-plane  two 
sheeted  for  each  branch  point.  It  is  possible  to  analytically  determine  the 
location  of  these  branch  points  and  then  verify  these  locations  numerically, 
using  numerical  methods.  A  detailed  discussion  of  the  occurrence  of  the 
branch  points  and  the  associated  branch  cut  is  the  subject  of  the  following 
subsection. 


3.2  Occurrence  of  Branch  Points 

In  the  kernel  function  K(z,z',s)  of  the  integral  equation,  the  exponent 
“YjR  is  the  source  of  branch  points.  Since  the  distance  term  R(z,z')  is 
frequency  independent,  an  examination  of  the  propagation  constant  Y^  suggests 
the  occurrence  of  branch  points  at  s  =  0  and  s  =  -  o^/(£Qer).  For  the  case  of 
real  Oj  and  er,  the  branch  points  occur  in  the  normalized  s-plane  at 
(sL/ttc)  *  0  and  (sL/ttc)  =  120  a^L/er.  The  associated  branch  cut  extends  from 
the  origin  to  the  second  branch  point  along  the  negative  real  axis  in  the 
s-plane.  This  was  numerically  verified  for  a  number  of  cases  by  computing  the 
discontinuity  in  the  input  Impedance  and  admittance  Z±n  and  Yin,  respectively, 
along  the  negative  real  axis.  The  discontinuities  were  seen  to  be  purely 
imaginary  and  they  did  validate  the  predicted  extent  of  the  branch  cut. 

Of  special  interest,  especially  for  synthesizing  the  antenna  response 
using  lumped  networks,  is  the  determination  of  the  locations  of  poles  and 
zeros,  which  fortunately  turns  out  to  be  less  tedius  than  one  might  expect. 

The  procedure  for  obtaining  the  pole-zero  locations  for  the  lossy  medium  case, 
knowing  their  locations  for  the  free  space,  is  outlined  below. 
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3.3  Trajectories  of  Poles  and  Zeros  Given  the  Free  Space  Value 


In  this  section,  the  relationship  between  the  pole  (or  zero)  locations 
for  a  linear  antenna  in  free  space  and  in  a  conducting  medium  is  developed. 
This  relationship  is  then  used  in  plotting  the  pole  and  zero  trajectories  in 
the  complex  s-plane  for  the  antenna  input  impedance,  Z in. 


It  has  been  observed  [4.54]  that  the  essential  change  in  the  integral 
equation  for  free  space  and  for  the  conducting  medium  lies  in  the  complex 
propagation  constant.  This  change  amounts  to  a  change  of  variable  from 

s  to  sVer  +  (aj /sCq). 


This  observation  leads  to  the  following  relationship 


*ai 


-a. 


2e0£r 


ErpO(0 


(2) 


where  pa^  and  pag  are  the  location  of  poles  of  2  in  for  the  antenna  in  a  lossy 
medium  and  free  space,  respectively. 

To  graphically  illustrate  this  equation,  consider  a  dipole  antenna  of 
length  L  =  2h  =  1  m  and  shape  factor  ^  =  [2  Hn(L/a)]  of  10.59.  Its  first  few 
poles  and  zeros  are  computed  numerically  for  the  free  space  situation.  Note 
that  the  origin  is  an  impedance  pole  when  o  =  0.  But  as  soon  as  some  finite 
conductivity  is  introduced,  the  origin  turns  into  a  branch  point  and  poles  and 
zeros  asymptotically  move  toward  -“on  the  negative  real  axis.  The  pole-zero 
trajectories  are  plotted  in  Figure  2,  where  the  conductivity  is  gradually 
increased  from  Omhos/m  to  about  5  x  10“^  mhos/m.  These  trajectories  are 
computed  by  using  equation  (2).  With  respect  to  these  trajectories,  two 
observations  are  in  order,  (i)  the  trajectories  do  not  appear  to  intersect,  so 
that  there  is  no  cancellation  of  a  pole  and  zero  for  any  finite  value  of  con¬ 
ductivity,  and  (ii)  the  trajectories  do  not  cross  or  run  into  the  finitely 
long  branch  cut  on  the  negative  real  axis. 


In  review,  it  is  noted  that  once  the  pole-zero  structure  in  the  upper 
left  half  s-plane  is  known,  it  is  straightforward  to  compute  the  corresponding 
pole-zero  locations  for  the  antenna  input  quantity,  when  the  antenna  is 
surrounded  by  a  conducting  medium.  The  determination  of  the  singularity 
structure  is  complete,  once  the  branch  cut  is  added  to  the  knowledge  of 
pole-zero  locations. 


The  occurrence  of  the  finite  branch  cut  along  the  negative  real  axis  of 
the  complex  s-plane  contributes  to  the  pole  series  of  antenna  input  quantity 
(say  F(s)).  F(s)  can  represent  either  Z^n  or  Yin  of  the  antenna  in  a 
conducting  medium.  Let  us  now  determine  the  branch  cut  contribution  to  F(s). 
Consider  the  following  contour  integral,  in  reference  to  Figure  3 


2uj 


F(s0)  +2 

a 


(3) 


where  Ra  is  the  residue  at  pole  s  .  The  above  result  follows  from  Cauchy's 
residue  theorem.  Assuming  negligible  contribution  on  the  infinite  circle, 
the  contour  integral  on  the. left  side  of  the  above  equation  becomes 
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trajectory  of  a  pole  of  Zjn 
trajectory  of  a  zero  of  Zjn 


(-2L7C) 

Pole  and  zero  trajectories  In  the  complex  frequency  of  the 
Input  Impedance  Zjn  of  a  linear  antenna,  for  various 
medium  conductivities 
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(4) 


where  AF(fi)  is  the  discontinuity  across  the  branch  cut.  The  integral  in 
Eq.  (4)  is  specifically  the  branch  cut  contribution  to  the  response  and  the 
summation  term  is  the  familiar  pole  series  contribution.  It  is  interesting 
to  compare  the  contribution  to  Y^n  of  the  branch  cut,  relative  to  the 
collective  contributions  of  the  poles  in  the  finite  complex  plane.  Such  a 
comparison  was  carried  out  for  an  antenna  of  1  meter  in  length,  and  for  all  of 
the  examples  considered  for  a  =  0  to  10“2  mhos/meter,  the  branch  cut  contri¬ 
butions  were  found  to  be  negligible. 


3.4  Isc  and  Y^n  and  Associated  Network  Realizations 


The  pole  series  of  the  form  contained  in  Eq.  (4)  leads  to  partial 
fraction  expansions  of  the  following  form  the  Yin  and  I  . 


Yin<S> 


C„, (a)s  +  C„,(a)s  +  Cy3(a) 


X''  yl 1  '  y2v" 

^  s2  +  C, . (a)s  + 


1A(a)s  +  Ci5(a) 


(5) 


X  (s)  a 

SC 


C11(a)s  +  Ci2(a)s  +  Ci3(a) 

s2  +  C, , (a)s  +  C, _ (a) 


(6) 


The  partial  fraction  expansions  can  be  realized  using  lumped  networks  and  the 
results  are  summarized  below. 

Defining 

V  *  Cyl (ot)  -  rcy3<°0/cy5(a)];  Eya  -  Cy2(a)  -  [Cy3(a)Cy4(a)/Cy5(a)] 


(7) 


F  “  c„/ (a)  -[DC  ,(a)/E  ];  G  -  E  -  D  F 

ya  y4  ya  y5'  ya’  ya  ya  ya  ya 


the  LPN  elements  in  Y  realization  of  Figure  4a  are  given  by 
R2  “  Cy5<a)/Cy3(a);  Ca  “  Eya/Cy5(a) 

R1  ‘  1/Dyai  La  "  1/Gya  and  R0a  “  Fya/Gya  * 


(8) 


Furthermore,  the  individual  current  sources  I.,  I„,  I,,  ...  I  of  I  in 

l  J  m  sc 
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Figure  4a.  Y  corresponding 
to  a  pole  pair 


Figure  4b.  Va  corresponding 
to  a  pole  pair 


Figure  4c.  Realized  circuit  using  Norton  approach 
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Eq.  (6)  are  combined  with  individual  Y^  Y2,  Y^,  _  YM  in  Eq.  (5),  by  writing 

the  equivalent  voltage  sources  V^,  V2,  V3,  ...  as  indicated. 


v  Xa  3  Cll(a)  +  8  Cj2(a)  +  Ci3(a) 

a  Ya  s2  Cyl(a)  +  s  Cy2(a)  +  Cy3(a) 


(9) 


The  are  synthesized  in  a  form  given  by  Figure  4b,  denoting 
Ava  “  Cil (a) /Ci2 (a) 5  Bva  ‘  Ci3 (a) /Cy 2 (a> 


va  12' 


Jilv 


va 


^  „  ->  C..(a)  -  [C.,  (a)B  /A  ] 
va  13  il  va  va 


(10) 


F  -  1  -  [A  E  /D  I; 
va  va  va  va 


G  -  E  -  [D  B  /F  ] 
va  va  va  va  va 


In  terms  of  the  above  known  parameters,  the  LPN  elements  in  the  source 
synthesis  are  given  by 


Va=Cil(a)/Cyl(a): 

R3a  "  Gva^Bva’  Cla 


R,  «  C., (a)/A  ;  R. 

la  il  va’  2a 


=  A  /D  ;  F  /G 
va  va  va  va 


D  /F 
va  va 


(11) 


Thus,  the  complete  Norton  circuit  realization  of  the  antenna  in  a  lossy  medium 
is  shown  in  Figure  4  and  all  of  the  LPN  elements  as  well  as  sources  are  known, 
in  terms  of  pole  locations  and  residues.  It  is  observed  that  this  is  only  one 
form  of  the  circuit  realization,  since  synthesis  in  general  is  a  non-unique 
process.  It  is  also  noted  that  if  of  the  ambient  medium  were  “  0,  the 
circuit  realization  would  simplify  considerably,  giving  equivalent  circuits 
that  are  similar  in  form  to  those  used  by  other  investigators  [4.2]. 


4.  NUMERICAL  RESULTS 


4.1  Input  Impedance  and  Admittance 

Using  the  previously  described  method  of  analysis,  a  series  of  calcula¬ 
tions  were  performed  for  an  isolated  antenna  (L  «  1  meter,  A/L  «  0.05, 
ft  »  10.59)  in  a  conducting  region.  Figure  5a  shows  the  magnitude  of  the 
antenna  input  impedance  as  a  function  of  frequency  (u>L/c)  for  conductivities 
of  a  ■  0,  .001,  .01,  .05,  and  .1  mhos/meter.  The  corresponding  input  ad¬ 
mittance  magnitude  is  shown  in  Figure  5b.  As  the  conductivity  increases  from 
zero,  it  is  seen  that  the  input  impedance  starts  having  a  resistive  component, 
and  at  a  high  conductivity  value,  the  antenna  seems  to  be  "shorted  out."  It 
is  interesting  to  note  that  the  resonance  effects  of  the  antenna  vanish  as  a 
Increases.  At  a  ■  .01  mhos/meter,  the  resonances  have  almost  been  eradicated, 
and  at  a  m  0.5  mhos/meter,  there  is  no  trace  of  a  resonant  behavior.  It  is 
apparent  from  Figure  2  what  is  happening  in  this  case.  As  a  increases,  the 
poles  and  zeros  move  off  into  the  left  hand  complex  frequency  pland  and  give 
smaller  contributions  to  the  overall  response.  As  seen  in  Figure  2,  the 
change  of  pole  and  zero  locations  from  a  varying  between  .01  and  .05  mhos/ 
meter  is  extreme,  especially  for  the  fundamental  (lowest)  resonance. 
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For  the  driven  antenna  problem,  we  are  interested  in  more  than  just  the 
input  impedance  or  admittance.  We  must  also  calculate  the  Thevenin  or  Norton 
equivalent  sources.  For  this  example.  Figure  6  shows  the  open  circuit  voltage 
magnitude,  voc »  and  short  circuit  current  magnitude,  Isc,  as  a  function  of 
frequency  (wL/c)  for  a  =  0.001  mhos/meter  and  various  angles  of  incidence  9 
(defined  to  be  0°  along  the  antenna,  and  90°  normal  to  it)  of  a  1  volt/meter 
incident  plane  wave.  It  is  interesting  to  note  that  at  u>  ■  0,  the  short 
circuit  current  of  the  antenna  goes  to  zero  in  the  case  of  no  air  conduc¬ 
tivity.  As  a  is  increased,  however,  the  current  is  non-zero.  In  a  manner 
similar  to  Yin  and  Zin,  the  resonance  effects  in  Isc  and  Voc  tend  to  be 
swamped  out  as  a  increases. 


4.2  Synthesis  Results  for  an  Antenna  in  Free  Space 


As  previously  discussed,  the  necessary  information  to  perform  a  lumped 
circuit  synthesis  of  the  antenna  is  contained  in  the  poles  and  residues  of 
Yin  an<*  Igc •  In  carrying  out  the  reconstruction  of  Y^n  or  Isc  from  the 
appropriate  poles  and  residues  of  the  functions,  it  is  important  to  keep  in 
mind  that  we  are  attempting  to  approximate  a  function  having  an  infinite 
number  of  poles  by  one  with  a  finite  number.  It  has  been  found  that  for  a 
pole  series  representation  for  Yin  of  the  form 


(12) 


a  pole 
pal 


pairs 

the  convergence  of  the  series  to  the  correct  value  is  a  very  slow  function  of 
the  number  of  pole  pairs  considered. 


One  approach  to  alleviate  this  problem  is  to  use  a  modified  pole  series 
expansion  [4.3]  of  the  form 


This  function  has  the  same  poles  and  residues  as  Y^n,  but  is  also  constrained 
to  vanish  term  by  term  at  u>  =  0.  It  has  been  verified  that  the  resulting 
spectrum  magnitude  for  | Y^n |  as  computed  from  the  integral  equation  and  as 
computed  from  the  modified  pole  series  are  in  excellent  agreement.  As  a 
result,  the  synthesis  of  the  circuits  for  Y^n,  as  well  as  for  the  other  input 
quantities,  is  based  on  the  modified  pole  expansion  form. 

Using  the  synthesis  procedure  previously  outlined,  the  following  circuit 
elements  for  the  input  admittance  of  the  isolated  antenna  in  free  space 
(L  «  1  meter,  A/L  -  .05,  (2  “  10.59,  a  “  0)  have  been  determined  (see  Table  1). 
Similarly,  the  elements  for  the  Norton  sources  are  given  in  Table  2.  For  the 
form  of  the  circuits,  the  reader  is  referred  to  Figure  4. 


As  may  be  noted,  there  are  several  negative  circuit  elements  which  occur 
in  LPN.  This  is  the  unfortunate  consequence  of  attempting  to  model  a  dis¬ 
tributed  field  problem  by  a  discrete  circuit  model.  Efforts  by  other  invest¬ 
igators  [4.46]  have  led  to  a  circuit  synthesis  involving  only  positive 
definite  elements,  but  the  circuits  are  relatively  complicated. 

It  is  Interesting  to  consider  the  effects  of  neglecting  the  negative 
resistance  in  the  synthesized  circuits  for  Yin.  We  found  that  neglecting  the 
negative  elements  introduces  a  significant  error  for  the  higher  resonances. 
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but  for  low  frequencies  (i.e.,  the  first  natural  frequency  and  below)  the 
effects  are  not  severe.  Also,  the  results  of  LPN  model  of  Y^n  and  Z^n  were 
compared  with  the  'true'  solution  of  the  integral  equation  revealing  dis¬ 
crepancies  in  higher  frequencies  due  to  truncation  of  pole  series. 


TABLE  1 

NORTON  CIRCUIT  ELEMENTS  FOR  ISOLATED  ANTENNA  IN  FREE  SPACE 


Pole  Pair 

RQ(fi) 

R^kfi) 

R3(kft) 

L(P  ) 

C(pf) 

1 

-3.05 

2.31 

OO 

.47 

2.77 

2 

-98.28 

6.03 

oo 

.41 

.33 

3 

-217.30 

9.43 

OO 

.39 

.12 

TABLE  2 

NORTON  CIRCUIT  ELEMENTS  FOR  SOURCES  FOR  ISOLATED  ANTENNA  IN  FREE  SPACE 

(6inc  =  90°) 


Pole  Pair  V'  (Volts)  R'^Ohms)  R’2(Ohms)  R'3(0hms)  C’^yf)  C'2(yf) 


i  1 

.64 

7.32  x 

io-3 

2.97  x 

1 

o 

0 

.66 

OO 

|  2 

-.31 

5.75  x 

10"3 

2.29  x 

10~3 

0 

.073 

oo 

(  3 

.23 

5. 15  x 

10~3 

3.14  x 

10"  3 

0 

.022 

oo 

4.3  Synthesis 

for  an 

Antenna 

in  a 

Lossy  Medium 

The  various  circuits  used  for  representing  the  impedance  or  admittance  as 
well  as  the  sources  for  an  antenna  in  a  lossy  medium  have  been  discussed  in 

Section  3.  It  had  been  postulated  that  the  presence  of  a  finite  air  con¬ 

ductivity  would  give  rise  to  a  simple  resistive  element  shunting  all 
capacitors  in  the  LPNs  for  the  antenna.  The  rationale  behind  this  spec¬ 
ulation  stems  from  the  fact  that  if  a  lossy  dielectric  is  inserted  into  an 
ideal  capacitor,  the  resulting  circuit  model  for  the  device  is  a  shunt  R-C 
circuit  with  R  •  [o/(Ce)]. 

We  investigated  the  validity  of  this  alternate  circuit  representation  by 
calculating  the  shift  of  the  natural  frequency  of  the  LPN  for  Y^n  given  in 
Figure  4a  with  that  given  by  simplified  circuit  involving  only  shunt  re¬ 
sistances.  In  this  case,  both  circuits  are  identical  for  a  -  0.  As  a 

increases,  all  elements  of  the  circuit  in  Figure  4a  change,  but  in  the  approx¬ 
imate  circuit,  only  the  shunt  resistance  varies.  The  resulting  difference 
between  the  actual  antenna  resonance  frequency  and  that  provided  by  the 
simplified  LPN  is  significant,  especially  at  conductivities  greater  than 
0.01  mhos/meter.  There  are  also  difficulties  with  this  approach  of  using 
only  shunt  resistances  in  attempting  to  synthesize  the  antenna  response. 

The  implication  of  the  above  is  that  all  LPN  elements  must  vary  as  a  varies. 

As  an  example  of  a  specific  synthesis  for  an  antenna  in  a  conductive 


I 
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region,  consider  an  isolated  antenna  (L  =  1  meter,  A/L  =  .05,  ft  =  10.95)  in  a 
region  with  a  =  .001  mhos/tneter .  The  following  table  presents  the  circuit 
elements  for  representing  Yin  of  Figure  4. 

TABLE  3 

NORTON  CIRCUIT  ELEMENTS  FOR  ISOLATED  ANTENNA  (a  =  10-3  mhos /meter) 


Pole  Pair 

RQ(ft) 

Rj (kfi) 

R2  (kft) 

L(yH) 

C(pf) 

1 

105.9 

8.35 

3.19 

.48 

2.73 

2 

-5.4 

7.74 

27.06 

.41 

.33 

3 

-128.0 

10.81 

74.15 

.40 

.12 

Similarly, 

the  source 

elements  for  each  pole  pair 

for  6  =  90° 

excitation  are 

given  by  Table  4. 

TABLE  4 

CIRCUIT  ELEMENTS  FOR  SOURCES  FOR  ISOLATED  ANTENNA  (a  =  10~3  mhos/meter) ,  =  90° 


Pole  Pair 

V' (volts) 

R 

^(ft) 

R'2(ft)  R'3(ft) 

C'jCyf) 

C'2(yf) 

1 

.64 

7.56 

x  10-3 

3.05  x  I0~3  0 

.64 

CO 

2 

-.31 

5.84 

x  10-3 

2.31  x  10~3  0 

.041 

CO 

3 

.23 

5.21 

x  10~3 

3.16  x  10"  3  0 

.022 

CO 

As  may  be  noted,  the  values  of  R'j  and  C’2  are  such  that  these  circuit 
elements  appear  shorted  in  the  source  circuits  for  this  value  of  conductivity. 

Figure  7  presents  a  comparison  of  |Yjn|  as  computed  from  the  integral 
equation  and  as  obtained  from  the  LPN.  As  before,  good  agreement  is  noted  for 
low  frequencies,  but  the  high  frequency  errors  are  again  present.  These 
errors  arise  from  not  having  a  sufficient  number  of  LPN  circuits  and,  in  part, 
due  to  neglecting  the  branch  cut  contribution  to  the  admittance,  although  for 
this  value  of  conductivity,  this  contribution  is  small. 


5.  SUMMARY 


In  this  paper,  we  have  presented  an  SEM  analysis  to  understand  the 
behavior  of  a  linear  antenna  in  a  conducting  region.  In  the  past,  theoretical 
studies  of  SEM  have  been  applied  to  relatively  simple  metallic  objects,  with 
only  pole  type  of  singularities.  For  the  present  problem,  branch  points  and 
an  associated  branch  cut  are  present  in  the  complex  frequency  plane.  The 
occurrence  of  branch  points  and  the  finite  extent  of  the  branch  cut  are 
numerically  validated.  However,  for  the  examples  of  conductivities  considered, 
the  contribution  of  the  branch  cut  to  input  parameters  (Y^n  or  Z^n) ,  compared 
with  the  combined  contribution  of  complex  poles  in  the  finite  s-plane  was 
found  to  be  negligible.  This  is  not  always  the  case  and,  in  general,  branch 
cut  contributions  should  be  included. 
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Of  specific  interest  in  this  paper  is  the  determination  of  Yin  and  Isc 
of  antennas  in  free  space  and  in  conducting  media  and  their  eventual  real¬ 
ization  into  a  Norton  equivalent  circuit  for  the  antenna  input  terminals. 

Such  circuits  have  their  usefulness  in  the  EMP  interaction  problem,  for 
example.  It  was  found  that  in  the  particular  form  of  synthesis,  non- 
negligible  negative  elements  appear.  If  such  circuit  realizations  are 
unacceptable,  more  complicated  networks  are  possible.  Furthermore,  one  can 
only  synthesize  pole  type  singularities  and,  hence,  branch  cut  contributions 
to  input  quantities,  if  any,  can  be  approximated  by  a  finite  number  of  poles 
for  synthesis  purposes.  Another  approach  that  deserves  deeper  investigation 
is  to  synthesize  branch  cut  contributions  by  lossy  transmission  lines 
resulting  in  hybrid  (lumped  and  distributed)  parameter  networks  (HPNs). 

The  applicable  range  of  validity  of  neglecting  the  branch  cut  contributions 
deserves  attention  in  future  analytical  efforts. 

In  conclusion,  the  past  work  has  been  extended  for  antennas  in  lossy 
media  for  the  case  of  oblique  incidence.  Certain  symmetries  are  preserved  in 
the  formulation  of  the  problem,  construction  of  the  pole  series,  and 
synthesis.  This  results  in  circuit  realizations  that  are  consistent  with  each 
other.  For  example,  if  the  medium  conductivity  is  removed,  the  circuit 
realizations  for  all  input  quantities  are  consistent  with  the  free  space 
problem. 
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The  Singularity  Expansion  Method  (SEM)  of  radar  scattering1 
^2.1,  3.1]  is  based  on  the  observation  that  the  echo  return  from 
pulsed  radar  signals  consists  of  a  superposition  of  damped  sinu¬ 
soids.  In  the  frequency  domain,  the  scattering  amplitude  conse¬ 
quently  contains  a  number  of  complex  poles,  whose  residues  de¬ 
termine  the  amplitudes  of  the  damped  sinusoids.  Along  the  real 
axis  of  physical  frequencies,  these  poles  manifest  themselves  as 
finite  resonances  in  the  echo,  like  the  foothills  of  more  or  less 
distant,  very  high  mountain  peaks2.  Both  these  descriptions  of 
the  scattering  process,  in  the  time  domain  or  in  the  frequency 
domain,  are  equivalent,  but  each  has  its  own  advantages  for  ex¬ 
tracting  the  wealth  of  information  contained  in  the  radar  echoes 
as  regards  the  target  identification  problem.  In  addition,  we 
shall  here  introduce  also  the  mode  number  domain. 

In  the  time  domain,  the  sinusoidal  echoes  are  preceded  by  a 
pulse  which  is  a  replica  of  the  incident  pulse,  being  due  to 
specular  reflection.  In  the  frequency  domain,  the  specular  echo 
appears  as  a  non- resonant  background,  interfering  with  the  reso¬ 
nant  terms3~5  [4.6,  4.12,  4.16,  4.20,  4.22,  4.35,  4.36,  4.37,  4.42, 

T~.  Reference  numbers  refer  to  the  collective  bibliography  in  this 
issue. 

2.  Langenberg,  K.  J. ,  "Methods  and  Applications  in  Transient 
Analysis" ,  in  Proceedings  of  the  International  U.R.S.I.  Sym¬ 
posium  1980  on  Electromagnetic  Waves,  Munich,  Germany, 

August  26-29,  1980,  p.  4l3  a/1. 

II 

3.  Gaunaurd,  G.  C. ,  and  H.  Uberall,  "Theory  of  Resonant  Scattering 
from  Spherical  Cavities  in  Elastic  and  Viscoelastic  Media”, 

J.  Acoust.  Soc.  Amer. ,  Vol.  63,  p.  1699,  1978. 

N 

4.  Gaunaurd,  G.  C. ,  and  H.  Uberall,  "Numerical  Evaluation  of  Modal 
Resonances  in  the  Echoes  of  Compressional  Waves  Scattered  from 
Fluid-Filled  Spherical  Cavities  in  Solids",  J.  Appl.  Phys., 

Vol.  50,  p.  4642,  1979. 

If 

5.  Flax,L. ,  and  H. Uberall,  "Resonant  Scattering  of  Elastic  Waves 
from  Spherical  Solid  Inclusions",  J.  Acoust.  Soc.  Amer., 

Vol.  67,  p.  1432,  1980. 
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6.60],  This  will  be  demonstrated  here  for  the  example  of  a  con¬ 
ducting  sphere  of  radius  b,  coated  with  a  homogeneous  dielectric 
of  outer  radius  a. 

A  plane  wave  °=  E  exp (ikQz)  ,  incident  on  a  spherical  target, 
gives  rise  to  a  scattered  far  field®  (using  spherical  coordinates 
r,  0,<j>): 

®sc=Eo(elk°r/kor)  [geSl(9)  cos4>-£  S2(e)sind>],  (1) 

where  the  polarization  functions 

^  j  r  ,  i  \  n  _2n+l_  _  , ,  Pn1(cose)_u  dPn1(cose)1 

S1(e)  -  -x>  (-1)  — n+Y)  {an  ifee -  n  de  }'  (2a) 

n=l 


CO  1  1 

„  ,  -v  ,  ,,n  2n+l  t  dPn  (cose)  ,  P_  (cose)-, 

2  =-1  Ll  nTn+T)  {an  — & - ‘bn  ~nsTn5  } 


n  sxne 


contain  the  "Mie  coefficients”  (x=k  a) : 

o 

,  =_  xjn  <x^  ~i2n  [xjn<x)3 ' _ 

n  xh  d)(x)-iZ  [xh  d)  (x)]* 
n  n 1  n  J 

b  -  xjn;x)-iYn[xjn(x)r _  , 

n  xhR ( 1)  (x)-iYn[xhU>  ( x)J 1  (3b) 

with  normalized  impedances  Zn  and  admittances  Yfi  appropriate  for 
the  coated  conducting  sphere®.  The  complex-frequency  poles  are 
the  roots  of  the  denominators  of  a  (TE  modes)  and  bR  (TM  modes) in 
the  x  variable  ("characteristic  equations") ,  to  be  designated 
x  TE  and  xnJ™«  respectively.  Here,  n  labels  the  mode  and  £  the 
multiplicity  of  solutions  within  a  given  mode. 

Figure  1  shows  the  radar  cross  section 

0=(47r/k2)|5  (-l)n(n+>5)  (a-b)  |2  (4) 

n=l  n  n 

plotted  vs.  x  ' or  a  coating  with  e-6  and  relative  thickness 
<5h  (a-b) /a=0. 05,  with  clearly  visible  resonances.  (This  figure  is 
very  close  to  one  previously  obtained  by  Rheinstein  [4.41].)  The 
real  parts  of  the  pole  positions,  obtained  by  solving  the 
characteristic  equations,  are  indicated  by  arrows,  labeled  by  nMH 
(TM  modes  appearing  in  this  x-region  only) . 

It  is  evident  that  the  resonances  appearing  in  Fig.  1  interfere 
with  some  non-resonant  background.  Mathematically,  an  and  bn  can 
be  split  accordingly,  e.g.  a  a 


tm  -d>  J2) 

bn  =  exP(2un  )  z  (r 

n  n 


+  2i  exp(-i5™)  sin£™  }, 
n  n 


6.  Ruck,  G.  T. ,  et  al. ,  Radar  Cross  Section  Handbook,  Plenum, 
NY,  1970.  - 
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where 


zn(i)  =  xhn(i)  (x)/[xhn(i)  (x)]',  i=l,2 
and  5n™  is  defined  by 

Sn(o)™  ,  e2i5n™  =  -[xhJ2>(x)r/Ka) 


(x)]'  , 


(5b) 


(5c) 


this  quantity  representing  the  "S  function"  for  a  conducting  sphere 
of  radius  a  (the  S  function  for  a  general  layered  sphere  being 
defined  by  SnTE  =  l+2an,  S TM=  l+2b  )  .  The  characteristic  TM 
equation  is  iY  =z(i)nso  nthat  in  Eq.  (5a),  the  first  term  in 
brackets  is  a  meromSrphic  function  representing  the  resonances. 

The  second  term  gives  a  contribution  to  b  corresponding  to  the 
case  of  a  conducting  sphere  of  radius  a  (where  Z  -*0 ,  Y  -*•»),  and 
constituting  a  background  to  the  resonant  first  term.  n 

We  have  shown  recently  [6.60]  that  the  S  function  of  the 
layered  sphere  may  be  expressed  in  terms  of  a  meromorphic  function 


(x) 


( 7™)  2 


(6) 


known  in  Nuclear  Physics  as  "Wigner's  R  function  "  [6-51]  ,  thus 
determining  its  singularity  structure.  For  the  case  of  well- 
separated  resonances  one  may  use  the  "one-level  approximation", 
which  transforms  Eq.  (5a)  into7 


b  =  b  <int)  +  b(o) 
n  n  n 


(7a) 


^=exD(2i£™) 


(7b) 


the  resonance  positions  x™  and  widths  P™  being  givei  explicitly 

f  1  TM  **  *  TM  ^  ^ 

1.6. 60  J  in  terms  of  Yni  and  xnjl  of  Eq.  (6)  ,and  where 


i 


exp(i£  ™)  sin  £ 


TM 


In  Eqs.  (7) ,  b 


’n 
(int) 


(7c) 


represents  a  contribution  of  "internal" 


resonances  which  would  be  absent  for  a  conducting  sphere. 
Physically,  the  origin  of  this  series  of  resonances  lies  in  the 
excitation,  during  the  scattering  process,  of  a  set  of  "internal" 
surface  waves  which  propagate  around  the  sphere  inside  the  die¬ 
lectric  coating,  and  which  at  a  given  resonance  frequency  have 
phases  that  match  up  after  each  repeated  circumnavigation,  hence 


7.  Gaunaurd,  G.  C. ,  and  H.  Uberall,  "R-Matrix  Theory  of  Sound 

Scattering  from  Fluid  Spheres  via  the  Mittag-Lef fler  Expansion? 
J.  Acoust.  Soc.  Amer.,  Vol.  68,  p.  1850,  1980. 
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Fig.  1.  Radar  cross  section  for  a  conducting  sphere  coated  with  a 

dielectric  (e=6)  of  relative  thickness  6=0.05,  plotted 

vs.  xHkQa  =2ira/X.  Resonances  are  labeled  by  nM8.  (n=mode 

number,  M=" transverse  magnetic”,  1=  resonance  order)  and 

value  of  k  a. 

o 


Fig.  2. 


Dispersion  curves  c.(x)/c  for  the  TM-mode  surface  waves 
no.i=l,2,  and  3  on  a  conducting  sphere  with  dielectric 
coating,  of  outer  radius  a.  For  comaprison,  dispersion 
curves  of  TM  surface  waves  on  a  dielectric  sphere  of 
radius  a  are  shown  also. 
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building  up  the  resonance.  The  existence  of  the  surface  waves  is 
demonstrated  by  transforming  the  SEM  (frequency)  poles  of  Eq.  (7b) 
into  poles  in  the  complex  mode  number  (n)  plane,  located  at* 

[6.60,  6.61,  6.104] 


n„  =  nft 
l  i 


A 

+  h  i  r, 


where  n.  is  defined  by  the  equation  x^  =  x,  the  resonance 

x.  n  ^  x. 

frequencies  xnJl  being  considered  a  function  of  n  (see  fig.  1)  ,  and 

where  =  C,*/{d5v/dIV- 

Evaluating  Eqs. (2)  at  these  poles  shows  their  9  dependence  to  be 
exp  +  i  (n^+%) 9 ,  so  that  they  represent  surface  waves  with  phase 
velocities 

cl(x)  =  [x/(n4+  %)]c.  (8b) 

The  corresponding  dispersion  curves  for  the  surface  waves  can  then 
be  obtained  from  the  frequency  resonances,  and  are  shown  in  Fig. 2 
for  the  TM  type  surface  waves.  The  families  of  resonances  x 
(for  the  given  nth  surface  wave)  recurring  in  successive  modes  n 
are  the  physical  manifestations  of  the  surface  waves,  the  latter 
causing  the  resonances  by  phase-matching  after  successive  circum¬ 
navigations  as  seen  from  Eq.  (8b),  and  taking  into  account  a  ir/a 
phase  jump  at  each  of  the  two  convergence  points  of  the  surface 
waves  on  the  sphere. 

We  next  interpret  the  term  b  ^  of  Eqs.  (7)  which  at  first 
sight  appears  to  be  a  non-resonant  background  term,  possibly 
identical  with  the  entire  function  often  postulated  [3.1]  in  SEM 
to  contribute  to  the  scattering  amplitude  in  addition  to  the 
resonant  terms  b  (int) .  In  reality,  however,  this  term  is  also 
resonant  since  it  reads 

„  (o)  (8c) 

"  K'Hfx)]'  ' 

Its  poles  are  the  well-known  [3.1  ]  complex  zeros  x^™  of 
[xhn'D  (x)]7,  and  expanding  the  latter  expression  ab8ut  these  zeros, 
the  TM  contribution  from  b e.g.  to  S.  (9)  of  Eq.  (2a)  may  be 


Wfitten  as 


,  (o) TM 


(8)  =-ixe  cos*[  l  (-1) 
u  8,=1  n=l 


fx(o)i  <x(o))]' 

n  2n+l  1  Ini  n*  1 
n (n+1)  ;(o)TM[*(o).  (1)  ,;<o).l* 
ru  Ini  n  'J 


( 8d) 


which  exhibits  (via  the  last  factor)  the  meromorphic  character  of 
even  this  "background"  contribution.  The  corresponding  resonances, 
however,  are  generally  very  broad  due  to  the  large  imaginary 
parts  [3. l]  of  T'  80  that  *n  a  Plot  of  cross  section  vs. 

frequency,  they  would  not  appear  as  resonances.  Nevertheless,  no 
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entire  function  seems  to  be  present  in  this  case. 

.  .Analogously  to  the  "internal"  surface  waves,  the  resonances  in 
b*  likewise  have  an  interpretation  in  terms  of  diffracted, 
damped  "external  surface  waves",  also  called,  "creeping  waves"  by 
Franz®  who  obtained  them  explicitly  by  applying  the  Watson  trans¬ 
formation  to  the  scattering  amplitude  of  the  conducting  sphere.  He 
showed  that  in  addition,  a  specularly  reflected  contribution 

S(o)spec(0)  =_!5xe-2ixcose/2  (8e) 

got  added  to  the  creeping-wave  contribution  in  s|°'of  Eq.  (8d), 
which  arose  from  a  saddle-point  contribution  to  the  integral  into 
which  the  mode  sum  of  Eq.  (2)  was  converted  by  the  Watson  trans¬ 
formation. 


In  the  present  case  of  the  coated  sphere,  there  is  another 
"geometrical"  contribution  present  in  addition  to  the  reflected 
wave,  namely  refracted  (or  transmitted)  waves  that  penetrate  the 
interior  of  the  coating  from  which  they  re-emerge;  these  have  been 
studied  for  the  acoustic  case®  previously. Summarizing ,  therefore, 
we  see  that  in  the  scattering  process,  resonances  are  generated 
both  by  internal  and  to  a  lesser  degree  by  external  (diffracted) 
surface  waves,  while  "geometrical"  specularly  reflected  as  well  as 
transmitted  (refracted)  waves  produce  an  additional,  possibly 
resonant  contribution  to  the  scattering  amplitude. 


The  locations  x  and  widths  P  of  the  frequency  resonances 
have  been  shown  to  provide  an  analytic  solution  to  the  inverse 
scattering  problem  for  the  example  considered  [4.15,  4.17,  4.18], 
i.e.  to  determine  the  thickness  and  the  dielectric  constant  e  of 
the  coating  on  the  conducting  sphere.  Using  asymptotic  forms  of 
the  Bessel  functions,  one  finds  e.g. 


and 


where 


and 


e*  = 

1  cot  (it > 

:™  /A™  )  1 

ni  '  1  1 

(9a) 

_  TM 

TM  TM 

6/a  = 

|tan(,Xn£/An£) 

(9b) 

KH 

TM 

_xn£+l 

-v™ 

nil 

(9c) 

TM 

xni 

>5  r™. 

^  1  n*.  • 

( 9d) 

Franz,  W. ,  "Uber  die  Greenschen  Funktionen  des  Zylinders  und 
der  Kugel" ,  Z.Naturforsch. ,  Vol.A9,p. 705,1954;Franz,Walter, 
and  Raimund  Salle^Semiasymptotische  Reihen  fur  die  Beugung 
einer  ebenen  Welle  am  Zylinder" ,  Z.Naturforsch. ,Vol.A10, 
p.374,  1955. 
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Equations  (9a, b)  are  sufficient  to  determine  e  and  6  since  A  .and 

are  provided  by  the  observed  resonance  locations  and  widtRs , 
so  that  the  inverse  problem  (i.e.  the  determination  of  the  proper¬ 
ties  of  the  scattering  object  from  the  observed  properties  of  the 
echo)  has  been  solved  for  the  present  case.  This  serves  to 
illustrate  the  power  of  the  resonance  approach  as  regards  a  utili¬ 
zation  of  the  information  contained  in  the  resonances  for  purposes 
of  target  discrimination,  being  a  power  which  evidently  extends 
far  beyond  the  simple  example  that  has  been  analyzed  hereto »H 
[4.11,  4.16,  4.19). 
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ABSTRACT 

Pulse  mode  radar  operation  is  analyzed  under  the  assumption  that  the 
scattering  object  r  lies  in  the  far  field  of  both  the  transmitter  and  the 
receiver.  It  is  shown  that,  in  this  approximation,  the  radar  signal  is  a 
plane  wave  s(x  •  80  -  t,60)  near  T  ,  where  90  is  a  unit  vector  directed 
from  the  transmitter  toward  r  ,  and  similarly  the  echo  is  a  plane  wave 
e(x  •  6  -  t,9,e0)  near  the  receiver,  where  6  is  a  unit  vector  directed  from  f 
toward  the  receiver.  Moreover,  it  is  shown  that 


e(T,0,8o)  =  Re 


i-too 


T(u)0,u>6o)  s(u>,9o)cL)[ 


where  §(oj,90)  is  the  Fourier  transform  of  s(t,0o)  and  T(cl)9,uj60)  is  the 
scattering  amplitude  in  the  direction  0  due  to  the  scattering  by  r  of  a 
CW  mode  plane  wave  with  frequency  w  and  propagation  direction  9o  .  Finally 
the  singularity  expansion  method  is  used  to  show  that 


i-uo 

e(t,6,0o)  ~  1  e  n  Tn(0,eo)  §(wn,90),  Im  w  <  0 


1.  INTRODUCTION  -  RADAR  ECHO  PREDICTION 

This  paper  presents  an  application  of  C.  E.  Baun' s  singularity  expansion 
method  (SEM)  [2.1J  and  the  author's  method  of  asymptotic  wave  functions  [6.215, 
6.119,  6.120]  to  the  prediction  of  pulse  mode  radar  echoes  from  bounded  scat- 
terers.  The  results  presented  here  are  generalizations  of  corresponding  results 
for  sonar  echoes  [6.117].  Only  a  sixnnary  of  the  principal  concepts  and  results 
is  presented  here.  A  complete  exposition  of  the  theory  is  planned  for  a 
separate  publication. 
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1.1  Physical  Assumptions 

Radar  echo  structure  is  analyzed  below  under  the  following  assumptions. 

The  radar  system  (transmitter  and  receiver)  operates  in  a  stationary  homoge¬ 
neous  isotropic  unlimited  medium  The  system  is  stationary  with  respect  to  the 
medium  The  scatterers  are  bounded  perfectly  conducting  objects.  The  scat- 
terers  are  stationary  with  respect  to  the  medium  The  transmitter  and  receiver 
are  in  the  far  field  of  the  scattering  objects.  In  addition  it  is  assumed  that 
secondary  echoes  due  to  the  radar  system  components  are  negligible. 

1 . 2  Mathematical  Formulation 

A  fixed  Cartesian  coordinate  system  is  used  throughout  the  paper, 
x  =  (xi,x2,x3)  s  r3  denotes  a  coordinate  tripleof  this  system  and  t  €  R  de¬ 
notes  a  time  coordinate,  r  denotes  a  closed  bounded  subset  of  R3  that  re¬ 
presents  the  scatterers  and  Q  =  R3  -  r  denotes  the  domain  exterior  to  r  . 

The  common  frontier  of  F  and  Q  ,  which  represents  the  surface  of  the  scat¬ 
terers,  is  denoted  by  3s2  .  The  medium  filling  Q  is  characterized  by  a 
dielectric  constant  e  and  a  magnetic  permeability  y  .  It  will  be  assumed 
that  £  =  1  and  y  =  1  since  this  can  be  achieved  by  a  suitable  choice  of 
units. 

The  electric  and  magnetic  fields  will  be  described  by  their  components, 
(Ex.Ej.Ej)  and  (HlpH2,H3)  respectively,  relative  to  the  fixed  Cartesian 
system.  It  will  be  convenient  to  use  the  notation  and  conventions  of  matrix 
algebra,  rather  than  vector  algebra,  and  to  characterize  the  electromagnetic 
field  by  the  6<1  column  matrix 

(1.1)  u  =  u(t,x)  =  (Ei  E2  E3  Hx  H2  H3)T 
T 

where  M  denotes  the  transpose  of  matrix  M  .  Similarly,  if  the  electric 
and  magnetic  current  densities  that  generate  the  field  are  described  by  their 
components,  (Ji,J2,J3)  and  (Jj,J2,J3)  respectively,  then 

(1.2)  f  =  f(t,x)  =  (J3  J2  J3  J[  JJ  j;)T 

characterizes  the  field  sources.  With  these  conventions  Maxwell's  field  equa¬ 
tions  can  be  written 

3 

(1.3)  D  u  +  l  A.  D.u  +  f  =  0  for  t  e  R,  x  e  Q 

t  j=i  J  J 

vrtiere  =  3/3t  ,  =  3/3Xj  (j  =  1,2,3)  and  A1(  A2,  A3  are  the  three 

symmetric  6><6  matrices  defined  by 

0  p3  -p2' 

“P  3  0  Pj 

p2  -Pi  0  . 


3  f  0  M(p)3 

jij*)  PJ  '  l-M(p)  0  )•  "'P'  ' 


(1.4) 
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The  field  equations  (1.3)  will  be  supplemented  by  the  boundary  condition  for  a 
perfect  electrical  conductor.  It  can  be  written 

(1.5)  M(n)  E  =  0  on  3Q 


where  n  =  (ni.n2.n3)  is  a  unit  normal  vector  on  and  E  =  (Ei  E2  E3)T  is 
the  electric  part  of  u  . 

A  theory  of  solutions  with  finite  energy  of  (1.3),  (1.5)  was  given  in 
[6.118],  The  total  field  energy  at  time  t  is  given  by 


(1.6) 


Q 


u(t,x)T 


u(t,x)  dx 


where  dx  -  dxj  dx2  dx3  .  The  theory  of  [6.118]  makes  use  of  the  energy  norm 


(1.7) 


lulfl  = 


u(x)  u(x)  dx 


1/2 


and  corresponding  Hilbert  space  H  .  The  pulse  mode  radar  echoes  constructed 
below  are  in  H  . 


2.  PULSE  M3DE  RADAR  SIGNAL  STRUCTURE 

The  transmitter  will  be  assuned  to  be  localized  in  the  ball  B(x0 , 60)  = 

{x:  |x-x0|  <  60 1  and  to  act  during  an  interval  0  <  t  <  t0  .  The  correspond¬ 
ing  pulse  mode  radar  signal  is  the  electromagnetic  field-  u0(t,x)  that  is 
generated  by  f  when  no  scatterers  are  present.  Thus  u0  is  characterized  by 
the  conditions 

3 

(2.1)  D  u0  +  l  A.  D.u0  +  f  =  0  for  t  e  R,  x  e  R3  , 

C  j=l  J  3 

(2.2)  Uo(t,x)  =  0  for  t  <  0  ,  x  e  R3  . 

The  field  u0  can  be  constructed  by  Fourier  analysis  or  by  the  method  of  re¬ 
tarded  potentials  [6.115,  6.117,  6.119]  but  these  constructions  will  not  be 
used  here. 


2.1  Asymptotic  Wave  Fields 

For  definiteness  the  scatterers  are  assuned  to  be  localized  in  the  ball 
B(0,6)  centered  on  the  origin:  f  c  B(0, 6)  .  As  a  normalization  it  is  assuned 
that  5  5  1  and  S0  =  1  •  With  this  convention  the  assuiction  that  the  trans¬ 
mitter  lies  in  the  far  field  of  T  can  be  formulated  as  |x0 |  >>  1  .  The 
signal,  propagating  at  the  speed  c  =  (cu)-1/2  =  1  ,  will  arrive  at  r  at  a 
time  t  of  the  sane  magnitude  as  |x0|  ,  whence  t  »  1  . 

It  was  shewn  in  [6.115]  that  each  signal 
asymptotic  wave  field  u“  of  the  form 


u0  with  finite  energy  has  an 
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(2.3)  u“(t,x)  =  jx-xol"1  s(|x-x0|  -  t,0),  6  =  (x-x0)/|x  -  x0 1 

such  that 


(2.4)  lim  llu0(t,-)  -  u“(t,-)HB3  =  0  . 

t-*4°° 

The  wave  profile  s(t,6)  is  defined  for  all  (i,0)e  R  *  S2  where  S2  is  the 
unit  sphere  in  R3  .  Moreover,  by  specializing  the  results  of  [6.115]  it  can 
be  shown  that  s(t,9)  has  the  properties 

(2.5)  s(t,6)^  s(t,6)  d0  dr  <  <®  , 

JR  JS2 

where  d6  is  the  element  of  area  on  S2  (solid  angle) ,  and 


(2.6)  P(0)  s(t , 0)  =  s(t , 9) 


where 


(2.7)  P(0)  =  A  f1  '  90  M(0)  ]  for  all  0  e  S2  . 

Z  l-M(0)  1  -  60J 

In  (2.7),  66  denotes  the  dyadic,  or  tensor,  product  of  9  with  itself  with 

components  9.6,  .  Property  (2.6),  (2.7)  characterizes  the  polarization  pro- 
J  **  ^ 

perties  of  the  asymptotic  wave  fields  u0  . 

The  function  s(i ,9)  will  be  called  the  pulse  mode  transmitter  radiation 
pattern.  It  can  La  constructed  from  the  source  function  f  ;  see  [6.117]. 
However,  it  will  be  assured  here  that  s  ,  rather  than  f  ,  is  given  since  s 
is  the  important  function  in  pulse  mode  transmitter  design.  The  construction 
of  a  transmitter  with  a  prescribed  radiation  pattern  is  the  task  of  the  trans¬ 
mitter  design  engineer. 


2.2  The  Plane  Wave  Approximation 

Define  0O  e  S2  by  x0  =  -|x0|  0O  •  Then  60  is  directed  from  the  trans¬ 
mitter  toward  the  scatterers  and  for  x  near  P  one  has 

(2.8)  |x  -  x0 |  *  |x0 |  +  0o  •  x  +  C( jx0 |-1)  for  |x0 [  »  1  . 


Hence,  by  (2.3), 


(2.9) 


u”(t)  =  |xo  I"1  s(e0  •  x  -  t  +  |x0|,e0)  +  0(|xof2) 
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near  r  .  If  the  error  term  is  dropped  one  has  a  pulse  mode  plane  wave  signal. 
This  approximation  is  made  in  the  remainder  of  the  paper. 

3.  PULSE  M3DE  PLANE  WAVE  SCATTERING 
A  plane  wave  sigpal 

(3.1)  u0(t,x)  =  s(x  •  60  -  t,60)  ,  supp  s(*,0o)  c  [a,b]  , 
is  assuned  where  the  wave  profile  s(t,60)  satisfies 

(3.2)  P(0O)  s (t , 0 o )  =  s(t,0o)  • 


Such  a  field  is  a  solution  of  Maxwell's  equations  (2.2)  with  f  =  0  .  The  total 
field  u(t,x)  resulting  from  the  interaction  of  u0(t,x)  with  the  scatterers 
is  characterized  by  the  properties 


3 

(3.3)  D  u  +  l  A.  D.u  =  0  for  t£  R,  x£  ft  , 

t  j=l  J  J 


(3.4)  M(n)  E  =  0  for  t  6  R,  x^  an  , 


(3.5)  u(t,x)  =  u0(t,x)  for  t  +  b  +  6  <  0,  x  e  fl 

T 

where  E  =  (ux  u2  u3)  is  the  electric  part  of  u  .  The  scattered  field,  or 
echo,  is  defined  by 


(3.6)  ue(t,x)  =  u(t,x)  -  Uo(t,x)  for  t  e  R,  x  e  (2  . 

The  author  has  shewn,  by  the  method  of  [6.117,  6.119],  that  u  has  an  asynp- 
totic  wave  field  e 


(3.7)  u”(t,x)  =  |x|"1  e(|x|  -  t,e,e5),  x  =  |x|  0 

that  converges  to  ug(t,x)  in  energy  when  t  -*•  «>  : 


(3.8) 


lim  fl u  ( t ,  • )  -  u“(t,*)ll  ,  =  0  . 

t-+»  e  e 


The  proof  follows  that  for  the  scalar  case  of  [6.117]. 
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Points  x  in  the  far  field  of  F  satisfy  |x|  »  1  .  The  echo  ug  will 

arrive  at  a  receiver  at  such  a  point  when  t  »  1  .  Hence  the  echo  may  be 
approximated  in  the  far  field  by  the  asymptotic  field  (3.7).  For  this  reason 
e(T,e,e0)  will  be  called  the  echo  waveform.  It  depends  on  the  direction  of 
incidence  of  the  plane  wave  (3.1)  and  the  direction  of  observation  0  .  In 
this  approximation,  the  echo  prediction  problem  is  the  problem  of  constructing 
e(T,9;90)  when  the  transmitter  radiation  pattern  s(t,0o)  and  the  scatterers 
T  are  given.  The  solution  to  this  problem  given  below  is  based  on  the  theory 
of  CW  mode  radar  echoes  outlined  in  the  next  two  sections. 


4.  CW  M3DE  SIGNAL  STRUCTURE 

The  CW  mode  electromagnetic  fields  are  solutions  of  the  field  equations 
(1.3)  of  the  form 


(4.1)  u(t,x)  =  e  ilt  v(x) ,  f(t,x)  =  e’iu;t  p(x) 


whence 


(4.2) 


y  A.  D.v  -  iwv  =  p 

j=l  J  J 


CW  mode  signals  in  R3  are  generated  by  the  Green's  matrix  [6.88] 


(4.3) 


G(x,x',u))  = 


W  +  w2  13  -  i<M(V) 


iivM(V)  vv  +  o2  13 


,l«i)  x-x 


Amlx-x' 


U  , 


where  ln  denotes  the  n  *  n  unit  matrix.  G  is  the  outgoing  solution  of  the 
equation 

3 

(4.4)  y  A.  D.  -  iu>  G(x,x',u)  =  *(x  -  x’)  1  . 

j=l  J  J 

The  outgoing  solution  in  R3  of  (4.2)  is 


(4.5)  v(x)  = 

Asynptotic  evaluation  of  v(x) 
far  field  form 


G(x,x'  ,w)  p(x’)  dx' 

R3 

for  large  |x|  using  (4.3)  and  (4.5)  gives  the 
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S 


v(x)  =  (2tt)  1//2  a)  — 


P(e)  5(-aje)  +  0(1x1'  ) 


where  x  =  |x|9,  P(e)  is  defined  by  (2.8)  and 


p(p)  = - e~ip‘x  p(x)  dx 

(2 n)  7  Jr3 


is  the  Fourier  transform  of  p(x)  .  In  particular,  noting  that  P(-t-)  P(o)  =  0  , 
it  is  seen  that  the  Silver  Muller  radiation  condition  for  v(x)  can  be  written 


P(-e)  v(  jx|  6)  =  0  (  ]  x  j  ),  |  x  |  . 


4.1  CW  Mode  Plane  Waves 


G(x,x’ ,w)  represents  a  CW  spherical  wave  from  a  point  source  at  the  point 
x’  .  On  putting  x’  =  -|x’|ri  in  (4.3)  and  making  jx '  |  -*■  ®  with  x  fixed 
one  finds  after  a  short  calculation 


(4.9)  G(x,x'  ,u>)  =  (2tt|x' I)'1  oj  eiwlx' 1  eiuJn‘x  P(n)  +  0(|x'  |'2) 


Dropping  the  error  term  gives  a  matrix  CW  mode  plane  wave  electromagnetic  field. 
The  general  CW  mode  plane  wave  field  is  obtained  by  applying  (4.9)  to  a  con¬ 
stant  vector  and  dropping  the  error  term.  It  has  the  form 


(4.10) 


v(x)  =  eip'x  P(n)c,  p  =  | p | n 


where  c  is  an  arbitrary  6 -component  vector.  This  may  also  be  derived  from 
(3.1),  (3.2)  by  taking  s(t,h)  =  e^101  P(n)c  .  (4.10)  is  equivalent  to  the 
familiar  formulas 


(4.11) 


E(x)  =  eip’x  a,  H(x)  =  eip’x(n *  a) ,  a  •  n  =  0 


vfoere  v  =  (Ei  E2  E3  Hi  H2  H3)1  ,  p  =  j p J n  and  a  =  (ai,a2,a3)  is  an  arbitrary 
vector. 


5.  CW  MODE  ECHO  STRUCTURE 


The  colums  of  the  6x6  matrix-valued  function 


(5.1) 


ijj0(x,p)  =  (2tt) - 3/2  eip’xP(n),  p  =  |p| n 
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are  CW  mode  plane  waves  of  the  form  (A. 10) .  The  scattering  of  the  CW  mode 
matrix  plane  wave  (5.1)  by  r  produces  a  CW  mode  matrix- valued  field 

(5.2)  i|/(x,p)  =  i/y° (x,p)  +  i|/sc(x,p),  x  e  ft,  p  e  R3  -  {0} 


that  is  characterized  by  the  properties 


3 


(5.3) 

l  A.  D.  -  i | p  1  i^(x,p)  =  0,  x 

U=1  J  J 

(5.4) 

M(n)  i|jg(x,p)  =0  ,  x  e  an 

(5.5) 

P(-e)  ^sc(|x|e,P)  =  0(|x|-2),  j x |  - 

the  electric  part  of  i|»  (a  3x6  matrix) .  The  author  has  shown 

and  uniqueness  of  tp(x,p)  for  a  large  class  of  domains  Q  ,  in¬ 
cluding  the  "cone  detrains"  of  N.  Week  [6.114]  and  domains  having  S.  Agpcn's 
"restricted  cone  property"  [6.1].  The  proofs,  which  generalize  the  results  of 
[6.119]  to  Maxwell's  equations,  are  based  on  compactness  results  of  N.  Week 
[6.114]  and  C.  Weber  [6.113],  respectively.  In  the  special  case  that  3 si  is  a 
smooth  surface  i|j(x,p)  can  be  constructed  by  the  integral  equation  method 
described  below. 


where  i|ig  is 
the  existence 


5.1  Far  Field  Form  of  CW  Mode  Echoes 

tjjSC(x,p)  is  the  CW  mode  echo  produced  by  the  scattering  of  \Jj°(x,p)  by 
T  .  An  integral  representation  of  <psc  by  the  Green's  matrix  (4.3)  can  be  used 
to  derive  the  far  field  form 

(5.6)  ij/sc(x,p)  =  el|-lX—  T(  | p j 8 ,p)  +  0(  |x| ~2)  ,  x  =  |x| 8  , 

4tt|x| 


where  T(p,p’)  is  a  6x6  matrix- valued  scattering  anplitude.  The  polarization 
of  the  echo  in  the  far  field  is  characterized  by  the  property 


(5.7) 


P(n)  T(|p|n, 1 P I n ’ )  =  0  . 


5.2  Construction  of  T(p,p') 
Define 


(5.8) 


J(x,p)  =  n(x)  x  ^(x.p),  x  e  3il  , 
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where  ^  is  the  magnetic  part  of  ip  .  J(x,p)  is  the  matrix  electric  current 

density  on  3ft  induced  by  the  plane  wave  \ pa  .  The  divergence  theorem  and  the 
jump  relations  of  potential  theory  can  be  used  to  show  that 


(5.9)  J(x,p)  =  2(n x  ij^(x,p))  +  K(x,x’,jp|)  J(x’,p)  dS' 


where  K  is  the  3^3  matrix-valued  kernel 


(5.10)  K(x,x\u))  =  ^~ 


iw  x-x  ..  iw  x-x 

e  1  *  /  v  3  e 

- n(x)  ‘  *  sH - 


x-x 


x-x 


If  3ft  is  smooth  then  (5.9)  is  a  Fredholm  equation  and  can  be  used  to  con¬ 
struct  J(x,p)  and  \p(x,p) ;  cf.  L.  Marin  and  R.  W.  Latham  [3.7,  3.8]  and  L. 
Marin  [3.9,  3.10].  The  scattering  amplitude  can  be  calculated  from  J(x,p) 
and  the  relation 


(5.11)  T(p,p')  =  (2n) 3 / -  2i|pj 


3ft 


t/(x,p)* 


p(x.p')] 

1  0 


dS  ,  |p|  =  |p’ 


6.  PULSE  MODE  RADAR  ECHO  STRUCTURE 

The  solution  of  the  pulse  mode  radar  echo  prediction  problem  formulated 
in  §3  is  given  by  the  relation 


(6.1) 


e(x,8,0o)  =  Re 


e1Ta>  T(uO,ei0a)  §(,u,0o)  da' j 


where 

(6.2) 


3(a), 0q) 


- — - f  a'1 

(  2tt)  1  /  2  i-oo 


-Ian 


s(i,00)  dt 


is  the  Fourier  transform  of  s(t,b0)  .  Thus  under  the  far  field  assumptions 
of  §1  the  echo  waveform  is  determined  by  the  transmitter  waveform  and  the 
matrix  scattering  amplitude  T(w6,u)e0)  .  The  latter  can  be  calculated  by 
solving  the  integral  equation  (5.9)  an  .  using  relation  (5.11). 

Equation  (6.1)  is  the  generalization  to  electromagnetic  fields  of  the 
analogous  result  for  acoustic  scattering  that  was  derived  in  [6.117].  A  proof 
of  (6.1)  may  be  given  by  the  method  of  [6.117],  The  key  item  in  the  proof  is 
the  theorem  that  the  CW  mode  fields  tp(x , p)  are  a  complete  family  of  gener¬ 
alized  eigenfunctions  for  the  Maxwell  system.  A  proof  along  the  lines  of 
[6.119]  may  be  based  on  the  results  of  Week  [6.114]  or  Weber  [6.113]. 
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7.  SEM  EXPANSION  OF  PULSE  MODE  RADAR  ECHOES 

If  the  scatterers  r  are  bounded  by  smooth  surfaces  the  integral  equation 
(5.9)  can  be  solved  for  J(x,w0)  by  the  Fredholm  determinant  method  [6.116]. 
Note  that  ^o(x,u0)  and  K(x,x' M  are  entire  functions  of  w  .  It  follows 
from  the  Fredholm  theory  that 


(7.1) 


J(X,U)0) 


_  M(x,u)0) 
D(w) 


and  hence 


(7.2) 


T(u0  ,a)0o ) 


N(o)9  ,U!0o) 
DM 


where  DM ,  M(x,6j0)  and  N(a)0,u>0o)  are  entire  functions  of  w  .  Moreover, 
the  poles  of  T(u)0,to0o)  can  be  shown  to  lie  in  the  lower  half-plane.  These 
facts  can  be  used  to  develop  an  SEM  expansion  of  the  echo  waveform  (6.1). 

The  reality  of  s(t,0o)  and  synmetry  properties  of  T(p.p')  imply  that 
(6.1)  can  be  rewritten 


(7.3) 


e(T,e,e0) 


r00 

e1Tu)  T(w9 ,w@o) 

-00 


§(u,0o)du) 


It  is  natural  to  regard  this  integral  as  a  contour  integral  in  the  w-plane  and 
to  shift  the  contour  to  a  line  Im  to  =  -b  <  0  .  Assure  that  the  poles  to 
of  T(to9,u)0o)  satisfy 

(7.4)  D'(wn)  *  0,n  =  1,  2,  3,->- 


(7.5) 

{n  :  -b  <  Im  u>  <  0) 

is  finite 

—  n 

(7.6) 

|N(o>0,u)0o)  |  <  C|ui|m  for 

-b  £  Im  u  <  0 

where  C  and  m  are  constants.  Then  (7.3)  implies 


ITU)  , 

(7./)  e(T,0,0o)  l  e  n  T  (0,0„)  §<u>  ,0O)  +  0(eDT) 

Im  wn  >  b  n  n 


vfoere 
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(7.8)  T  (0,0O)  =  -iri  Res  T(a>0,u)0o)  . 

n  an 

Hypothesis  (7.4)  is  inessential.  If  T(w6,uj8o)  has  a  higher  order  pole  then 
itw 

in  (7.7)  e  n  will  be  multiplied  by  a  polynomial  in  t  .  Hypotheses  (7.5) 
and  (7.6)  are  closely  connected  with  the  geometry  of  r  and  the  associated 
question  of  the  exponential  decay  on  bounded  sets  of  the  scattered  fields,  For 
acoustic  scattering  there  is  a  considerable  literature  on  these  questions:  see 
[2.4]  and  [6.69]  and  the  literature  cited  there.  Far  field  natural  modes  for 
electromagnetic  fields  have  also  been  defined  and  used  by  C.  E.  Baum  [3.3] 
and  F.  M.  Tesche  [4.49]. 


BIBLIOGRAPHY  OF  THE  SINGULARITY  EXPANSION 
METHOD  AND  RELATED  TOPICS 


Krzysztof  A.  Michalski,  Department  of  Electrical  Engineering, 
University  of  Mississippi,  University,  MS  38677 


I.  EARLY  CONTRIBUTIONS  ON  NATURAL  RESONANCES  OF  SIMPLE  STRUCTURES 


1.1  Abraham,  M. ,  "Die  electrischen  Schwingungen  um  einen 

stabformigen  Leiter,  behandelt  nach  der  Maxwell' schen 

Theorie,"  Ann.  d.  Physik,  Vol.  66,  pp.  435-472,  October, 
1898. 

1.2  Abraham,  M.,  "Elektrische  Schwingungen  in  einem 
f reiendigenden  Draht,"  Ann.  d.  Physik,  Vol.  2,  pp.  32-61, 
1900. 


1.3  Brillouin,  M.,  Propagation  de  L1 Electr icite ,  Vol.  1, 

Hermann,  Paris,  1904. 

1.4  Debye,  P. ,  "Der  Lichtdruck  auf  Kugeln  von  beliebigen 

Material,  "Ann,  d,  Physik ,  Vol.  30,  pp.  57-136,  1909. 

1.5  Hallen,  E.,  "Uber  die  elektrischen  Schwingungen  in 

drahtformigen  Leitern,"  Uppsala  Universitets  Ar sskr ift , 

No.  1,  pp.  1-102,  1930. 


1.6  Oseen,  C.  W. ,  "Uber  die  elektr omagnet ischen  Schwingungen  an 

dunnen  Ringen,"  Arkiv  for  Matematik,  Astronomi  O.  Fysik , 

Vol.  9,  No.  12,  pp.  1-30,  1913. 

1.7  Oseen,  C.  W.,  "Uber  die  elektromagnetischen  Schwingungen  an 
einem  dunnen  Ankerring,  "Phys.  Zeitschr.,  Vol.  14,  pp. 
1222-1226,  1913. 

1.8  Oseen,  C.  W. ,  "Uber  das  elektromagnetische  Spektrum  eines 

dunnen  Ringes,"  Ar kiv  for  Matematik,  Astronomi  0.  Fysik, 

Vol.  9,  No.  28,  pp.  1-34,  1914. 


1.9  Oseen,  C.  w.,  "liber  die  elektromagnetischen  Schwingungen  an 
dunnen  St'dben,"  Arkiv  for  Matematik,  Astronomi  0.  Fysik, 

Vol.  9,  No.  30,  pp.  1-2?,  ITU. 


1.10  Page,  L.  and  N.  Adams,  "The  Electrical  Oscillations  of  a 
Prolate  Spheroid,  Paper  I,  "Phys,  Rev. ,  Vol.  53,  pp. 

819-831,  1938. 


Electromagnetics  1:493-611, 1981 
0272-8343/81  /040493-19S2.26 

493 


494 


BIBLIOGRAPHY 


1.11  Page, 
Spheroid,  P< 

1.12  Page, 
Spheroid,  P< 
1944. 


L., 


1.13  Page,  L. 
Publications,  Inc., 


"The 

Electrical  Oscillations 

of  a 

Prolate 

n 

f 

Phys . 

Rev.,  Vol.  65,  pp 

.  98-110,  1944. 

"The 

Electrical  Oscillations 

of  a 

Prolate 

I," 

Phys. 

Rev.,  Vol.  65, 

pp. 

111-116, 

and 

N.  T. 

Adams,  Electrod 

ymamics 

,  Dover 

New  York,  1965,  pp.  341- 


1.14  Pocklington,  H.  C.,  "Electrical  Oscillations  in  Wires,’ 
Proc.  Cambr idge  Phil.  Soc. ,  Vol.  9,  pp.  324-332,  1897. 


1.15  Lord  Rayleigh,  "On  the  Electrical  Vibrations  Associated  with 
Thin  Terminated  Conducting  Rods,"  Phil.  Mag . ,  Vol.  8,  pp. 
105-107,  July,  1904. 


1.16  Lord  Rayleigh,  "Elektrische  Schwingungen  an  einem  diinnen 
Ankerring,"  Phys.  Zeitschr ,  ,  Vol.  13,  pp.  842-848,  1912. 

1.17  Schelkunoff,  S.  A.,  "Representation  of  Impedance  Functions 
in  Terms  of  Resonant  Frequencies,"  Proc.  IRE,  Vol.  32,  pp. 
83-90,  February,  1944. 

1.18  Schelkunoff,  S.  A.  and  H.  T.  Friis,  Antennas ;  Theory 
and  Practice,  Wiley,  New  York,  1952,  pp.  272-284. 

1.19  Schelkunoff,  S.  A.,  Advanced  Antenna  Theory,  Wiley,  New 
York,  1952,  pp.  152-174. 


1.20  Schelkunoff,  S.  A.,  "Theory  of  Antennas  of  Arbitrary  Size 
and  Shape,"  Proc.  IRE,  Vol.  29,  pp.  493-521,  September, 
1941. 


1.21  Stratton,  J.  A.,  Elctromagnetic  Theory,  McGraw-Hill  Book 

Company,  New  York  and  London,  1941,  pp.  554-563. 

1.22  Weinstein,  L.  A.,  The  Theory  of  Diffraction  and  the 

Factor ization  Method  (Generalized  Wiener-Hopf  Technique) ,  The 
Golem  Press,  Boulder,  Colorado,  1969,  pp.  332-370. 


II.  SEM  REVIEW  PAPERS 


2.1  Baum,  C.  E.,  "The  Singularity  Expansion  Method,"  in  L.  B. 
Felsen,  ed. ,  Transient  Electromagnetic  Fields,  New  York: 
Springer ,1976. 

2.2  Baum,  C.  E. ,  "Emerging  Technology  for  Transient  and 

Broad-Band  Analysis  and  Synthesis  of  Antennas  and 
Scatterers, ”  Proc.  IEEE,  Vol.  64,  pp.  1598-1616, 

November,  1976;  also  Interaction  Note  300,  Air  Force  Weapons 
Laboratory,  Albuquerque,  New  Mexico,  November,  1976. 


BIBLIOGRAPHY 


495 


2.3  Baum,  C.  E. ,  "Toward  an  Engineering  Theory  of 

Electromagnetic  Scattering:  The  Singularity  and  Eigenmode 

Expansion  Methods,”  in  P.  L.  E.  Ushlenghi,  ed.. 
Electromagnetic  Scattering ,  New  York: Academic  Press,  1978. 

2.4  Dolph,  C.  L.  and  R.  A.  Scott,  "Recent  Developments  in  the 

Use  of  Complex  Singularities  in  Electromagnetic  Theory  and 
Elastic  Wave  Propagatiragation,"  in  P.  L.  E.  ushlenghi, 

ed. ,  Electromagnetic  Scattering ,  New  York:  Academic  Press,  1978. 


III.  SEM  THEORY 


3.1  Baum,  C.  E. ,  "On  the  Singularity  Expansion  Method  for  the 

Solution  of  Electromagnetic  Interaction  Problems," 

Interaction  Note  88 ,  Air  Force  Weapons  Laboratory,  Albuquerque, 
New  Mexico,  December,  1971. 

3.2  Baum,  C.  E. ,  "On  the  Singularity  Expansion  Method  for  the 
Case  of  First  Order  Poles,"  Interact  ion  Note  129 ,  Air  Force 
Weapons  Laboratory,  Albuquerque,  New  Mexico,  October,  1972. 

3.3  Baum,  C.  E.,  "Singularity  Expansion  of  Electromagnetic 

Fields  and  Potentials  Radiated  from  Antennas  or  Scattered  from 
Objects  in  Free  Space,"  Sensor  and  Simulation  Note  179. 

Air  Force  Weapons  Laboratory,  Albuquerque,  New  Mexico,  May, 
1973. 


3.4  Baum,  C.  E.,  "On  the  Eigenmode  Expansion  Method  for 

Electromagnetic  Scattering  and  Antenna  Problems,  Part  1: 

Some  Basic  Relations  for  Eigenmode  Expansions  and  Their 

Relation  to  the  Singularity  Expansion,"  Interaction  Note 

229,  Air  Force  Weapons  Laboratory,  Albuquerque,  New  Mexico, 
January,  1975. 

3.5  Baum,  C.E.  and  L.W.  Pearson,  "On  the  Convergence  and 
Numerical  Sensitivity  of  the  SEM  Pole-Series  in  Early  Time 
Scattering  Response,"  Electromagnetics,  Vol  1,  pp.  209-228, 
April-June,  1981. 

3.6  Howard,  A.  Q. ,  "A  Geometric  Theory  of  Natural  Oscillation 

Frequencies  in  Exterior  Scattering  Problems,"  Interaction  Note 
378,  Department  of  Electrical  Engineering,  University  of 

Ar izona,  October,  1979. 

3.7  Marin,  L.  and  R.  W.  Latham,  "Analytical  Properties  of  the 

Field  Scattered  by  a  Perfectly  Conducting,  Finite  Body," 

Interaction  Note  92,  Northrop  Corporate  Laboratories,  Pasadena, 
California ,  January,  1972. 

3.8  Marin,  L.  and  R.  w.  Latham,  "Represenataion  of  Transient 

Scattered  Fields  in  Terms  of  Free  Oscillations  of  Bodies," 

Proc,  IEEE,  Vol.  60,  pp.  640-  641,  May,  1972. 

3.9  Marin,  L. ,  "Natural-Mode  Representation  of  Transient 

Scattered  Fields,"  IEEE  Trans.  Antennas  Propagat. ,  Vol. 

AP-21 ,  pp.  809-818,  November,  l^fa. 


496 


BIBLIOGRAPHY 


3.10  Marin,  L. ,  "Natural-Mode  Representation  of  Transient 

Scattering  from  Rotationally  Symmetric  Bodies,"  IEEE 

Trans.  Antennas  Propaqat. ,  Vol.  AP-22,  pp.  266-274, 

March,  1974;  also  Interaction  Note  119,  Northrop  Corporate 

Laboratories,  Pasadena,  California,  September,  1972. 

3.11  Sancer,  M.  I.,  A.  D.  Varvatsis,  and  S.  Siegel, 

"Pseudosymmetr ic  Eigenmode  Expansion  for  the  Magnetic  Field 

Integral  Equation  and  SEM  Consequences, "  Interaction  Note 

355,  TDR,  Inc.,  Los  Angeles,  California,  October,  1978. 

3.12  Sancer,  M.  I.,  A.  D.  Varvatsis,  "Toward  an  Increased 
Understanding  of  the  Singularity  Expansion  Method,"  interaction 
Note  398,  R  &  D  Associates,  Marina  del  Rey,  California,  May, 
1980. 

3.13  Varvatsis,  A.  D. ,  " EEM  and  SEM  Parameter  Variation  Due  To 
Surface  Perturbations  of  a  Metallic  Sphere,"  Interaction  Note 
357,  R  &  D  Associates,  Marina  del  Rey,  California,  March,  1979. 


IV.  SEM  APPLICATIONS 


4.1  Barnes,  P.  R. ,  "On  the  Singularity  Expansion  Method  as 

Applied  to  the  EMP  Analysis  and  Simulation  of  the 

Cylindrical  Dipole  Antenna,"  Interaction  Note  146,  Oak 

Ridge  National  Laboratory,  Oak  Ridge,  Tennessee,  November, 

1973. 

4.2  Baum,  C.  E.  and  B.  K.  Singaraju,  "The  Singularity  and 

Eigenmode  Expansion  Methods  with  Application  to  Equivalent 
Circuits  and  Related  Topics,"  in  V.  K.  Varadan  and  V.V. 

Varadan,  eds.,  Acoustic,  Electromagnetic,  and  Elastic  Wave 
Scatter ing--Focus  on  the  T-Matrix  Approach,  Oxford:  Pergamon 

Press,  1980 ;  also  Interaction  Note  377 ,  Air  Force  Weapons 
Laboratory,  Albuquerque,  New  Mexico,  September,  1978. 

4.3  Baum,  C.  E.,  "Single  Port  Equivalent  Circuits  for  Antennas 

and  Scatterers,"  Interaction  Note  295,  Air  Force  Weapons 

Laboratory,  Albuquerque,  New  Mexico,  March,  1976. 

4.4  Blackburn,  R.  F.,  "Analysis  and  Synthesis  of  an 

Impedance-Loaded  Loop  Antenna  Using  the  Singularity  Expansion 

Method,"  Sensor  and  Simulation  Note  214,  University  of 

Mississippi,  University,  Mississippi,  May,  1976. 

4.5  Blackburn,  R.F.  and  D.R.  Wilton,  "Analysis  and  Synthesis  of 
an  Impedance-Loaded  Loop  Antenna  Using  the  Singularity  Expansion 
Method,"  IEEE  Trans.  Antennas  Propaqat..  Vol.  AP-26. 
pp. 136-140,  January,  1978. 

4.6  Brill,  D.,G.C.  Gaunaurd  and  H.  liberal  1,  "Resonance  Theory 
of  Elastic  Shear-Wave  Scattering  from  Spherical  fluid  Obstacles 
in  Solids,"  Acoust.  Soc,  Amer. ,  Vol.  67,  p.414,  1980. 


BIBLIOGRAPHY 


497 


4.7  Chen,  K.-M.  and  D.  Westmoreland,  "Impulse  Response  of  a 
Conducting  Sphere  Based  on  Singularity  Expansion  Method,"  Proc. 
IEEE,  Vol.  69,  pp. 747-750,  June,  1981. 

4.8  Crow,  T.  T.,  B.  D.  Graves,  and  C.  D.  Taylor,  “The 

Singularity  Expansion  Method  as  Applied  to  Perpendicular 

Crossed  wires,"  IEEE  Trans.  Antennas  Propagat. ,  Vol.  AP-23, 

pp.  540-546,  July,  1975;  also  Interaction  Note  161, 

Mississippi  State  University,  October,  1973. 

4.9  Crow,  T.  T. ,  C.  D.  Taylor,  and  M.  Kumbale,  "The 

Singularity  Expansion  Method  Applied  to  Perpindicular  Crossed 
Wires  over  a  Perfectly  Conducting  Ground  Plane,"  I EEE  Trans. 
Antennas  Propagat. ,  Vol.  AP-27,  pp.  249-252,  March, 

1979. 

4.10  Fiorito,  R.  and  H.  Uberall,  "Resonance  Theory  of  Acoustic 
Reflection  and  Transmission  Through  a  Fluid  Layer",  J^_  Acoust. 
Soc.  Amer . ,  Vol.  65,  p.9,  1979. 

4.11  Fiorito,  R. ,  W.  Madigosky  and  H.  Uberall,  "Resonance 
Theory  of  Acoustic  Waves  Interacting  With  an  Elastic  Plate",  J. 
Acoust.  Soc.  Amer. ,  Vol. 66,  p.1857,  1979. 

4.12  Flax,  L.,  L.R.  Dragonette  and  H.  uberall,  "Theory  of 
Elastic  Resonance  Excitation  by  Sound  Scattering",  J^  Acoust. 
Soc.  Amer. ,  Vol.  63,  p.723,  1978. 

4.13  Flax,  L.,  P.K.  Raju,  J.  George  and  H.  Uberall, 
"Resonating  Fields  Inside  Elastic  Scattering  Objects",  J . 
Acoust.  Soc.  Amer. ,  Vol.  68,  p.973,  1980. 

4.14  Flax,  L.  and  H.  Uberall,  "Resonant  Scattering  of  Elastic 
Waves  from  Spherical  Solid  Inclusions,"  J^  Acoust .  Soc.  Amer. , 
Vol.  67,  p.1432,  1980. 

4.15  Gaunaurd,  G.C.  and  H.  Uberall,  "Solution  of  the  Inverse 
Electromagnetic  Scattering  Problem  in  the  Resonance  Case,"  IEEE 
Trans.  Antennas  Propagat. ,  Vol.  AP-29,  p.293,  March,  1981. 

4.16  Gaunaurd,  G.C.  and  H.  Uberall,  "Identification  of  Cavity 
Fillers  in  Elastic  Solids  Using  the  Resonance  Scattering  Theory," 
Ultrasonics,  Vol.  18,  p.261,  1980. 

4.17  Gaunaurd,  G.C.,  P.J.  Moser  and  H.  uberall,  "Resonances  of 

Dielectrically-Coated  Conducting  Spheres  and  the  Inverse 
Scattering  Problem,"  Appl.  Phys. ,  Vol.  52,  No.  1,  p.35, 

1981. 

4.18  Gaunard,  G.C.  and  H.  Uberall,  "Electromagnetic  Spectral 
Determination  of  the  Material  Composition  of  Penetrable  Radar 
Targets,"  Nature,  Vol.  287,  p.708,  1980. 

4.19  Gaunard,  G.C.  and  H.  Uberall,  "Resonance  Method  for 
Identifying  Fluids  Filling  Cavities  in  Elastic  Solids," 
Transactions  of  the  ASME,  vol.  46,  p.958,  1979. 


498 


BIBLIOGRAPHY 


4.20  Gaunaurd,  G.C.,  K.P.  Scharnhorst  and  H.  Uberall,  "Giant 
Monopole  Resonances  in  the  Scattering  of  Haves  from  Gas-Filled 
Spherical  Cavities  and  Bubbles,"  J.  Acoust.  Soc.  Amer.,  Vol. 
65,  p.573,  1979. 

4.21  George,  J. ,  "Resonances  in  Sound  Scattering  from  Water 

Droplets  in  Air,"  J.  Acoust.  Soc.  Amer.,  Vol.  67,  p.336, 
1980.  ~ 

4.22  Haug,  A.J. ,  S.G.  Solomon  and  H.  Uberall,  "Resonance  Theory 
of  Elastic  Wave  Scattering  from  a  Cylindrical  Cavity,"  J.  Sound 
and  Vibration,  Vol.  57,  p.51,  1978. 

4.23  Hess,  R.  F.,  "EMP  Coupling  Analysis  Using  the  Frequency 

(Transfer  Function)  Method  with  the  SCEPTRE  Computer 

Program,"  IEEE  Tr ans.  Electromagnetic  Compatibility,  Vol. 

EMC-17,  pp.  181-185,  August,  1975. 

4.24  Higgins,  D.  F. ,  K.  S.  H.  Lee,  and  L.  Marin, 

"System-Generated  EMP,"  IEEE  Trans.  Antennas  Propagat. , 

Vol.  AP-26 ,  pp.  14-22,  January,  1978. 

4.25  Langenberg,  K.  J. ,  "Transient  Fields  of  Linear  Antenna 
Arrays,"  Appl.  Phys. ,  Vol.  20,  pp.  101-118,  1979. 

4.26  Lee,  S.  W.  and  B.  Leung,  "The  Natural  Resonance  Frequency 

of  a  Thin  Cylinder  and  Its  Application  to  EMP  Studies," 

Interaction  Note  96,  Antenna  Laboratory,  university  of 
Illinois,  Urbana,  Illinois,  February,  1972. 

4.27  Lee,  K.  S.  H. ,  T.  K.  Liu,  and  L.  Marin,  "Transient 

Response  of  a  Thin  Wire  to  a  Moving  Charged  Particle,"  IEEE 

Trans.  Antennas  Propagat. ,  Vol.  AP-25,  pp.  671-675, 

September,  1977. 

4.28  Marin,  L. ,  "Application  of  the  Singularity  Expansion  Method 

to  Scattering  from  Imperfectly  Conducting  Bodies  and  Perfectly 
Conducting  Bodies  within  a  Parallel  Plate  Region," 

Interaction  Note  116,  Northrop  Corporate  Laboratories  , 

Pasadena,  California,  June,  1972. 

4.29  Marin  L.,  "Natural  Modes  of  Two  Collinear  Cylinders,"  Sensor 

and  Simulation  Note  176,  Dikewood  Corporation,  Westwood 
Research  Branch,  Los  Angeles,  California,  May,  1973. 

4.30  Marin,  L. ,  "Natural  Modes  of  Certain  Thin-Wire  Structures," 
Interaction  Note  186 ,  Dikewood  Corporation,  Westwood  Research 
Branch,  Los  Angeles,  California,  August,  1974. 

4.31  Marin,  L.  and  T.  K.  Liu,  "A  Simple  Way  of  Solving 

Transient  Thin-Wire  Problems,"  Radio  Science.  Vol.  11,  pp. 
149-155,  February,  1976$  also  Interaction  Note  253,  The 
Dikewood  Corporation,  Westwood  Research  Branch,  Los 

Angeles,  Californa,  October,  1975. 


BIBLIOGRAPHY 


499 


t 


ft 


4.32  Martinez,  J.  p. ,  z.  L.  Pine,  and  F.  M.  Tesche, 

"Numerical  Results  of  the  Singularity  Expansion  Method  as 

Applied  to  a  Plane  Wave  Incident  on  a  Perfectly  Conducting 

Sphere,"  Interaction  Note  112,  The  Dikewood  Corporation, 
Albuquerque,  New  Mexico,  May,  1972. 

4.33  Melson,  G.B.  and  L.W.  Pearson,  "SEM  Characterization  of 
the  Electromagnetic  Scattering  from  Thin  and  Thick  Open-Ended 
Cylinders,"  Interaction  Note  402,  University  of  Kentucky, 
Lexington,  Kentucky,  November,  1980. 

4.34  Michalski,  K.  A.  and  L.  W.  Pearson,  "Synthesis  Methods 

Applicable  to  SEM  Pole-Pair  Admittances,"  Interaction  Note 

407 ,  university  of  Kentucky,  Lexington,  Kentucky,  December,  1979. 

4.35  Murphy,  J.D.,  E.D.  Breitenbach  and  H.  Uberall,  "Resonance 
Scattering  of  Acoustic  Waves  from  Cylindrical  Shells,"  J. 
Acoust.  Soc.  Amer . ,  Vol.  64,  p.677,  1978. 

4.36  Murphy,  J.D.,  J.  George,  A.  Nagl  and  H.  Uberall, 
"Isolation  of  the  Resonant  Component  in  Acoustic  Scattering  from 
Fluid-Loaded  Elastic  Spherical  Shells,"  J^  Acoust .  Soc.  Amer. , 
Vol.  65,  p.368,  1979. 

4.37  Murphy,  J.D.,  J.  George  and  H.  Uberall,  "Isolation  of  the 
Resonant  Component  in  Acoustic  Scattering  from  Fluid-Loaded 
Cylindrical  shells,"  Wave  Motion,  Vol.  1,  p.  141,  1979. 

4.38  Pearson,  L.  W.  and  R.  Mittra,  "The  Singularity  Expansion 

Representation  of  the  Transient  Electromagnetic  Coupling 

Through  a  Rectangular  Aperture,"  Interaction  Note  296, 

Universtiy  of  Illinois  at  Urbana-Champaign,  Urbana,  Illinois, 
June,  1976. 

4.39  Pearson,  L.W.  and  D.R.  Wilton,  "Theoretical  Aspects  of  the 
Physical  Realizability  of  Broad-Band  Equivalent  Circuits  for 
Energy  Collecting  Structures,"  IEEE  Trans.  Antennas  Propaqat. , 
Vol.  AP-29 ,  pp.  697-707,  September,  1981;  also  Interaction 
Note  386 ,  University  of  Kentucky,  Lexington,  Kentucky,  and  the 
University  of  Mississippi,  University,  Mississippi,  July,  1979. 

4.40  Pearson,  L.  W. ,  "Applications  of  the  Singularity  Expansion 

Method,"  in  Short  Course  Notes:  Numerical  and  Asymptotic 

Techniques  for  Electromagnet  ics  ancf  Antenas,  Blue 

Mountain  Lake,  New  York,  September,  1979. 

4.41  Rheinstein,  J. ,  "Scattering  of  Electromagnetic  Waves  from 
Dielectric  Coated  Conducting  Spheres,"  IEEE  Trans.  Antennas 
Propaqat. ,  Vol.  AP-12,  pp. 334-340,  1964. 

4.42  Sage,  K.A.,  J.  George  and  tf.  Uberall,  "Multipole 
Resonances  in  Sound  Scattering  from  Gas  Bubbles  in  a  Liquid,"  J. 
Acoust .  Soc.  Amer. ,  Vol.  65,  p.1413,  1979. 


5 


fr 


500 


BIBLIOGRAPHY 


4.43  Schumpert,  T.  H.  and  D.  J.  Galloway,  "Finite  Length 

Cylinder  Scatterer  Near  Perfectly  Conducting  Ground  -  A 

Transmission  Line  Mode  Approximation,"  IEEE  Trans.  Antennas 
Propagat. ,  Vol.  AP-26,  pp.  145-151,  January,  1978?  also 
Sensor  and  Simulation  Note  226 ,  Auburn  University,  Auburn, 
Alabama  and  Dynetics,  Inc.,  Huntsville,  Alabama,  August, 
1976. 

4.44  Schumpert,  T.  H.,  "EMP  Interaction  with  a  Thin  Cylinder 

above  a  Ground  Plane  Using  the  Singularity  Expansion  Mehtod," 
Sensor  and  Simulation  Note  182 ,  Applied  Research  Group,  The 
Dikewood  Corporation,  Albuquerque,  New  Mexico,  June,  1973. 

4.44a  Sharpe,  C.  B.  and  C.  J.  Roussi,  "Equivalent  Circuit 
Representation  of  Radiation  Systems",  Interaction  Note  361,  The 
University  of  Michigan  Radiation  Laboratory,  Department  of 
Electrical  and  Computer  Engineering,  Ann  Arbor,  Michigan,  April, 
1979. 

4.45  Singaraju,  B.  K.  and  R.  L.  Gardner,  "Transient  Response 

of  a  Helical  Antenna,"  Interactio  Note  297,  Air  Force  Weapons 
Laboratory,  Albuquergue,  New  Mexico,  July,  1976. 

4.46  Streable,  G.w.  and  L.W.  Pearson,  "A  Numerical  Study  on 
Realizable  Broad-Band  Equivalent  Admittances  for  Dipole  and  Loop 
Antennas,"  IEEE  Trans.  Antennas  Propagat. ,  Vol.  AP-29,  pp. 
707-725,  September,  1981;  also  Interaction  Note  385 ,  Department 
of  Electrical  Engineering,  University  of  Kentucky,  Lexington, 
Kentucky,  May,  1979. 

4.47  Taylor,  C.  D. ,  T.  T.  Crow,  and  K.  T.  Chen,  "On  the 
Singularity  Expansion  Method  Applied  to  Aperature  Penetration: 
Part  I,  Theory,"  Interaction  Note  134,  Mississippi  State 
University,  Mississippi  state,  Mississippi,  May,  1973. 

4.48  Tesche,  F.  M. ,  "On  the  Analysis  of  Scattering  and  Antenna 

Problems  Using  the  Singularity  Expansion  Technique,"  IEEE  Trans. 
Antennas  Propagat. ,  Vol.  AP-21,  pp.  53-62,  January,  1973; 
also  Interaction  Note  102 ,  The  Dikewood  Corporation, 

Albuquerque,  New  Mexico,  April,  1972. 

4.49  Tesche,  F.  M. ,  "The  Far-Field  Response  of  a  Step-Excited 

Linear  Antenna  Using  SEM,"  IEEE  Trans.  Antennas  Propagat. .  Vol. 
AP-23,  pp.  834-838,  November,  1975?  also  Senso r  and 
Simulation  Note  177 ,  The  Dikewood  Corporation,  Albuquerque, 

New  Mexico,  May,  1973. 

4.50  Tesche,  F.  M.,  "Coupling  of  Electromagnetic  Fields  from  an 

Electric  Dipole  Source  to  a  Conducting  Sphere,"  Sensor  and 

Simulation  Note  234 ,  Science  Applications,  Inc.,  Berkeley, 
California,  September,  1977. 

4.51  Uberall,  H. ,  L.R.  Dragonette  and  L.  Flax,  "Relation 
Between  Creeping  Waves  and  Normal  Modes  of  Vibration  of  a  curved 
Body,"  J^  Acoust.  Soc.  Amer. ,  Vol.  61,  p.711,  1977. 


BIBLIOGRAPHY 


501 


4.52  Umashankar ,  K.  R.  and  D.  R.  Wilton,  "Analysis  of  an 
L-Shaped  Wire  over  a  Conducting  Ground  Plane  Using  the 
Singularity  Expansion  Method,"  Interaction  Note  174,  University 
of  Mississippi,  University,  Mississippi,  March,  1974. 

4.53  Umashankar,  K.  R.  and  D.  R.  Wilton,  "Transient 

Scattering  by  a  Thin  Wire  in  Free  Space  and  above  Ground 

Plane  Using  the  Singularity  Expansion  Method,"  Interaction  Note 
236,  University  of  Mississippi,  University,  Mississippi, 
August,  1974. 

4.54  Umashankar,  K.  R.  and  D.  R.  Wilton,  "Transient 

Characterization  of  Circular  Loops  Using  singularity 

Expansion  Method,"  Interaction  Note  259,  university  of 

Mississippi,  University,  Mississippi,  August,  1974. 

4.55  Umashankar,  K.  R. ,  T.  H.  Shumpert,  and  D.  R.  Wilton, 

"Scattering  by  a  Thin  Wire  Parallel  to  a  Ground  Plane 

Using  the  Singularity  Expansion  Method,"  IEEE  Trans. 

Antennas  Propaqat. ,  Vol.  AP-23,  pp.  178-184,  March,  1975. 

4.56  Umashankar,  K.  R.  and  D.  R.  Wilton,  "Transient 

Scattering  of  an  L-Shaped  Wire  Using  the  Singularity 

Expansion  Method,"  IEEE  Trans.  Antennas  Propagat. ,  Vol. 

AP-23,  pp.  838-841,  Noveber ,  1975. 

4.57  Vincent,  P. ,  "Singularity  Expansions  for  Cylinders  of  Finite 

Conductivity,"  Interaction  Note  329,  Laboratoire  d'Optique 
Electromagnetique  Eguipe  de  Recherche  associee  au  C.  N. 

R.  S.,  Faculte  des  Sciences  et  Techniques  Centre  de 

St-Jerome,  13397  Marseille  Cedex  4,  France,  24  June  1977. 

4.58  Wilton,  D.  R. ,  R.  J.  Pogorzelski,  and  R.  D.  Nevels, 

"Singularity  Trajectories  under  Parameter  Variation," 

Proc.  IEEE,  Vol. 63,  pp. 335-336;  also  Mathematics  Note  39, 
University  of  Mississippi,  University,  Mississippi,  January, 

1975. 

4.59  Wilton,  D.  R.  and  K.  R.  Umashankar,  "Parametric  Study  on 

an  L-Shaped  Wire  Using  the  Singularity  Expansion  Method," 

Interaction  Note  152,  University  of  Mississippi, 

University,  Mississippi,  November,  1973. 


V.  SEM  COMPUTATIONAL  TOOLS 


5.1  Baum,  C.  E. ,  "On  the  Use  of  contour  Integration  for  Finding 
Poles,  Zeros,  Saddles,  and  Other  Function  Values  in  the 
Singularity  Expansion  Method,"  Mathematics  Note  35,  Air  Force 
Weapons  Laboratory,  Albuquerque,  New  Mexico,  February,  1974. 

5.2  Cho,  K.  S.  and  J.  T.  Cordaro,  "Calculations  of  the 

Singularity  Expansion  Method  Parameters  from  the  Transient 
Response  of  a  Thin  Wire,"  IEEE  Trans.  Antennas  Propaqat. ,  Vol. 
AP-28,  pp. 921-924,  November,  19Wj  also  Interaction  Note 

379,  The  University  of  New  Mexico,  Albuquerque,  New  Mexico, 
September,  1979. 


502 


BIBLIOGRAPHY 


5.3  Crow,  T.  T. ,  B.  D.  Graves  and  C.  D.  Taylor,  "Numerical 

Techniques  useful  in  the  Singularity  Expansion  Method  as 

Applied  to  Electromagnetic  Interaction  Problems," 

Mathematics  Note  27,  Mississippi  State  University, 

Mississippi  State,  Mississippi,  December,  1972. 

5.4  Cordaro,  J.  T. ,  "A  Note  on  Representing  a  Transient  Waveform 
by  a  Finite  Sum  of  Complex  Exponentials,"  Mathematics  Note 
46 ,  Air  Force  Weapons  Laboratory,  Albuquerque,  New  Mexico, 
July,  1977. 

5.5  Cordaro,  J.  T.,  "Comparison  of  Three  Techniques  for 

Calculating  Poles  and  Residues  from  Experimental  Data," 

Mathematics  Note  61,  University  of  New  Mexico, 

Albuquerque,  New  Mexico,  August,  1978. 

5.6  Cordaro,  J.  T.  and  W.  A.  Davis,  "Time-Domain  Techniques 

in  the  Singularity  Expansion  Method,"  IEEE  Trans.  Antennas 
Propagat. ,  Vol.  AP-29,  pp. 534-538,  May,  1981 ;  also  Interaction 
Note  3837  University  of  New  Mexico,  Albuquerque,  New 

Mexico  and  Virginia  Polytechnic  Institute  and  State 

University,  Blacksburg,  Virginia,  February,  1980. 

5.7  Giri,  D.  V.  and  C.  E.  Baum,  "Application  of  Cauchy's 

Residue  Theorem  in  Evaluating  the  Poles  and  Zeros  of  Complex 

Meromorphic  Functions  and  Apposite  Computer  Programs," 

Mathematics  Note  55,  Air  Force  Weapons  Laboratory,  Albuquerque, 
New  Mexico,  May,  1978. 

5.8  Henderson,  T.  L. ,  "Geometric  Methods  for  Determining  System 
Poles  from  Transient  Response,"  to  appear  in  IEEE  Trans.  Acoust, 
Speech  Signal  Processing,  October,  1981;  also  Mathematics  Note 
66,  University  of  Kentucky,  Lexington,  Kentucky,  May,  1980. 

5.9  Lytle,  R.J.  and  F.J.  Deadrick,  "Determining  the  Natural 

Frequencies  of  Spheroids  via  the  Boundary-Value  Problem 

Formulation,"  Interaction  Note  235,  Lawrence  Radiation 

Laboratory,  Livermore,  California,  April,  1975. 

5.10  Mittra,  R.  and  L.  W.  Pearson,  "A  Variational  Method  for 

Efficient  Determination  of  SEM  Poles,"  IEEE  Trans. 

Antennas  Propagat. ,  Vol.  AP-26,  pp.  354-358,  March, 

1978;  also  Mathematics  Note  62,  University  of  Illinois  at 
Ur bana-Champaign,  Urbana,  Illinois  and  University  of  Kentucky, 
Lexington,  Kentucky,  December,  1976. 

5.11  Moffat,  D.  L.  and  K.  A.  Shubert,  "Natural  Resonances  via 

Rational  Approximations,"  IEEE  Trans.  Antennas  Propagat. , 

Vol.  AP-25,  pp.  657-  660,  September,  1977. 

5.12  Pearson,  L.W.  and  Y.M.  Lee,  "SEM  Parameter  Extraction 

Through  Transient  Surface  Current  Measurement  Using  King-Type 
Probes,"  to  appear  in  IEEE  Trans.  Antennas  Propagat. ,  March, 

1982;  also  Sensor  And  Simulation  Note  265,  University  of 
Kentucky,  Lexington,  Kentucky,  December,  1979. 


BIBLIOGRAPHY 


503 


5.13  Pearson,  L.  W.  amd  D.  R.  Roberson,  "The  Extraction  of 
the  Singularity  Expansion  Description  of  a  Scatterer  from 
Sampled  Transient  Surface  Current  Response,"  IEEE  Trans. 
Antennas  Propagat,  Vol.  AP-28,  pp.  182-190,  March, 
1980 ;  also  Interaction  Note  360 ,  University  of  Kentucky, 
Lexington,  Kentucky,  October,  1978. 

5.14  Poggio,  A.  J.,  M.  L.  Van  Blaricum,  E.  K.  Miller,  and  R. 
Mittra,  "Evaluation  of  a  Processing  Technique  for 
Transient  Data,"  IEEE  Trans.  Antennas  Propagat. ,  Vol.  AP-26, 
pp.  165-173,  January,  1978. 

5.15  Singaraju,  B.  K. ,  D.  V.  Giri,  and  C.  E.  Baum,  "Further 
Developments  in  the  Application  of  Contour  Integration  to 
the  Evaluation  of  the  Zeros  of  Analytic  Functions  and 
Relevant  Computer  Programs,"  Mathematics  Note  42,  Air  Force 
Weapons  Laboratory,  Albuquerque,  New  Mexico,  March,  1976. 

5.16  Van  Blaricum,  M.  L.  and  R.  Mittra,  "A  Technique  for 
Extracting  the  Poles  and  Residues  of  a  System  Directly  from 
Its  Transient  Response,"  IEEE  Trans.  Antennas  Pr opaqat. ,  Vol. 
AP-23 ,  pp.  777-781,  November,  1975;  also  Interaction  Note 
245,  University  of  Illinois,  Urbana,  Illinois,  February,  1975. 

5.17  VanBlar icum,  M.L.  and  R.  Mittra,  "Problems  and  solutions 
Associated  with  Prony's  Method  for  Processing  Transient  Data," 
IEEE  Trans.  Antennas  Propagat. ,  Vol.  AP-26,  pp.  174-182, 
January,  1978. 


VI.  SEM-RELATED  MATHEMATICAL  THEORY 


6.1  Agmon,  S.,  Lectures  on  Elliptic  Boundary  Value  Problems ,  Van 
Nostrand,  1965. 

6.1  Agranovic,  M.  S. ,  "Non-Self-adjoint  Oprerators  in  the 

Problem  of  Diffraction  by  a  Dialectric  Body  and  Similar 
Problems,"  Radio  Eng,  and  Elect.  Phys. ,  Vol.  19,  p.  34, 

1974. 

6.2  Agranovic,  M.  S. ,  "Non-self-adjoint  Integral  Operators  with 

Kernels  of  the  Green  Function  Type  and  Diffraction  Problems 
Related  to  Them,"  Radio  Eng.  and  Elect.  Phys. ,  Vol. 

20,  p.  26,  1975. 

6.3  Agranovic,  M.  S. ,  "Non-self-adjoint  Operators  in  Certain 

Scalar  Problems  of  Diffraction  at  a  Smooth  Closed  Surface," 

Radio  Eng,  and  Elect.  Phys. ,  Vol.  20,  p.  61,  1975. 

6.4  Agranovic,  M.  S.  and  z.  N.  Golubeva,  "Some  Problems  for 

Maxwell  Systems  with  a  Spectral  Parameter  in  the  Boundary 

Condition,"  Sov.  Math.  Dok. ,  Vol.  12,  p.  1614,  1976. 

6.5  Babich,  V.  and  V.  Buldyrev,  Asymptot ic  Methods  in  Short 
Wave  Diffraction  Problems ,  Moscow:  Nauka,  1972  (in  RussTan) . 


t 

I 


504 


BIBLIOGRAPHY 


6.6  Babich,  V.  and  N.S.  Grigor'eva,  "Nonspectral  Singularities 
of  Green's  Function  in  the  Exterior  of  an  Arbitrary  Convex 
Polygon",  of  Soy.  Math. ,  Vol.  11,  pp.  676-679,  1979. 

6.7  Beale,  J.  T. ,  "Purely  Imaginary  Scattering  Frequencies  for 

Exterior  Domains,"  Duke  Math.  J. ,  vol.  41.  p.  607. 

1974. 


6 . 8  Bolomey,  J.C.  and  W.  Tabbara,  "Numerical  Aspects  on 

Coupling  Between  Complementary  Boundary  Value  Problems,"  IEEE 
Trans.  Antennas  Propagat.,  Vol.  AP-21,  pp. 356-363,  1973. 

6.9  Bolomey,  J.  C.  and  A.  Wirgin,  "Numerical  Comparison  of  the 

Green's  Function  and  the  Waterman  and  Rayleigh  Theories  of 

Scattering  from  a  Cylinder  with  Arbitrary  Cross-section," 

Proc.  IEE,  Vol.  121,  p.  794,  1974. 

6.10  Bowman,  J.J,  T.B.A.  Senior  and  P.L.E.  Ushlenghi, 

Electromagnetic  and  Acoustic  Scattering  by  Simple  Shapes, 
Amsterdam:  North  Holland,  1969, 

6.11  Brakkage,  H.  and  P.  Werner,  "Uber  das  Dirichletsche 

Aussenraumproblem  fur  die  Helmholtzsche  Schwingungsgleichung," 
Arch.  Math. ,  Vol.  16,  p.  325,  1965. 

6.12  Burago,  Yu.  and  V.  Maz'ya,  Potential  Theory  for  Ir  regular 
Regions.  Seminar  in  Math.,  Vol.  3,  New  York:  Consult.  Bureau, 
1969. 

6.13  Burton,  A.J.  and  G.F.  Miller,  "The  Application  of  Integral 
Equation  Methods  to  the  Numerical  Solution  of  Some  Exterior 
Boundary  Value  Problems,"  Proc.  Roy.  Soc.  Lond. ,  Series  A, 
Vol.  323,  pp. 201-210,  1971. 

6.14  Chadan,  K.  and  P.  Sabatier,  Inverse  Problems  in  Quantum 
Scattering  Theory,  New  York:  Springer,  1977. 

6.15  Deckard,  D. ,  C.  Foias  and  C.  Pearcy,  "Compact  Operators 

With  Root  Vectors  That  Span,  Proc.  Amer.  Math.  Soc.,  Vol.  76, 
pp. 101-106,  1979.  -  - 

6.16  Dickey,  J.W.,  G.V.  Frisk  and  H.  liberal  1,  "Whispering 
Gallery  Wave  Modes  on  Elastic  Cylinders,"  J.  Acoust.  Soc. 
Amer.  ,  Vol.  59,  p.1339,  1976. 

6.17  Dickey,  J.W.  and  H.  Uberall,  "Surface  Wave  Resonances  in 

Sound  Scattering  from  Elastic  Cylinders,"  J.  Acoust.  Soc. 
Amer. ,  Vol.  63,  p.319,  1978.  -  - 

6.18  Dickey,  J.W.  and  H.  Uberall,  "Acoustic  High-Frequency 

Scattering  by  Elastic  Cylinders,"  J.  Acoust.  Soc.  Amer.,  Vol. 
66,  p.275,  1979.  —  -  -  - 

6.19  Dolph,  C.  L.,  A  Review  of  N.  N.  Voitovic,  B.  Z. 

Kacenelenbaum  and  .  ,  N.  Sivov,  The  Generalized  Methods  of 

Eigen  Vibrations  in  che  Theory  of  Diffraction,  Moscow: 

Nauka,  197 1,  to  appear  in  Mathematical  Reviews.  August.  1979. 


BIBLIOGRAPHY 


505 


6.20  Dolph,  C.  L. ,  "Recent  Developements  in  Some 
Non-self-adjoint  Problems  in  Mathematical  Physics,"  Bull , 
Amer ,  Math  Soc. ,  Vol.  67,  p.  1,  1961. 

6.21  Dolph,  C.  L. ,  "A  Saddle  Point  Characterization  of  the 

Schwinger  Stationary  Points  in  Exterior  Scattering  Problems," 
J.  Soc,  Indust.  Appl.  Math. ,  Vol.  5,  p.  89,  1957. 

6.22  Dolph,  C.  L.  and  S.  K.  Cho,  "On  the  Relationship  Between 

the  Singularity  Expansion  Method  and  the  Mathematical 

Theory  of  Scattering,"  I EEE  Trans.  Antennas  Propagat. ,  Vol. 
AP-28,  pp. 888-897,  November,  1980. 

6.23  Dolph,  C.  L.,  V.  Komkov  and  R.  A.  Scott,  "A  Critique  of 

the  Singularity  Expansion  and  Eigenmode  Expansion 

Methods,"  in  V.  K.  Varadan  and  V.V.  Varadan,  eds. ,  Acoustic, 
Electromagnetic,  and  Elastic  Wave  Scattering — Focus  on  the 
T-Matr ix  Approach.  Oxford:  Pergamon  Press,  1980. 

6.24  Dolph,  C.  L. ,  J.  E.  McLaughlin  and  I.  Marx,  "Symmetric 

Linear  Transformations  and  Complex  Quadratic  Forms,"  Comm.  Pure 
Appl.  Math. ,  vol.  VII,  p.  621,  1954. 

6.25  Dolph,  C.L.,  J.B.  McLeod  and  D.  Thoe,  "The  Analytic 
Continuation  of  the  Resolvent  Kernel  and  Scattering  Operator 
Associated  with  the  Schrodinger  Operator,"  Math.  Anal.  and 
Appl. ,  vol.  16,  p.311,  1966. 

6.26  Dolph,  C.L.,  "The  Integral  Equation  Method  in  Scattering 

Theory,"  in  Problems  in  Analysis,  R.  Gunning,  ed.,  Princeton, 
N.J.:  Princeton  Univ.  Press,  1970. 

6.27  Dolph,  C.L.  and  A.G.  Ramm,  "Nonself ad joint  Operators  in 
Diffraction  and  Scattering,"  Proceedings  of  the  Boulder 
Conference  on  Quantum  Mechanics  in  Mathematics ,  Chemistry  and 
Physics,  Plenum  Press,  1981. 

6.28  Dolph,  C.  L.  and  R.  K.  Ritt,  "The  Schwinger  Variational 

Principles  for  One-dimensional  Quantum  Scattering,"  Math, 
Zeit. ,  Vol.  65,  p.  309,  1956. 

6.29  Doolittle,  R.D.,  H.  Uberall  and  P.  Ugicius,  "Sound 
Scattering  by  Elastic  Cylinders,"  J.  Acoust.  Soc.  Amer.,  Vol. 
43,  p.l,  1968. 

6.30  Dunford,  N.  and  J.  Schwartz,  Linear  Operators,  New  York: 
Interscience,  1958. 

6.31  Frisk,  G.V.  and  H.  Uberall,  "Creeping  Waves  and  Lateral 
Waves  in  Acoustic  Scattering  by  Large  Elastic  Cylinders,"  J. 
Acoust.  Soc.  Amer . ,  Vol.  59,  p.46,  1976. 

6.32  Frisk,  G.V. ,  J.W.  Dickey  and  H.  Uberall,  "Surface  Wave 
Modes  on  Elastic  Cylinders,"  J.  Acoust.  Amer.,  Vol.  58,  p.996. 
1975. 

6.33  Gaunaurd,  G.C.,  E.  Tanglis  and  H.  Uberall,  "Surface  Wave 
Interpretation  of  the  Eigenf requencies  of  a  Finite-Length  Fluid 
Cylinder,"  Acoust.  Soc.  Amer. ,  Vol.  67,  p.764,  1980. 


506 


BIBLIOGRAPHY 


6.34  Gohberg,  I.  C.  and  M.  G.  Krein,  Introduction  to  the 

Theory  of  Linear  Non-self-ad joint  Operators,  A.M.S 

Translations  18,  Rhode  Island,  1969. 

6.35  Golubeva,  z.  N. ,  "Some  Scalar  Diffraction  Problems  and 

Their  Related  Non-self-conjugate  Operators,"  Radio  Eng.  and 
Elect.  Phys. ,  Vol.  21,  p.  219,  1976. 

6.36  Golubitsky,  M.  and  V.  Guillemin,  Stable  Mappings  and  Their 
Singularities,  New  York:  Springer,  1973. 

6.37  Howland,  J.  S.,  "Simple  Poles  of  Operator  Valued 

Functions,"  Math.  Anal.  and  Appl . ,  Vol.  36.  p.  12, 

1971. 

6.38  Ikebe,  T. ,  "Eigenfunction  Expansions  Associated  With  the 
Schrodinger  Operator  and  Their  Applications  to  the  Scattering 
Theory,"  Arch.  Rat.  Mech.  Anal . ,  Vol.  5,  p.l,  1960. 

6.39  Ilin,  V. A. ,  "Existence  of  the  Reduced  Root  System  of  a 
Nonselfadjoint  Ordinary  Differential  Operator,"  Trudy  Math. 
Inst.  Steklova,  Vol.  142,  pp. 148-155,  1976  (in  Russian). 

6.40  Jones,  D.S.,  "Integral  Equations  for  the  Exterior  Acoustic 

Problem,"  Mech.  Appl.  Math. .  Vol.  27,  p.139-142,  1974. 

6.41  Kacenelenbaum,  B.  Z.,  "Expansion  of  Forced  Oscillations  of 

Non-closed  Systems  in  Eigenfunctions  of  a  Discrete 

Spectrum,"  Radio  Eng,  and  Elect.  Phys. ,  Vol.  14,  p. 

19-23,  1969. 

6.42  Kacnelson,  V.,  "Conditions  for  a  System  of  Root  Vectors  of 
some  Classes  of  Nonselfadjoint  Operators  to  Form  a  Basis,"  Func. 
Anal,  and  Appl . ,  Vol  1,  p.22,  1967. 

6.43  Kato,  T.,  "Growth  Properties  of  Solutions  of  the  Reduced 
Wave  Equation  With  a  Variable  Coefficient,"  Comm.  Pure  Appl. 
Math. ,  Vol.  22,  pp. 403-425,  1959. 

6.44  Kato,  T,,  "Note  on  Schwinger's  Variational  Principle," 
Progress  of  Theoretical  physics ,  (Japan) ,  Vol.  6,  p.  295, 

6.45  Kato,  T.,  Perturbation  Theory  for  Linear  Operators,  New 
York:  Springer,  4566. 

6.46  Kleinman,  R.E.  and  G.F.  Roach,  "On  Modified  Green's 
Functions  in  Exterior  Problems  for  the  Helmholtz  Equation,  (to 
appear) . 

6.47  Kleinman,  R.E.  and  G.F.  Roach,  "Boundary  integral 
Equations  for  the  Three  Dimensional  Helmholtz  Equation,"  SIAM 
Review,  Vol.  16,  pp. 214-236,  1974. 

6.48  Kleinman,  R.E.  and  G.F.  Roach,  "Operator  Valued  Functions 
and  Boundary  Value  Problems  for  the  Helmholtz  Equation  I. 
Spherical  Geometries,"  University  of  Delaware  Applied  Mathematics 
Institute  Technical  Report  No.  40. 


BIBLIOGRAPHY 


507 


«- 


t 

*r 

£ 


6.49  Knauff,  w.  and  R.  Kress,  "On  the  Exterior  Boundary  Value 
Problem  for  the  Time  Harmonic  Maxwell  Equations,"  Math. 
Anal.  Appl . ,  Vol.  72,  pp. 215-235,  1979. 

6.50  Kussmaul,  R. ,  "Ein  numerisches  Verfahren  fur  Losungen  des 
Neumanschen  Aussenraumpr oblems  fur  die  Helmholtzsche 
Schwingungsgleichung, ”  Computing ,  Vol. 4,  p.246,  1969. 

6.51  Lane,  A.M.  and  R.G.  Thomas,  "R-Matrix  Theory  of  Nuclear 
Reactions,"  Rev.  Mod.  Phys. ,  Vol.  30,  pp. 257-353,  1958. 

6.52  Lax,  P.  D.  and  R.  S.  Phillips,  Scattering  Theory,  New 

York:  Academic  Press,  1967. 

6.53  Lax,  p.  D.  and  R.  S.  Phillips,  "Decaying  Modes  for  the 

Wave  Equation  in  the  Exterior  of  an  Obstacle,"  Com m.  Pure 
Appl.  Math. ,  Vol.  22,  pp.  737-787,  1969. 

6.54  Lax,  P.D.  and  R.S.  Phillips,  "A  Logarithmic  Bound  on  the 

Location  of  the  Poles  of  the  Scattering  Matrix,"  Arch.  Rat. 

Mech.  Anal . .  Vol.  40,  pp. 268-280,  1971. 

6.55  Marcus,  A.,  "The  Root  Vector  Expansion  of  a  Weakly  Perturbed 
Selfadjoint  Operator,"  Sov.  Math .  Doklady ,  Vol.  3,  p.104, 
1962. 

6.56  Martin,  P.A.,  "On  the  Null-Field  Equations  for  the  Exterior 

Problems  of  Acoustics,"  .J.  Mech.  and  Appl.  Math. ,  Vol. 

33,  pp. 385-396,  1980. 

6.57  McNicholas,  J.V.,  H.  Uberall  and  K.  Choate,  "Pulse  Shapes 

of  Creeping  Waves  Around  Soft  Cylinders,"  J_j_  Acoust.  Soc. 

Amer . ,  Vol.  44,  p.752,  1968. 

6.58  Mittag-Lef fler ,  G. ,  "Sur  La  Representation  Analytique  des 
Fonctions  Monogenes  Uniformes  'Une  Variable  Independante , "  Acta 
Math. .  t.  4,  pp.1-79,  1884. 

6.59  Morawetz,  C.  S.,  "On  the  Modes  of  Decay  for  the  Wave 

Equation  in  the  Exterior  of  a  Reflecting  Body,"  Proc. 

Roy.  Irish  Acad.  A,  Vol.  72,  p.  113,  1972. 

6.60  Moser,  P.J.,  J.D.  Murphy,  A.  Nagl  and  H.  uberall, 

"Resonances  and  Surface  Waves  on  Conducting  Spheres  with 

Dielectric  Coating,"  Radio  Science,  vol. 16,  p.279,  1981. 

6.61  Murphy,  J.D. ,  P.J.  Moser,  A.  Nagl  and  H.  Uberall,  "A 

Surface  Wave  interpretation  for  the  Resonances  of  a  Dielectric 
Sphere,"  IEEE  Trans.  Antennas  Propaqat. ,  Vol.  AP-28,  p.924, 

1980. 

6.62  Newton,  R.G. ,  Scattering  Theory  of  Waves  and  Particles,  New 
York:  McGraw  Hill,  1966. 

6.63  Panic,  O.I.,  "On  the  Solubility  of  Exterior  Boundary  Value 
Problems  for  the  Wave  Equation  and  for  a  System  of  Maxwell's 
Equations,"  Uspehl  Mat.  Nauk. ,  Vol.  20,  pp. 221-226,  1965. 


IT' 


508 


BIBLIOGRAPHY 


6.64  Peterson,  B.  and  S.  Str6m,  "Matrix  Forulation  of  Acoustic 
Scattering  from  Multilayered  Scatterers,"  J.  Acoust.  Soc. 

Amer. ,  Vol.  57,  p.  2,  1975. 


6.65  Peterson,  B.  and  S.  Strom,  "T-Matrix  Formulation  of 
Electromagnetic  Scattering  from  Multilayered  Scatterers," 

Phys.  Rev.  D,  Vol.  10,  p.  2620,  1974. 


6.66  Peterson,  B.  and  S. 
Scattering  from  an 
Representations  of  E(3)," 


Strbm,  "T-matrix  for  Electromagnetic 
Arbitrary  Number  of  Scatterers  and 
Phys.  Rev.  D8,  p.  3661,  1973. 


6.67  Petkov,  V.M.,  "High  Frequency  Asymptotics  of  the  Scattering 
Amplitude  for  Non-Convex  Bodies,"  Comm.  Part.  Dif f .  Eg. ,  Vol. 
5,  pp. 293-329,  1980. 


6.68  Ramm,  A.  G. ,  Theory  and  Appl ication  of  Some  New  Classes  of 
Integral  Equations,  New  York:  Springer,  1980. 


6.69  Ramm,  A.  G. ,  "Nonselfad joint  Operators  in  Diffraction  and 
Scattering,"  Math.  Meth.  in  the  Appl .  Sci.  ,  Vol.  2,  pp. 

327-346,  1980;  also  Mathematics  Note  64,  University  of 

Michigan,  Ann  Arbor,  Michigan,  September,  1979. 


6.70  Ramm,  A.G.,  "Domain  Free  from  Resonances  in  the 
Three-Dimensional  Scattering  Problem,"  Sov.  Math.  Doklady , 

Vol.  166,  pp.  1319-1322,  1966. 


6.71  Ramm,  A.  G. ,  "Computation  of  Quasistationary  States  in 
Nonrelativistic  Quantum  Mechanics,"  Sov.  Phys.  Doklady, 

Vol.  204,  pp.  1071-1074,  1972. 


6.72  Ramm,  A.  G. ,  "  Exterior  Problems  of  Diffraction,"  Radio 
Eng.  Electr.  Phys. ,  Vol.  17,  pp.  1064-1067,  1972. 


6.73  Ramm,  A.  G. ,  "Eigenfunction  Expansion  of  a  Discrete 
Spectrum  in  Diffraction  Problems,"  Radio  Eng.  Electr ,  Phys, , 
Vol.  18,  pp.  364-369,  1973. 

6.74  Ramm,  A.  G. ,  "A  Variational  Principle  for  Resonances,"  J . 
Math.  Phys. ,  Vol.  21,  pp.  2052-2054,  1980. 


6.75  Ramm,  A.  G. ,  "On  the  Basic  Property  for  the  Root  Vectors  of 
Some  Nonselfad joint  Operators,"  J_j_  Math.  Anal.  Appl . , 
1980. 


6.76  Ramm,  A.  G. ,  "Theoretical  and  Practical  Aspects  of 
Singularity  and  Eigenmode  Expansion  Methods,"  IEEE  Trans. 
Antennas  Propagat. ,  Vol.  AP-28,  pp.  897-901,  November,  1980. 

6.77  Ramm,  A.G.,  "The  Exponential  Decay  of  a  Solution  of  a 
Hyperbolic  Equation,"  Dif f .  Eg . ,  Vol.  6,  pp. 2099-2100 ,  1970. 

6.78  Ramm,  A.G.,  "Necessary  and  Sufficient  Conditions  for  the 
Validity  of  the  Limiting  Amplitude  Principle,"  Izvesti ja  Vuzov, 
Mathematics,  Vol.  5,  pp. 96-102,  1978. 

6.79  Ramm,  A.G. ,  "Mathematical  Foundations  of  the  Singularity  and 
Eigenmode  Expansion  Methods,"  to  be  published. 


BIBLIOGRAPHY 


509 


€.80  Ramin,  A.G.,  "Analytic  Continuation  of  So  tions  of  the 
Schrodinger  Equation  in  Spectral  Parameter  and  Behavior  of 
Solutions  of  Nonstationary  Problem  as  t  Goes  to  Plus  Infinity," 
Uspehi  Mat.  Nauk. ,  Vol.  19,  pp. 192-194,  1964. 

6.81  Ramm,  A.G.,  "On  Diffraction  Problems  in  Domains  With 
Infinite  Boundaries,"  Proc.  3-rd  All-Union  Symposium  on  Wave 
Diffraction,  pp. 28-31,  Moscow:  Nauka,  1964. 

6.82  Ramm,  A.G. ,  "Analytic  Continuation  of  the  Resolvent  Kernel 
of  the  Schrbdinger  Operator  in  Spectral  Parameter  and  the 
Limiting  Amplitude  Principle  in  Infinite  Domains,"  Do k lady  Acad. 
Sci.  Azerb.  SSR,  Vol.  21,  pp.3-7,  1965. 

6.83  Ramm,  A.G. ,  "Some  Theorems  on  Analytic  Continuation  of  the 
Schrodinger  Operator  Resolvent  Kernel  in  Spectral  Parameter," 
Izvesti ja  Acad.  Nauk  Armj an.  SSR,  Mathematics,  Vol.  3, 
pp. 443-464,  1968. 

6.84  Reed,  M.  and  B.  Simon,  Methods  of  Mathematical  Physics, 
New  York:  Academic  Press,  197TI 

6.85  Rudgers,  A. ,J .  and  H.  Uberall,  "Pulses  Specularly 
Reflected  by  a  Soft  Cylinder,"  J.  Acoust.  Soc.  Amer. ,  Vol. 
48,  p.371 ,  1970. 

6.86  Saxon,  D. ,  "Tensor  Scattering  Matrix  for  the  Electromagnetic 
Field,"  100,  p.1771,  1955. 

6.87  Schmidt,  G. ,  "On  the  Representation  of  the  Potential 
Scattering  Operator  in  Quantum  Mechanics,”  J.  Diff.  Eq.,  Vol. 
7,  p.389,  1970. 

6.88  Schulenberg,  J.R.  and  C.H.  Wilcox,  "The  Singularities  of 
the  Green's  Matrix  in  an  Anisotropic  Wave  Motion,"  Indiana  Univ. 
Math.  Jj.,  Vol.  20,  pp. 1093-1117,  1971. 

6.89  Schwinger,  J.,  "The  Theory  of  Obstacles  in  Resonant  Cavities 
and  Waveguides,"  MIT  Radiation  Laboratory  Report,  May,  1943. 

6.90  Schwinger,  J.  and  H.  Levine,  "On  the  Theory  of  Diffraction 

by  an  Aperture  in  an  Infinite  Plane  Screen,"  The  Th eory  of 

Electromagnettic  Waves,  New  York;  Interscience,  1972. 

6.91  Shenk,  N.  and  D.  Thoe,  "Resonant  States  and  Poles  of  the 

Scattering  Matrix  for  Perturbations  of  -Delta,"  Math. 

Anal,  and  App. ,  Vol.  37,  p.  467,  1972. 

6.92  Shenk,  N. ,  "Eigenfunction  Expansion  and  Scattering  Theory 
for  the  Wave  Equation  in  an  Exterior  Region,"  Arch.  Rat.  Mech. 
Anal. ,  p.120,  1966. 

6.93  Shubin,  M.A.,  Pseudo-Differential  operators  and  the  Spectral 
Theory,  Moscow:  Nauka,  1978  (in  Russian) . 

6.94  Steinberg,  S.  "On  the  Poles  of  the  Scattering  Operator  for 

the  Schrddinger  Equation,"  Arch.  Rat.  Mech.  Analy., 

Vol.  38,  p.  278,  1970. 


510 


BIBLIOGRAPHY 


6.95  Steinberg,  S.,  "Meromorphic  Families  of  Compact  Operators," 
Arch.  Rat.  Mech,  Anal, ,  Vol.  31,  p.372,  1968. 

6.96  Strom,  s. ,  "T  Matrix  for  Electromagnetic  Scattering  from  an 

Arbitrary  Number  of  Scatterers  with  Continuously  Varying 

Electromagnetic  Properties,"  Phys.  Rev.  D,  Vol.  10,  p. 

2685,  1974. 

6.97  Strom,  s.,  "On  the  Integral  Equations  for  Electromagnetic 
Scattering,"  Amer .  J.  Phys. ,  vol.  43,  p.  1060,  1975. 

6.98  Strom,  s. ,  "Quantum-mechanical  Scattering  from  an  Assembly 

of  Nonoverlapping  Potentials,"  Phys.  Rev.  D. ,  Vol.  13, 

p.  3485,  1976. 

6.99  Tai,  C.T.,  Dyadic  Gr een* s  Functions  in  El ectromagnet ic 
Theory,  Scranton,  PA:  Inertext,  1971. 

6.100  Tihonov,  A.,  "Solutions  to  Incorrectly  Formulated  Problems 

and  the  Regularization  Method,"  Sov.  Math.,  Vol.  4,  p. 

1034,  1964. 

6.101  Uberall,  H. ,  Surface  Waves  in  Acoustics,"  Physical 

Acoustics,  Vol.  10,  p.l,  1973. 

6.102  Uberall,  H.,  R.D.  Doolittle  and  J.V.  McMicholas,  "Use  of 

Sound  Pulses  for  a  Study  of  Circumferential  Waves,"  Ac oust. 

Soc.  Amer. ,  Vol.  39,  p.564,  1966. 

6.103  Uberall,  H.  and  H.  Huang,  "Acoustical  Response  of 
Submerged  Elastic  Structures  Obtained  Throuqh  Integral 
Transforms,"  physical  Acoustics,  Vol.  12,  p.217,  1976. 

6.104  Uberall,  H. ,  J.  George,  A.R.  Farhan,  G.  Mezzorani,  A. 
Nagl,  K. A.  Sage  and  J.D.  Murphy,  "Dynamics  of  Acoustic 
Resonance  Scattering  from  Spherical  Targets:  Application  to  Gas 
Bubbles  in  Fluids,"  J_j_  Acoust.  Soc.  Amer. ,  Vol.  66,  p.1161, 
1979. 

6.105  Ugincius,  P.  and  H.  Uberall,  "Creeping  wave  Analysis  of 
Acoustic  Scattering  by  Elastic  Cylindrical  Shells,"  Acoust. 
Soc.  Amer. .  Vol.  43,  p.1025,  1968. 

6.106  Ursell,  F.,  "On  the  Exterior  problems  of  Acoustics,"  Proc. 
Camb.  Phil.  Soc. ,  Vol.  74,  pp. 117-125,  1973. 

6.107  Ursell,  F.,  "On  the  Exterior  Problem  of  Acoustics:  II," 

Math,  proc.  Camb.  Phil.  Soc. ,  Vol.  84,  pp. 545-548,  1978. 

6.108  Vainberg,  B.,  "On  the  Short  Wave  Asymptotic  Behavior  of 
Solutions  of  Stationary  Problems,"  Russ.  Math.  Survey ,  Vol. 
30,  pp.1-58 ,  1975. 

6.109  varatharajulu,  V.  and  Y.  H.  Pao,  "Scattering  Matrix  for 
Elastic  Waves-  I.  Theory,"  J_;_  Acoust.  Soc.  Amer . ,  Vol.  60, 
p.  556,  1976. 


BIBLIOGRAPHY 


511 


6.110  Voitovic.  N.  N. ,  B.  Z.  Kacenelenbauro  and  A.  N.  Sivov, 

The  Generalized  Methods  of  Eigen  Vibrations  in  the  Theory 

of  PiffractionT  Moscow:  Nauka,  1977  (in  Russian) . 

6.111  Voitovic,  N.  N.,  B.  Z.  Kacenelenbaum  and  A. 

"Surface  Current  Method  for  Constructing 

Eigenfunctions  of  a  Discrete  Spectrum  in 

Problems,"  Radio  Eng,  and  Elect.  Phys. ,  Vol. 

577,  1970. 

6.112  Waterman,  P.  C.,  "New  Formulation  of  Acoustic  Scattering," 

J.  Acoust.  Soc.  Amer . ,  Vol.  45,  p.  1417,  1969. 


6.113  Weber,  C. ,  "Hilbertr aummethoden  zur  Untersuchung  der 
Beugung  elektromagnetischer  Wellen  an  Dielektrika, "  Doctoral 
Thesis,  Univ.  of  Stuttgart,  1977. 

6.114  Week,  N.,  "Maxwell's  Boundary  Value  Problem  on  Riemannian 
Manifolds  With  Nonsmooth  Boundaries,"  Math.  Anal.  Appl . , 
Vol.  46,  pp. 410-437,  1974. 

6.115  Wilcox,  C.H.,  "Asymptotic  Wave  Functions  and  Energy 
Distributions  in  Strongly  Propagative  Media,"  Math,  pures  et 
appl. ,  Vol.  57,  pp. 275-321,  1978. 

6.116  Wilcox,  C.H.,  "Theory  of  Bloch  Waves,"  J±  Anal .  Math. , 
Vol.  33,  pp. 146-167,  1978. 

6.117  Wilcox,  C.H.,  "Sonar  Echo  Analysis,"  Math.  Meth.  Appl. 
Sci. ,  Vol.  1,  pp. 70-88,  1978. 

6.118  Wilcox,  C.H.,  "The  Mathematical  Foundations  of  Diffraction 
Theory,"  in  Electromagnetic  Waves,  R.E.  Langer,  ed.,  Univ. 
Wisconsin  Press,  1962. 

6.119  Wilcox,  C.H.  ,  Scattering  Theory  for  the  d’Alembert  Equation 
in  Exterior  Domains,  Springer  Lecture  Notes  in  Mathematics,  Vol. 
TT2,  Springer,  1975. 

6.120  Wilcox,  C.H. ,  "Spectral  and  Asymptotic  Analysis  of  Acoustic 
Wave  Propagation,"  in  Boundary  Value  Problems  for  Linear 
Evolution  Partial  Differential  Equations ,  H.G.  Garnir,  ed.,  D. 
Reidel  Publ.  Co.,  1977. 

6.121  Wu,  T.  Y.  and  T.  Ohmara,  Quantum  Theory  of  Scattering, 
Prentice  Hall,  1962, 

.6.122  Yaghjian,  A.D.,  "Augmented  Electric  and  Magnetic  Field 
Integral  Equations,"  Radio  Science,  to  appear. 


N.  Sivov, 
Systems  of 
Diffraction 
15,  p. 


Volume  1 
1981 

ETRMOV 


Published  in  Cooperation  with  the 
Electromagnetics  Society 


OHemisphere  Publishing  Corporation 


EDITOR 

KENNETH  K.  MEI 
Department  of  Electrical  Engineering 
and  Computer  Sciences 
University  of  California,  Berkeley 
Berkeley,  California  94720 

Address  for  manuscript  submission 
Kenneth  K.  Mei 
Electromagnetics  Society 
P.O.  Box  277 
Berkeley,  California  94701 


Aims  and  Scope:  Electromagnetics  publishes 
refereed  papers  of  permanent  archival  value  in  the 
broad  field  of  electromagnetics.  Specific  topics 
include:  electromagnetic  theory,  high  frequency 
techniques,  extra  low  frequency  and  very  low 
frequency,  antennas  and  radomes,  arrays,  numeri¬ 
cal  techniques,  scattering  and  diffractions,  wave 
propagations,  plasmas  and  ionosphere,  inverse 
scattering  and  remote  sensing,  and  geophysical 
applications.  The  journal  welcomes  deliberation 
concerning  innovations  in  the  field. 

Editorial  Staff:  Mary  A.  Phillips,  Editorial 
Director ;  Anne  Shipman,  Managing  Editor. 

Subscription  Rate*  (four  issue*  per  volume, 
quarterly):  Libraries  and  Institutions— in  U.S.  and 
Canada,  $47.50;  elsewhere,  $60.00.  Individuals- 
in  U.S.  and  Canada,  $25.00;  elsewhere,  $30.00. 
Individual  orders  must  be  accompanied  by  a 
personal  check  or  money  order. 

Subscription  Service:  Shipments  will  be  made 
only  upon  receipt  of  remittance.  All  orders,  re¬ 
mittances,  and  communications  related  to  handling 
subscriptions,  including  notifications  of  change  of 
address,  should  be  sent  to  Hemisphere.  Change  of 
address  notices  should  provide  the  old  as  well  as 
the  new  address,  including  zip  code  number. 
Changes  will  become  effective  within  approxi¬ 
mately  20  days.  Missing  copies  will  be  replaced 
only  if  valid  claims  are  received  within  90  days 
from  date  of  mailing.  Replacements  will  not  be 


EDITORIAL  BOARD 

Chalmers  M.  Butler 
University  of  Mississippi 
David  C.  Chang 
University  of  Colorado 
David  V.  Giri 
LuTech,  Inc. 

Lennart  Marin 
Dikewood  Corporation 
Wilson  L.  Pearson 
University  of  Mississippi 
Frederick  M.  Tesche 
LuTech,  Inc. 

allowed  if  the  subscriber  fails  to  notify  Hemi¬ 
sphere  of  a  change  of  address  or  if  a  copy  is 
misplaced  at  destination.  Request  for  refund  will 
be  honored  only  prior  to  delivery  of  issue  number 
1  of  each  volume. 

Copyright  Q  1981  by  Hemisphere  Publishing 
Corporation.  All  rights  reserved.  Printed  in  the 
United  States  of  America.  Electromagnetics  is 
owned  by  Hemisphere  Publishing  Corporation. 
The  appearance  of  the  code  at  the  bottom  of  the 
first  page  of  an  article  in  this  journal  indicates 
Hemisphere's  consent  that  copies  of  this  article 
may  be  made  for  personal  or  internal  use.  This 
consent  is  given  on  the  condition,  however,  that 
the  copier  pay  the  stated  per-copy  fee  through 
the  Copyright  Clearance  Center,  Inc.,  21  Congress 
Street,  Salem,  MA  01970,  for  copying  beyond 
that  permitted  by  Section  107  and  108  of  the 
U.S.  Copyright  Law. 

ELECTROMAGNETICS  (ISSN  0272-6343)  is 
published  quarterly  for  $47.50  per  year  (libraries 
and  institutions)  or  $25.00  per  year  (individuals) 
by  Hemisphere  Publishing  Corporation,  1025 
Vermont  Ave.,  N.W.,  Washington,  D.C.  20005. 
Application  to  mail  at  second-class  postage  rates 
is  pending  at  Washington,  D.C.  and  additional  mail¬ 
ing  offices.  POSTMASTER:  Sand  address  changes 
to  ELECTROMAGNETICS,  1025  Vermont  Ave., 
N.W.,  Suite  1000,  Washington,  D.C.  20005. 


0h*MMPHERE  PUBLISHING  CORPORATION  1025  Vermont  Avenue,  N.W.,  Washington,  D.C.  20005 


CONTE;  TS  OF  VOLUME  1 


NUMBER  1 

DA  VID  C.  CHANG,  Guest  Editor 


Introduction  iii 
Kenneth  K.  Mei 

Evaluation  of  Sommerfeld  Integrals  for  Lossy  Half-Space  Problems  1 
Y.  Rahmat-Samii,  R.  Mittra,  and  P.  Parhami 

Computer  Modeling  of  Antennas  Near  the  Ground  29 

G.  J.  Burke,  E.  K.  Miller,  J.  N.  Brittingham,  D.  L,  Lager,  R.  J.  Lytle,  and  J.  T.  Okada 

Embedded  Insulated  Antennas  for  Communication  and  Heating  51 
R.  W.  P.  King.  L.  C.  Shen,  and  T.  T.  Wu 

Multipole  Expansion  Technique  lor  Electromagnetic  Scattering  by  Buried  Objects  73 
Shu-Kong  Chang  and  Kenneth  K.  Mei 

Coupled  Mode  Analysis  for  Ground  Wave  Propagation  over  Inhomogeneous  Paths  91 
James  R.  Wait 

Surface  Fields  and  Radiation  Patterns  of  a  Vertical  Electric  Dipole  over  a  Radial-Wire 
Ground  System  101 
C.  Teng  and  R.  J.  King 


NUMBER  2 

Special  Issue  on  Numerical  Methods 
CHALMERS  M.  BUTLER,  Guest  Editor 

Numerical  Formulation  of  a  Class  of  Open  Region  Waveguide  Problems  117 
James  P.  Montgomery  and  David  C.  Chang 

Computer  Graphics  Applications  in  Electromagnetic  Computer  Modeling  135 
E.  K.  Miller,  J.  A.  Landt,  F.  J.  Deadrick,  and  G.  J.  Burke 

Computation  of  Fresnel  and  Fraunhofer  Fields  of  Planar  Apertures 
and  Reflector  Antennas  by  the  Jacobi-Bessel  Series-A  Review  155 
Y.  Rahmat-Samii,  R.  Mittra,  and  V.  Ga/indo-lsraal 


Numerical  Calculation  and  Tables  of  Weinstein's  Diffraction  Functions  187 
S.  W.  Lea,  L.  Grun,  and  N.  Bong 

On  the  Convergence  and  Numerical  Sensitivity  of  the  SEM  Pole-Series 
in  Early-Time  Scattering  Response  209 
C.  E.  Baum  and  L.  W.  Pearson 

A  Method  of  Computing  the  Capacitance  of  Flat  Discs  of  Arbitrary  Shape  229 
E.  E.  Okon  and  R.  F.  Harrington 


NUMBER  3 

Electromagnetic  Wave  Propagation  along  Horizontal  Wire  Systems  in  or  near  a  Layered 
Earth  243 

Edward  F.  Kuester,  David  C.  Chang,  and  Steven  W.  Plate 

Analytical  and  Experimental  Studies  of  a  Jacketed  Segmented  Shielded  Buried  Cable 
for  Use  in  an  ELF  Transmitting  Antenna  System  267 
Ruey-Shi  Chu  and  Ronald  V.  Row 

Effective  Methods  for  Solving  Integral  and  Integra-differential  Equations  289 
Donald  R.  Wilton  and  Chalmers  M.  Butler 

Finite  Element  Calculation  of  Microwave  Absorption  by  the  Cranial  Structure  309 
Michael  A.  Morgan 

Electromagnetic  Scattering  by  Two  Bodies  of  Revolution  329 
J.  F.  Hunka  and  Kenneth  K.  Mei 


NUMBER  4 

Special  Issue  on  the  Singularity  Expansion  Method 
L  WILSON  PEARSON  and  LENNART  MARIN,  Guest  Editors 


Introduction  349 

The  Singularity  Expansion  Method:  Background  and  Developments  351 
Carl  E.  Baum 

Major  Results  and  Unresolved  Issues  in  Singularity  Expansion  Method  361 

Lennart  Marin 

On  Some  Mathematical  Aspects  of  SEM,  EEM  and  Scattering  375 

C.  L.  Do/ph 


On  the  Singularity  and  Eigenmode  Expansion  Methods  (SEM  and  EEM)  385 

A.  G.  Ramm 


Evidence  that  Bears  on  the  Left  Half  Plane  Asymptotic  Behavior  of  the  SEM 
Expansion  of  Surface  Currents  395 
L.  Wilson  Pearson 

Large  Frequency  Asymptotic  Properties  of  Resolvent  Kernels  403 
Donald  R.  Wilton 

Scalar  Singularity  Expansion  Method  and  Lax-Phillips  Theory  413 
Maurice  I.  Sancer 

Effect  of  Changes  in  Fundamental  Solutions  on  Singularities  of  the  Resolvent  423 
Ralph  E.  Kleinman 

New  Relations  for  the  Characteristic  Singularities  of  Bounded  Scatterers: 

Preliminary  Report  433 
R.  K.  Ritt 

Complex  Singularities  of  the  Impedance  Functions  of  Antennas  443 

C.  T.  Tai 

On  the  Use  of  Singularity  Expansion  Method  for  Analysis  of  Antennas 
in  Conducting  Media  455 

D.  V.  Giriand  F.  M.  Tesche 

Resonances  and  Surface  Waves:  The  Inverse  Scattering  Problem  473 
Herbert  Obera/I  and  Guillermo  C.  Gaunaurd 

Radar  Echo  Analysis  by  the  Singularity  Expansion  Method  481 
Calvin  H,  Wilcox 

Bibliography  of  the  Singularity  Expansion  Method  and  Related  Topics  493 
Krzysztof  A.  Michalski 

FOLLOWING  PAGE  512 

Title  Page  to  Volume  1 
Contents  of  Volume  1 
Author  Index  to  Volume  1 
Subject  Index  to  Volume  1 


AUTHOR  INDEX  TO  VOLUME  1 


Baum,  C.  E„  209,  351 
Bong,  N.,  187 
Brittingham,  J.  N.,  29 
Burke,  G.  J.,  29,  135 
Butler,  Chalmers  M.,  289 


Chang,  David  C.,  117,  243 
Chang,  Shu-Kong,  73 
Chu,  Ruey-Shi,  267 


Deadrick,  F.  J.,  135 
Dolph,  C.  L.,  375 
Galindo-lsrael,  V.,  155 
Gaunaurd,  Guillermo  C.,  473 
Giri,  D.  V.,  455 
Grun,  L.,  187 


Harrington,  R.  F„  229 
Hunka,  J.  F„  329 
King,  R.  J.,  101 
King,  R.  W.  P,  51 
Kleinman,  Ralph  E„  423 
Kuester,  Edward  F„  243 


Lager,  D.  L.,  29 
Landt.J.  A.,  135 
Lee,  S.  W.,  187 
Lytle,  R.  J.,  29 


Marin,  Lennart,  361 
Mei,  Kenneth  K.,  73, 329 
Michaliki,  Krzysztof  A.,  493 


Miller,  E.  K„  29,  135 
Mittra,  R.  1,  155 
Montgomery,  James  P.,  117 
Morgan,  Michael  A.,  309 


Okada,  J.  T„  29 
Okon,  E.  E.,  229 


Parhami,  P.,  1 

Pearson,  L.  Wilson,  209,  395 
Plate,  Steven  W.,  243 


Rahmat-Samii,  Y.,  1,  155 
Ramm,  A.  G.,  385 
Ritt,  R.  K.,  433 
Row,  Ronald  V.,  267 


Sancer,  Maurice  I.,  413 
Shen,  L.  C.,  51 


Tai,  C.  T.,  443 
Teng,  C.,  101 
Tesche,  F.  M.,  455 


Uberall,  Herbert,  473 


Wait,  James  R.,  91 
Wilcox,  Calvin  H„  481 
Wilton,  Donald  R„  289, 403 
Wu,  T.  T„  51 


SUBJECT  INDEX  TO  VOLUME  1 


Antenna: 

complex  singularities  of  the  impedance 
functions  of,  443 

embedded  insulated,  for  communication  and 
heating,  51 

near  the  ground,  computer  modeling  of,  29 


Eigenmode  expansion  method  (EEM): 

mathematical  aspects  of,  375,  385 
Electromagnetic  computer  modeling,  computer 
graphics  applications  in,  135 
Electromagnetic  scattering: 

by  buried  objects,  multipole  expansion 
technique  for,  73 
by  two  bodies  of  revolution,  329 
Electromagnetic  wave  propagation,  along 

horizontal  wire  system  in  or  near  a  layered 
earth,  243 


Flat  disks  of  arbitrary  shape,  method  of 
computing  the  capacitance  of,  229 
Fresnel  and  Fraunhofer  fields  of  planar 

apertures  and  reflector  antennas,  computa¬ 
tion  of  by  Jacobi-Bessel  series,  155 


Ground  wave  propagation  over  inhomogeneous 
paths,  coupled  mode  analysis  for,  91 


Integral  and  integro-differential  equations, 
effective  methods  for  solving,  289 

Jacketed  segmented  shield  buried  cable  for  use 
in  ELF  transmitting  antenna  system, 
analytical  and  experimental  studies  of,  267 


Microwave  absorption,  finite  element  calculation 
of  by  cranial  structure,  309 


Open  region  waveguide  propagation,  numerical 
formulation  of  a  class  of,  117 


Resolvent  kernels,  large  frequency  asymptotic 
properties  of,  403 
Resonances  and  surface  waves,  473 


Singularities  of  bounded  scatterers,  new 
relations  for  the  characteristic  of,  433 
Singularity  expansion  method  (SEM).  349-512 
for  analysis  of  antennas  in  conducting  media, 
455 

asymptotic  behavior  in  left  half  plane  in,  395 
background  and  developments  of,  351 
bibliography  for,  493 
major  results  and  unresolved  issues  of,  361 
mathematical  aspects  of,  375, 385 
pole-series  in  early-time  scattering  response, 
covergence  and  numerical  sensitivity 
of,  209 

radar  echo  analysis  by,  481 
scalar  theory  of,  413 
Sommerfeld  integrals  for  lossy  half-space 
problems,  evaluation  of,  1 


Vertical  electric  dipole  over  a  radial-wire 

ground  system,  surface  fields  and  radiation 
patterns  of,  101 


Weinstein's  diffraction  functions,  numerical 
calculation  and  tables  of,  187 


Lax-Phillips  theory,  413 


COPYRIGHT  RELEASE 


The  transfer  of  copyright  from  author  to  publisher  must  be  clearly  stated  in  writing  to 
enable  the  publisher  to  assure  maximum  dissemination  of  the  author’s  work.  Therefore, 
the  following  agreement,  executed  and  signed  by  the  author,  is  required  with  each 
manuscript  submission.  (If  the  article  is  a  "work  made  for  hire”  it  must  be  signed  by 
the  employer.)  If  you  wish  to  have  your  manuscript  considered  for  publication,  please 
attach  a  copy  of  this  page,  filled  in  and  signed. 

Transfer  of  Copyright  Agreement 

(Must  be  signed  and  returned  to  the  Journal  Editor  before 
the  manuscript  can  be  considered  for  publication.) 

The  article  entitled  _ _ 


is  herewith  submitted  for  publication  in  _ _ 

It  has  not  been  published  before.  If  and  when  the  article  is  accepted  for  publication  I, 
as  the  author,  hereby  agree  to  transfer  (for  U.S.  Government  employees:  to  the  extent 
transferable)  to  Hemisphere  Publishing  Corporation  all  rights  under  existing  copyright 
laws  except  for  the  following,  which  the  author(s)  specifically  retain(s): 

1 .  The  right  to  make  further  copies  of  all  or  part  of  the  published  article  for  my 
use  in  classroom  teaching; 

2.  The  right  to  reuse  all  or  part  of  this  material  in  a  compilation  of  my  own 
works  or  in  a  textbook  of  which  1  am  the  author; 

3.  The  right  to  make  copies  of  the  published  work  for  internal  distribution  within 
the  institution  that  employs  me. 

I  agree  that  copies  made  under  these  circumstances  will  continue  to  carry  the 
copyright  notice  that  appeared  in  the  original  published  work  and  will  carry  a  full 
citation  of  the  original  published  work.  I  agree  to  inform  my  coauthors,  if  any,  of  the 
above  terms. 

I  also  agree  to  provide  at  my  expense  written  permission  for  inclusion  of  any  copyrighted 
material  controlled  by  others  and  to  provide  Hemisphere  with  copies  of  all  letters 
granting  permission  to  reproduce  by  the  copyright  holder. 


Signature(s)  and  date 


Name(s)  and  title(s) 


Institution  or  company  (if  appropriate) 


librarians!  Do  you  have  the  most 
prestigious  quadrennial  heat  transfer 
publication  in  your  collection? 

HEAT  TRANSFER 
1978 

The  Toronto 
Conference 

Proceedings  of  the  Sixth  International  Heat 
Transfer  Conference 

This  8-volume  set  contains  approximately  400  archival  papers  from  international  experts  in  the 
field! 

Thirty-six  state-of-the-art  keynote  papers  by  invited  authors  are  included. 

Organized  by  practice  and  application,  the  major  topics  include: 

Heat  exchanger  design  and  system  optimization  •  Furnace  design  •  Heat  transfer  in  buildings  • 
Nuclear  reactor  safety  •  Solar  energy  conversion  •  Environmental  heat  transfer  •  Low 
temperature  and  Cryogenic  heat  transfer  •  Chemical  process  industry  heat  transfer  •  Heat 
transfer  in  advanced  energy  conversion  systems  •  Thermal  energy  storage  •  and  much,  much 
more. 

A  special  index  volume  is  included  1979,  3770  pages  (0-89116-130-9),  S-volume  set  $328  90 


to  order  this  special 
8'voiume  set, 
send  coupon  to: 

Ohlmisphere 

PUBLISHING 
CORPORATION 
19  West  44th  Street 
New  York,  New  York  10036 


Please  send  the  8volume  set.  HEAT  TRANSFER  1978  The  Toronto  Con 
ference  at  $528  90 

n  Check  enclosed  i :  Purchase  order  enclosed  n  Bill  me 

Name _ 

library _ 

University  or  Company 

Street  Address _ 

City _ 

Country _ 


Hemisphere  also  accepts  Visa  and  Mastercard 


EDITOR 

S.  A.  NASAR,  Department  of  Electrical  Engineering, 
University  of  Kentucky,  Lexington 


ASSOCIATE  EDITORS: 

T.  J.  Higgins  (Book  Reviews),  Department  of  Electrical  and 
Computer  Engineering,  University  of  Wisconsin,  Madison  • 
Howard  E.  Jordan,  Reliance  Electric  Company,  Cleveland, 
Ohio  •  Gorald  B.  Kliman,  General  Electric  Company, 
Sunnyvale,  California  •  T.  A.  Lipo,  School  of  Electrical 
Engineering,  Purdue  University.  West  Lafayette,  Indiana  • 
Jamas  R.  Matcher,  Department  of  Electrical  Engineering, 
Massachusetts  Institute  of  Technology,  Cambridge  # 
Donald  W.  Novotny,  Department  of  Electrical  and 
Computer  Engineering.  University  of  Wisconsin,  Madison 


This  journal  publishes  original  papers  of  permanent  reference  value. 
The  papers  relate  to  the  broad  field  of  electromechanics  and 
electric  machine  theory  and  practice.  Spedfic  topics  include: 


rotating  electric  machines — new  methods  of  analysis  and 
computation  design  techniques 

•  advances  in  materials  used  in  electric  machines  (for  example, 
permanent  magnets,  superconductors,  etc.) 

•  solid-state  control  of  electric  machines 

•  linear  motors 

•  new  types  of  electric  machines 

•  electromagnetic  fields  in  energy  converters 

•  control  aspects  of  electric  machines 


ELECTRIC  MACHINES  AND  ELECTROMECHANICS  also  publishes 
review  papers,  correspondence  items,  and  book  reviews. 


Volume  7:  Jan.-Dee.  1982,  6  issues/volume,  approx.  675 pages/ 
volume 

ISSN:  0361-6967;  CODEN:  EMELDG 

Subscription  rates:  Libraries  and  Institutions— $72.50;  Individuals— 
$3275 


INFORMATION  FOR  AUTHORS 


Electromagnetics  is  a  refereed  journal,  which 
publishes  original  papers  of  permanent  archival 
value.  The  papers  relate  to  the  broad  field  of 
electromagnetics.  Specific  topics  include:  electro¬ 
magnetic  theory,  high  frequency  techniques,  extra 

How  to  Submit  a  Manuscript 

Length:  The  maximum  length  of  a  paper  is  25 
typed,  double-spaced  pages. 

Organization:  Manuscripts  usually  consist  of 
these  parts:  title,  names  and  institutional  affilia¬ 
tions  of  all  authors,  abstract,  introduction,  body, 
conclusions,  and  references.  Appendixes,  acknowl¬ 
edgments,  and  list  of  symbols  are  sometimes 
desirable. 

The  title  should  clearly  and  briefly  cover  the 
subject  of  the  paper. 

An  abstract  (of  about  150  words)  should  be 
self-explanatory  and  summarize  the  paper's  essen¬ 
tial  qualities. 

The  introduction  should  spell  out  the  problem, 
briefly  review  previous  work,  and  state  the  purpose 
and  significance  of  the  paper. 

The  body,  which  gives  the  primary  message  of 
the  paper  in  detail,  may  be  broken  down  into 
sections.  The  contributions  made  by  the  author(s) 
should  be  clearly  stated.  Appropriate  figures  and 
tablet  may  be  used  to  amplify  the  text  discussion. 
Each  should  be  numbered  consecutively,  using 
Arabic  numerals  (e.g„  Fig.  1,  Fig.  2,  Table  1,  Table 
2,  etc.).  All  figures  and  tables  should  be  referred  to 
in  the  text,  in  their  numerical  order  (i.e.,  don't 
refer  to  Fig.  3  before  Fig.  2). 

Conclusions  should  point  out  the  significance 
of  the  work,  its  limitations  and  advantages,  applica¬ 
tions  of  the  results,  and  may  make  recommenda¬ 
tions  for  further  work. 

References,  grouped  into  a  section  at  the  end  of 
the  paper,  should  be  numbered  in  the  order  in 
which  they  are  referred  to  in  the  text  and  should 
follow  this  format: 

(1)  D,  C.  White  and  H.  H.  Woodson,  Electro¬ 
mechanical  Energy  Conversion.  New  York: 
John  Wiley  &  Sons,  1956,  pp.  100-106. 

[21  J.  A.  Rich  and  G.  A.  Farrall,  "Vacuum  arc 
recovery  phenomena,”  Proc.  IEEE,  vol.  52, 
pp.  1293-1301,  November  1964. 

References  to  unpublished  work  or  to  work  not 
properly  indexed  should  not  be  used. 

Transfer  of  copyright:  Alt  passers  accepted  for 
publication  must  be  accompanied  by  a  copyright 
release  form  signed  by  the  author.  This  form  is 
available  from  the  editor. 


low  frequency  and  very  low  frequency,  antennas 
and  radomes,  arrays,  numerical  techniques,  scatter¬ 
ing  and  diffractions,  wave  propagations,  plasmas 
and  ionosphere,  inverse  scattering  and  remote 
sensing,  and  geophysical  applications. 


Preparation  and  submission  of  manuscript  and 
illustrations:  The  complete  paper  must  be  typed, 
double-spaced  with  about  li”  left  and  1"  right 
margins.  The  entire  text,  except  the  abstract, 
should  be  divided  into  sections  and  numbered 
using  the  decimal  system.  Manuscript  pages  should 
be  numbered  consecutively.  At  the  review  stage, 
neatly  drawn  sketches  are  acceptable  for  line 
illustrations;  legible  copies  of  any  photographs  to 
be  used  should  be  included.  Be  sure  that  every 
figure  hat  a  brief  descriptive  legend  and  that  every 
table  has  a  concise  title. 

Submit  three  copies  of  the  complete  manu¬ 
script  to  the  editor:  Dr.  Kenneth  K.  Mei,  Electro¬ 
magnetics  Society,  P.O.  Box  277,  Berkeley, 
CA  94701. 

Review  and  final  acceptance:  Ail  papers  shall  be 
reviewed  by  the  editorial  board.  When  a  paper  has 
been  finally  accepted,  it  will  be  returned  to  the 
author(s),  who  will  be  required  to  get  the  revised 
manuscript  typed,  single-spaced,  on  special  paper 
as  instructed.  (The  special  paper  and  the  instruc¬ 
tions  are  supplied  by  the  editor.) 

Line  illustrations  must  be  clearly  drawn  in  India 
ink  on  good-quality  white  paper  or  vellum.  They 
should  be  clearly  labeled  in  the  ink  or  by  type¬ 
writer;  labels  must  be  large  enough  to  be  readable 
at  a  20%  reduction  after  the  figure  is  on  the  page. 
Either  the  original  drawing  or  a  good-quality 
photographic  print  of  it  should  be  put  into  place  in 
the  text.  Photographs  should  be  good-quality 
black-and-white  glossies,  planned  to  occupy  not 
more  than  j  page;  a  suggested  maximum  size  is 
4"  X  4".  Proper  space  should  be  allowed  in  the 
typescript,  with  the  caption  typed  below;  the 
photo  itself  should  be  submitted  in  a  separate 
envelope,  with  the  figure  number  and  top  of  the 
photo  clearly  marked  on  its  bock. 

The  author  (s)  art  responsible  for  proofreading 
and  for  technical  accuracy  of  the  paper.  All  final 
typescripts,  photographs,  and  artwork  of  accepted 
papers  become  the  property  of  the  publisher. 

Reprints:  Reprints  may  be  purchased  from  the 
publisher.  A  reprint  order  form  is  supplied  when 
the  peper  it  returned  for  flnel  typing;  the  form 
should  be  returned  to  the  editor  with  the  final 
typescript. 


Subscribe  Now! 

Volume  2,  1982 


ublished  in  Cooperation  with  the  Electromagnetics  Society 


EDITOR 

KENNETH  K.  MEI 
Department  of  Electrical  Engineering 
and  Computer  Sciences 
University  of  California,  Berkeley 
Berkeley,  California  94720 


THIS  QUARTERLY  PUBLISHES  REFEREED  PAPERS  OF  PERMANENT 
ARCHIVAL  VALUE  IN  THE  BROAD  FIELD  OF  ELECTROMAGNETICS. 
SPECIFIC  TOPICS  INCLUDE:  ELECTROMAGNETIC  THEORY,  HIGH  FRE¬ 
QUENCY  TECHNIQUES,  EXTRA  LOW  FREQUENCY  AND  VERY  LOW 
FREQUENCY,  ANTENNAS  AND  RADOMES,  ARRAYS,  NUMERICAL  TECH¬ 
NIQUES,  SCATTERING  AND  DIFFRACTIONS,  WAVE  PROPAGATIONS, 
PLASMAS  AND  IONOSPHERE,  INVERSE  SCATTERING  AND  REMOTE 
SENSING,  AND  GEOPHYSICAL  APPLICATIONS. 


Subscription  Rates  (four  issues  per  volume,  quarterly ):  Libraries  and  lnstitutions-in  U.S.  and 
Canada,  $47.50;  elsewhere,  $60.00.  Individuals-in  U.S.  and  Canada,  $25.00;  elsewhere, 
$30.00.  Individual  orders  must  be  accompanied  by  a  personal  check  or  money  order. 


To  subscribe  write;  • 

O  HEMISPHERE  PUBLISHING  CORPORATION 
hpc  1025  Vermont  Avenue,  N.W. 

Washington,  D.C.  20005 


SECURITY  CLASSIFICATION  of  This  RASE  (TWiwi  Dtlt  Enltrtd) 


REPORT  DOCUMENTATION  PAGE 


AF£gra-  82-1027 


4.  TITLE  (m d  Submit) 

ELECTROMAGNETICS  '  * 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


S.  RECIPIENT'S  CATALOG  NUMBER 


S.  TYRE  OF  'REPORT  *  PERIOD  COVERED 

rEChNICAL 


4.  PERFORMING  ORG.  REPORT  NUMBER 


7.  AUTHOR^ 

L.  Wilson  Pearson  and  Lennart  Marin,  Guest 
Editors 


t.  CONTRACT  OR  GRANT  NUMBERf*) 


0SR-80-0269 


9.  PERFORMING  organization  name  and  address 

Department  cf  Electrical  Engineering 

University  of  Kentucky 
Lexington  KY  40506 


II.  CONTROLLING  OFFICE  NAME  AND  ADDRESS 

Directorate  of  Mathematical  &  Information  Sciences 
Air  Force  Office  of  Scientific  Research 
Bolline  AFB  DC  20332 


10.  PROGRAM  ELEMENT.  PROJECT,  TASK 
AREA  A  WORK  UNIT  NUMBERS 

PE61102F ;  2304/A4 


iz.  report  date 

1981 

is.  NUMBER  OF  PAGES 

162 


■  MONITORING  AGENCY  NAME  A  AODRESSf//  dllltrtnt  Iran  Controlling  Olllet) 

IS.  SECURITY  CLASS,  (ol  thlt  r.porf) 

UNCLASSIFIED 

!  IS*.  DECLASSIFlCATION/DOWNGRABlNG 

SCHEDULE 

16.  DISTRIBUTION  STATEMENT  for  thla  Report) 


17.  DISTRIBUTION  STATEMENT  fo/  the  abatract  entered  In  Block  20,  II  different  from  Report) 


!•.  SUPPLEMENTARY  NOTES 

Hemisphere  Publishing  Co.,  published  in  cooperation  with  the  Electromagnetics 
Society;  ETRMDV  1(4)349-511  (1981);  ISSN:  0272-6343. 


16.  KEY  WOROS  fConllmi*  on  roeorao  aide  II  nacaaamry  and  Identity  by  block  number) 


0.  ABSTRACT  (Continue  on  reverae  aide  II  nacaaaary  end  Identity  by  bl ock  number) 

This  special  issue  of  Electromagnetics  is  dedicated  to  the  subject  of  the 
Singularity  Expansion  Method  (SEM)  -  in  particular  the  mathematical  aspects  of 
SEM.  ^•JnQftrf-r  t)ie  issue  forms  the  proceedings  of  a  meeting,  Mathematical 
Foundations  of  "The  Singularity  Expansion  Metho&*L-held  at  the  Carnahan  House  of 
the  University  of  Kentucky  in  November  1980u*nder  the  sponsorship  of  the  Air 
Force  Office  of  Scientific  Research  (AFOSR)  f^^The  purpose  of  the  meeting  was  to 
bring  together  a  group  of  mathematicians  and  engineers  who  have  worked  on  differ 


FORM  «Mt 
I  JAN  71 


IECuRITY  CLASSIFICATION  OF  THIt  PAOE  (Whtn  Out . 


UNCLASSIFIED 


SECURITY  CLASSIFICATION  OF  This  FAGC(Wi«n  Oaf*  Bntmnd) 


security  CLASSIFICATION  of  this  FAEKENr  OMF 


